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Preface 


Back in 2013, I had a lengthy discussion on the current status and possible 
future of the discipline of ancient Greek mathematics with someone in the 
know. “The field,” concluded the famous scholar, “is, I am afraid, 
practically dead.” This statement—backed by my mother’s unceasing 
question: “Why don’t you get a proper job?”—does not seem to be so very 
far from the truth. The so-called ‘community’ of scholars who study 
ancient Greek mathematical texts is conspicuously small in number and 
heterogeneous. Its few members, coming from notably different 
backgrounds, are scattered throughout the world in all types of 
departments. As a consequence, they rarely meet. And when they do, these 
meetings usually take place in the margins of conferences on broader 
thematic areas. 

In May 2014, I was employed as a British Academy Postdoctoral 
Fellow at Birkbeck, University of London, when a unique opportunity 
emerged: by the generous support of the British Academy, the Institute of 
Classical Studies, and the British Society for the History of Science, I was 
able to invite several scholars to come to London and present their thoughts 
on the notions of ‘revolution’ and ‘continuity’ in history and historiography 
of Greek mathematics. And, as surprising as it may sound, they did come. 
The conference lasted for two days, and the list of participants is rather 
long: Sabetai Unguru (who gave a keynote speech), Serafina Cuomo, Jean 
Christianidis, Henry Mendell, Courtney Roby, Andrew Gregory, Vassilis 
Karasmanis, Gabriele Galluzzo, Claas Lattmann, Stylianos Negrepontis, 
Naoya Iwata, Ellen Harlizius-Kliick, Michael Weinman, A E L Davis, and 
Elizabeth Kosmetatou. I would like to thank all of them for traveling from 
all corners of the world to participate in this meeting. My special thanks go 
to Charles Burnett and Sarah Hart for chairing sessions and leading the 
discussions, as well as to Alison Watson, Danae Baffa, and Joanna Zouli, 
who were present to make sure things ran smoothly. Above all, I am deeply 
indebted to Danae Karydaki, the heart and soul of this enterprise. 

Although all of the papers offered genuinely exciting and stimulating 
insights, by the end of the conference, it was evident to me that a number of 
contributions could formulate a specific and coherent overall thematic unit. 


Bearing this in mind and with an eye towards publication, I asked some 
other scholars to write down their own thoughts on the matter. Fabio 
Acerbi, Jeffrey Oaks, and Geoff Lehman kindly agreed to participate, and I 
would like to thank them for greatly enriching the scope of this collection. 
Finally, I would like to wholeheartedly thank Markus Asper who agreed to 
publish a volume on a ‘dead’ discipline. He is, undoubtedly, a brave man. 


Michalis Sialaros 
Berlin, September 2017 
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‘Qomep Eévoi yaipovow ideiv matpisa, 
Kai oi OaAattevovtéEs ebpetv Awéva, 
ovTHs Kai oi ypa@ovtTEs BipAiov TEAOG. 


Michalis Sialaros 
Introduction: Revolutions in Greek 
Mathematics 


Revolution! The mere presence of this word in the title of an edited volume 
on ancient Greek mathematics may cause justified confusion. After all, any 
dictionary would inform the reader that the term ‘revolution’, which more 
often than not sparks images of violence, is usually employed in a political 
context. So, how could the (deceptively) peaceful discipline of ancient 
Greek mathematics be associated with revolutions? Or, to be more precise, 
when was the term introduced into the field and why? How do 
contemporary historians respond to it, and to what degree do they consider 
their work ‘revolutionary’? These are the questions that form the nucleus of 
this volume. Furthermore, this publication also has a threefold, more 
general, aim: first, to make the majority of the papers presented at the 
international conference ‘Revolutions and Continuity in Greek 
Mathematics’ accessible to a wider audience; second, to give to scholars of 
ancient Greek mathematics the opportunity to publish their latest research 
in a volume exclusively devoted to this subject; third, to allow the 
nonspecialist to perceive and appreciate the complexity associated with 
contemporary research on ancient Greek mathematics in terms of historical 
questions, methodological approaches, and historiographical debates. 
Through this prism, Section I of the introduction outlines those key 
historiographical debates that led to the entry of the term ‘revolution’ into 
the standard vocabulary of contemporary historians of Greek mathematics, 
while Section II provides a summary of the contents of this volume. 


lHistoriographical Background: 


1975 was a year marked by a series of events that changed our world: the 
Vietnam War came to an end, Microsoft was founded, Margaret Thatcher 
became the first woman leader of the Tories, and Agatha Christie (so 
unforgivingly) killed off Hercule Poirot. Especially for historians of Greek 
mathematics—unaffected as they might appear to be by _ global 
developments—1975 was a turning point in their discipline: two papers 


that were independently published that year (Michael Crowe’s “Ten ‘Laws’ 
Concerning Patterns of Change in the History of Mathematics” and Sabetai 
Unguru’s “On the Need to Rewrite the History of Greek Mathematics”) 
triggered a series of heated debates which critically shaped the 
contemporary historical agenda of the field. 


1.1From ‘Scientific Revolutions’ to ‘Revolutions’ in 
Historiography of Mathematics 


The publication of Thomas Kuhn’s The Structure of Scientific Revolutions 
in 1962 is rightly considered by many as a landmark in the historiography 
and philosophy of science.2 Even though the book attracted much criticism 
(and, in fact, Kuhn was eventually forced to reconstruct some of his 
original views),3 Kuhn’s view of science, as progressing via occasional 
revolutions, dominated discussions in the historiography and philosophy of 
science in the decade following its publication.4 

In spite of the popularity of The Structure of Scientific Revolutions, the 
question of the applicability of Kuhn’s ideas to mathematics did not 
immediately attract much attention. Reflecting on this state of affairs, 
Brush (1970, 115-116) argued: “Anyone who examines the recent contents 
of the major periodicals devoted to the history of science in general might 
well infer that the history of science does not include the history of 
mathematics,” and Crowe (1975, 161): “no one has announced a revolution 
in the historiography of mathematics”. In Grattan-Guinness’s eyes (1976, 
325), this lack of interest was fault characteristic of historians who “seem 
to be terrified by substantial amounts of symbolism”. Yet, the fear of 
‘substantial symbolism’—which every sane human being is justified in 
having—is not the only reason why Kuhn’s ideas seem, at first sight, 
inapplicable to mathematics. According to Kuhn himself (1970b, 92), a 
scientific community, having fallen into crisis, rejects its established 
paradigm and chooses a new one, after a successful ‘noncumulative 
developmental episode’; namely, a ‘scientific revolution’.s As a result of 
this radical change, some parts of the first paradigm might become 
incoherent, unexplained, unintelligible, or simply wrong, when seen 
through the prism of the second paradigm. But how could a new 
mathematical paradigm turn proven mathematical propositions into non- 
explicable—or, even worse, false—statements? Would mathematical truths 
die? And, how should a mathematician understand Kuhn’s remark (1970b, 
148) that “the competition between paradigms in not the sort of battle that 
can be resolved by proofs’? Or, stated in a different way, how does 


mathematics evolve, if not by resolving its ambiguities via proofs? 

All these questions were reflected in Michael Crowe’s 1975 seminal 
paper “Ten ‘Laws’ Concerning Patterns of Change in the History of 
Mathematics”, the aim of which, according to Crowe himself, was to use 
‘the new historiography of science’ to examine the historiography of 
mathematics.6 Admittedly influenced by the works of Imre Lakatos and 
Raymond Wilder,7 Crowe proposed ten ‘laws’ that supposedly explain how 
mathematics develops and (1975, 162) “touch on issues that will have to be 
considered if a new historiography of mathematics is to develop.” The final 
‘law’ claims (1975, 165): “Revolutions never occur in mathematics”. To 
defend this ‘law’, Crowe argued that an essential characteristic of any 
revolution is that some established authority (a king, a constitution, a 
theory) must be overthrown and “irrecoverably discarded”. Based on this 
criterion, Crowe concluded that, contrary to scientific revolutions (e.g. the 
Copernican) which might satisfy this condition, old mathematical theories 
are never ‘irrecoverably discarded’ (for example, non-Euclidean 
geometries do not seem to cancel Euclid), and thus “revolutions never 
occur in mathematics”. 

Not surprisingly, Crowe’s ‘laws’ triggered a series of replies, some of 
which were supportive whereas others highly critical. Herbert Mehrtens, 
for example, in support of Crowe, argued (1976, 312): “The general pattern 
of T. Kuhn’s theory...seems to be not applicable to mathematics”.s 
Conversely, Joseph Dauben challenged Crowe’s ‘essential criterion’ by 
noticing that ‘the old regime’ is not always ‘irrecoverably discarded’ in 
political revolutions (such as the French Revolution or the Glorious 
Revolution).9 On this basis, he suggested that a ‘radical innovation’ or a 
‘definite break’ are better descriptions of a ‘revolution’, and thus he 
concluded (1992b, 229): “To the question of whether or not revolutions 
occur in mathematics, my answer is an emphatic ‘yes’.” 

In 1992, Donald Gillies, fascinated by the ongoing debate, published 
Revolutions in Mathematics, an edited volume which included, among 
other contributions, Crowe’s, Mehrtens’s, and Dauben’s original papers, 
accompanied by afterwords.10 Gillies himself tried to offer a solution to the 
debate by addressing what he thought to be the heart of the problem, 
namely that the discussion on revolutions in mathematics was just “the 
application of a political metaphor”.11 With this connection in mind, Gillies 
classified political revolutions into two categories: (a) the ‘Russian’ type, in 
which previous paradigms become ‘irrecoverably discarded’; and (b) the 
‘Franco-British’ type, in which previous paradigms are relegated to a 
significantly lesser position. Through this prism, Gillies concluded that, 


although in science we may have revolutions of both types, it is not 
possible to have ‘Russian’ type revolutions in mathematics. 12 

It goes well beyond the scope of this introduction to examine (all 
versions of) Kuhn’s ideas, or the details of the Crowe-Dauben debate, or to 
try to settle the question of whether revolutions may happen in 
mathematics.13 Nonetheless, whatever one’s position might be on these 
issues, the following remarks seem fairly established: (a) the growing 
interest in Kuhn’s ideas in the first decades after the publication of the 
Structure of Scientific Revolutions urged historians of mathematics to 
examine the applicability of his scheme to mathematics.14 (b) Within the 
framework of these discussions, examples from the history of Greek 
mathematics were often employed to support the arguments of both sides. 15 
(c) Although an agreement was not reached on whether revolutions 
(defined in one way or another) may happen in mathematics, there emerged 
some consensus regarding the usefulness of employing the concept of 
‘revolution’ on a meta-mathematical level. In this line of thought, Mehrtens 
(1976, 312) argued: “Kuhn’s theory... seems to be not applicable to 
mathematics. But many of Kuhn’s concepts remain valuable for the 
historiography of science, even if the basic pattern of the theory is 
rejected,” 16 and Dunmore (1992, 212) concluded: “Revolutions do occur in 
mathematics, but they are confined entirely to the metamathematical 
component of the mathematical world”. Crowe himself, the most symbolic 
defender of the anti-revolution view, wrote (1975, 166): “revolutions can 
occur in mathematical nomenclature, symbolism, metamathematics..., 
methodology..., and perhaps even in the historiography of mathematics”, 
and later on, in his 1992 afterword (1992, 316): “A revolution is underway 
in the historiography of mathematics, a revolution that is enabling a 
discipline that dates back to Eudemus to attain new and unprecedented 
levels of insight and interest’’17 (my emphasis). 


1.2A Revolution in Historiography of Greek Mathematics? 


Coined by Hieronymus Georg Zeuthen and Paul Tannery around the end of 
the nineteenth century,is the term ‘geometrical/geometric algebra’ denotes 
the idea that ancient Greek mathematicians applied underlying algebra in 
their geometrical proofs. From a historiographical perspective, what is 
particularly interesting is that the term was uncritically adopted and 
systematically employed by the majority of twentieth-century historians, 
most notably by those who wrote general histories of the field; e.g. Thomas 
Heath (1921), Otto Neugebauer (1952), and Bartel Leendert van der 


Waerden (1950). 

In 1975, the publication of Sabetai Unguru’s “On the Need to Rewrite 
the History of Greek Mathematics” set off a series of heated debates among 
leading historians. In this controversial paper, Unguru emphatically 
criticized the concept of ‘geometrical algebra’, by arguing that algebra and 
modern algebraic symbolism, being products of modern mathematics, 
could not have been known to the Greeks. On this basis, he accused 
previous scholars of systematic anachronism and urged the new generation 
of historians (1975, 22) “to rewrite that history on a new and historically 
sane basis”’.19 

Unguru’s paper provoked the polemical responses of van der Waerden, 
Hans Freudenthal, and André Weil, who tried to defend the authority of the 
established historiography. Van der Waerden attacked what he identified as 
the heart of the problem—namely, Unguru’s definition of ‘algebra’—and 
concluded (1976, 203): “We...feel that the Greeks started with algebraic 
problems and translated them into geometric language’’.20 The replies of 
Freudenthal and Weil were far more emotional (and far less polite): 


“If history of mathematics is to be rewritten, I would like to have it done by 
somebody who shows higher esteem for ancient mathematicians.”21 


“When a discipline, intermediary in some sense between two already existing 
ones (say A and B) becomes newly established, this often makes room for the 
proliferation of parasites, equally ignorant of both A and B, who seek to thrive by 
intimating to practitioners of A that they do not understand B, and vice versa. We 
see this happening now, alas, in the history of mathematics. Let us try to stop the 
disease before it proves fatal.”22 


In the following years, Unguru further elaborated his thesis in a series of 
publications23 and the controversy eventually went well beyond 
‘geometrical algebra’, touching upon historiography of Greek mathematics 
as a whole.24 A thorough examination of these discussions, however, is 
well beyond the scope of this introduction.25 And neither is it easy to 
evaluate the outcome of this debate in black-or-white terms; nevertheless, a 
gradual shift of historiographical perspective towards Unguru’s thesis is 
easily attested. The following testimonies are indicative of this gradual 
change: 
(a)Mueller (1981, 54): “Attempts to argue against the algebraic 
interpretation...by Unguru have not met with much success.” 
(b)Knorr (1990, 211): “Scholars have since expressed a variety of 
commitments on both of the issues—the validity of the conception of 
geometric algebra, and the continuity of the Mesopotamian and Greek 


mathematical traditions—so they must be considered open at this 
time.” 

(c)Artmann (1991, 46): “What Unguru says is certainly correct.”’26 

(d)Saito (1998, 137): “With the changes in research approach described 
above, the belief that algebraic interpretation could provide a 
sufficient description of the treatment of magnitudes in Greek 
geometry has become less convincing.” 

(e)Rowe (2012, 37): “Unguru’s position could now be regarded as the 
accepted orthodoxy.” 

(f)Corry (2013, 638): “Unguru’s view became essentially a mainstream 
interpretation accepted by most historians.” 


To conclude this brief overview; for more than four decades, historians of 
Greek mathematics have debated the legitimacy of Unguru’s call to 
“rewrite the history of Greek mathematics”, some supporting it, others 
criticizing it, but few (if, indeed, any) denying its influence.27 In fact, 
historiographical distinctions between ‘old’ and ‘new’ historiography along 
such lines are nowadays commonplace. But is this change of 
historiographical perspective dramatic enough to justify a (Kuhnian) 
revolution in the field? Perhaps not. Be that as it may, the question can be 
translated into another, more meaningful, form: ‘Is it possible to apply 
some of Kuhn’s fundamental ideas to the historiography of Greek 
mathematics? And, if so, are we able to derive from this perspective, 
aspects of Greek mathematics which would be difficult to attain through 
others?’ The idea that the notion of ‘revolution’ could be a useful 
historiographical tool in a meta-mathematical context has gained currency 
after the debate on Crowe’s ‘tenth law’, and I believe that most authors 
collected in this volume, if not all, would agree with this. 


lIContents 


This edited volume contains twelve essays from experts in the field of 
ancient Greek mathematics from around the globe. In their respective area 
of specialization, each contributor offers an approach to questions of 
historical and historiographical ‘revolutions’ and ‘continuity’. Besides 
Unguru’s latest essay on the debate on ‘geometrical algebra’, the reader 
will find here a number of papers which offer new insights into the 
controversial relationship between Greek and pre-Hellenic mathematical 
activity. Some contributions place emphasis on the other edge of the 


historical spectrum, by exploring historical and historiographical lines of 
‘continuity’ between ancient Greek, later Greek, and post-Hellenic 
mathematics. The terminology employed by Greek mathematicians, along 
with various non-textual and material elements, is another topic upon 
which some essays place emphasis. Finally, the last three papers in this 
volume focus on a traditionally rich source on ancient Greek mathematics; 
namely, Greek philosophy, and particularly the works of Plato and 
Aristotle. Given that almost all papers address more than one topic, utilize 
more than one methodology, and (most importantly) employ the term 
‘revolution’ in a variety of ways, the reader should feel free to read the 
essays in any order they wish. 

Sabetai Unguru, in his introductory paper (“Counter-Revolutions in 
Mathematics”), picks up the threads of the aforementioned discussions on 
the Crowe-Dauben and geometrical algebra. In a partly confessional 
manner, the paper entails a reply to Weil’s 1978 criticism of Unguru’s 1975 
paper “On the Need to Rewrite the History of Greek Mathematics”, based 
on the coinage of the historiographical term ‘counter-revolution’. Unguru’s 
starting point is a sharp distinction between what he calls the “two polar- 
opposites” in the way history of mathematics has traditionally been 
approached by mathematicians and historians. On the one hand, he sees 
those who “discard the historical development” of mathematics and, on the 
other hand, those who “jettison the difference betwixt the body of 
mathematical knowledge and its historico-philosophical components and 
valuations, adding to this a watered-down definition of revolution”. 
Between these two options, Unguru proposes a third road, that of 
distinguishing between internal mathematical developments, in which 
accumulation is the prevailing phenomenon, and the images of 
mathematical knowledge, in which revolutionary breakthroughs do 
occasionally occur. Within this framework, Unguru draws a sharp line 
between axiomatic-and-deductive mathematics and other forms of 
mathematical justification in order to defend the traditional view that Greek 
mathematics comprises a revolutionary break compared to pre-Hellenic 
traditions. Similarly, he marks a clear distinction between Greek and 
modern mathematics, arguing that the latter is profoundly unlike the 
former. 

The second paper of this volume, Jean Christianidis’s “Diophantus and 
Premodern Algebra: New light on an Old Image”, is also primarily 
concerned with historiography. This time, however, a historical period 
largely untouched by Unguru and the discussions on ‘geometrical algebra’ 
comes into perspective: the apparently idiosyncratic case of Diophantus. 


Based on the new historiographical notion of ‘premodern algebra’—a term 
recently introduced by Jeffrey Oaks to portray the algebraic activities of 
Arabic mathematicians—, Christianidis’s meticulous analysis shows that 
the same concept can describe Diophantus’ method of solving arithmetical 
problems. Based on Greek and Arabic mathematical examples, 
Christianidis draws a sharp line between ‘modern’ and ‘premodern’ 
algebra, regarding goals, scope, and the conceptual tools employed by 
mathematicians. Within this context, the author emphatically criticizes 
those historians who use the term ‘algebra’ to describe both ‘modern’ and 
‘premodern’ algebraic activities for being “blatantly ahistorical”. What is 
particularly interesting here, from a historiographical perspective, is that 
Christianidis’s conclusions seem to stretch far beyond Diophantus and 
Greek mathematics, constituting a new call for historians to rewrite the 
history of ancient and medieval mathematics. 

Courtney Roby belongs to the next promising generation of scholars of 
ancient Greek mathematics. Thus, it comes as no surprise that her paper 
(“Geometer, in a Landscape: Embodied Mathematics in Hero’s Dioptra’’) 
introduces a new perspective; linguistical analysis. Roby’s case study is 
Hero’s Dioptra, a treatise that presents the reader with a hybrid landscape, 
part mathematical and part material. Based on recent work on embodied 
cognition, the author places emphasis on Hero’s phraseology and describes 
how he transforms conventions of ‘pure’ mathematics into a new technical 
“phenotype”. This approach, Roby argues, allows understanding of Hero’s 
problem-solving from the point of view of a person standing on the ground, 
not just the synoptic “bird’s-eye view” of geometry. Building upon Kuhn’s 
ideas on conceptual incommensurability between two paradigms, as well as 
on the concept that the transition from one paradigm to another involves 
work of interpretation, not just translation, Roby maintains that Hero’s 
Dioptra carries out a “conceptual revolution”. Thus, the author concludes, 
the division of Greek mathematics into ‘pure’ and ‘applied’ is, by and 
large, artificial. 

As several papers in this volume demonstrate, the discipline of ancient 
Greek mathematics does not live in literary isolation. On the contrary, it 
often borrows conceptual tools and methodologies from other fields in 
order to offer new perspectives. In this line of thought, the main aim of my 
contribution (“How Much Does a Theorem Cost?”) is to examine the 
available anecdotal information on Euclid as a case study to highlight the 
importance of employing new digital tools in the field. More particularly, I 
show how the digitalization of the ancient Greek literature—an effort 
which started in the 1970s and constitutes only a small part of what is 


usually described today as ‘digital humanities’—allows us to show as false 
an idea developed by Taylor about a century ago (and later on used by 
Morrow in his commentary on Proclus’ Commentary on Book I of the 
Elements). With this approach, I argue that the extant Euclid anecdotes are 
much more than brief, entertaining stories about a famous mathematician. 
They are the outcome of a multilevel interaction between several traditions 
(among which, Early and Late Pythagoreanism, Neopythagoreanism, 
Aristotelean, and Hellenistic editorial practices), emerging in different 
contexts and responding to various problems. As such, they compose a 
complex and multifaceted literary phenomenon. 

The fifth paper in this volume (“Diagrammatizing Mathematics: Some 
Remarks on a Revolutionary Aspect of Ancient Greek Mathematics”) 
comes by Claas Lattmann. Over the last few decades, there has been a vast 
increase in the attention paid to the so-called non-textual aspects of Greek 
mathematical activity, and especially diagrams. Lattmann revisits this topic, 
this time from the revolutionary viewpoint of contemporary semiotic model 
theory. Based on Charles Peirce’s interpretation of diagrams as a specific 
type of iconic signs, Lattmann examines the epistemic validity of diagrams 
and their interaction with the textual part of mathematical proofs. He 
concludes that a diagram, consisting of ‘diagrammatical atoms’, stands as a 
holistic model for a general mathematical structure, and that the aim of the 
textual part of the proof is to show that each particular model has the 
specific requested mathematical properties. On this basis, Lattmann argues 
that Greek mathematical diagrams are conceptually unique when compared 
to either pre-Hellenic or modern diagrammatic reasoning, and are thus 
incommensurable to both, and so ‘revolutionary’ in a Kuhnian sense. 

One of the several misconceptions about Greek mathematics is the idea 
that Late Antiquity marks its end. As a result of this mistaken belief, the 
later Byzantine period has not received much scholarly attention. Fabio 
Acerbi’s essay (“Composition and Removal of Ratios in Geometric and 
Logistic Texts from the Hellenistic to the Byzantine Period”) comprises the 
author’s first attempt to communicate some of the results of his recent 
editorial work on several sources, among which some scholia to the 
Almagest, the Isagoge of George of Trebizond, the treatises of Theodorus 
Metochites and John Chortasmenos, and a short text by George Gemistus 
Plethon. By focusing on a specific conception of Greek mathematics (the 
operations of ‘composition’ and ‘removal’ of ratios), Acerbi explores a 
variety of sources in order to trace its pattern of evolution. Special 
emphasis is placed on the transition from proportion theory to logistic, in 
which these operations were modified by introducing the crucial notion of 


mAKotns. Within this framework, Acerbi’s paper (and his project in 
general) constitutes a call for historians to further examine largely 
neglected later sources, and, so reconsider the whole spectrum of ancient 
and medieval Greek mathematics. 

The title of Henry Mendell’s contribution (“Why Did the Greeks 
Develop Proportion Theory? A Conjecture”) speaks for itself. Mendell 
begins with the observation that while the early Greek mathematicians 
developed a number theory based on whole numbers and proportion theory 
(like the one we find in Euclid’s Elements), their neighbors, the Egyptians 
and Babylonians, did not. In order to explain this phenomenon, Mendell 
examines the way in which Greek numerical systems dealt with fractions 
and provides a distinction between ratios, on the one hand, and arithmetical 
calculations on the other.2s Using this methodology, the author draws on a 
variety of sources, among which Plato’s Republic, Euclid’s Sectio Canonis, 
Ptolemy’s Harmonica, the Anthologia Palatina, and Archimedes’ ‘Cattle 
Problem’. The kind of number theory we find in Euclid’s Elements, 
Mendell concludes, represents the culmination of one of the several 
revolutions in mathematics that took place in the fifth and fourth centuries 
BC and was certainly fundamental to the development of a general theory 
of proportion and irrationals. 

Geoff Lehman and Michael Weinman’s paper (“Recursive Knowledge 
Procedures Informing the Design of the Parthenon: One Instance of 
Continuity between Greek and Near Eastern Mathematical Practices”) 
deals with the much debated, yet extremely difficult question, of the 
interaction between Greek and pre-Hellenic mathematical cultures. On a 
methodological level, this paper promotes an exciting new perspective; that 
material evidence—ain this case, the Parthenon itself—may be used in order 
to establish conclusions related to the foggy area of the origins of Greek 
mathematics. Most shockingly, the authors suggest that the sophisticated 
construction of the Parthenon entails a properly theoretical understanding 
of the notions of continuous proportions and anthyphairesis, tools that the 
Greeks might have borrowed from neighboring cultures. On this basis, 
Lehman and Weinman call into question a more general historiographical 
point which holds that one can find more discontinuity than continuity 
between Greek mathematics and its neighboring Eastern predecessors. 

Jeffrey Oaks’s paper (“Diophantus, al-Karaji, and Quadratic 
Equations”) is unique in the framework of this volume in the sense that it 
places emphasis mostly on Arabic mathematics. The author’s basic 
historiographical methodology is simple, yet shockingly revealing: in order 
to evaluate Greek mathematics, one must sometimes take into 


consideration what followed it. In other words, a historical evaluation of 
Greek mathematics can benefit from a multilevel contextualization. Oaks’s 
essay studies the so-called ‘three-term quadratic equations’. Set against the 
background of the new historiographical category of ‘premodern algebra’ 
(on this, also see Christianidis’s paper he reconstitutes a connection 
between the works of Diophantus and al-Karaji. At the beginning of his 
Arithmetica, Diophantus promises to show his readers how to solve this 
kind of equation. Unfortunately, the extant part of the Arithmetica does not 
fulfil this undertaking. Al-Karaji, who made ample use of an Arabic 
translation of Diophantus’ work, gives derivations of solutions to these 
equations by what he calls “the method of Diophantus”, while at the same 
time giving a rule that corresponds to the one employed on such equations 
in the Arithmetica. Oaks hypothesizes, then, that Diophantus derived his 
rule by this “method” in a lost part of the work. Oaks notes that continuity 
in algebraic practice from Diophantus to al-Karajt was more likely 
maintained through oral tradition than through the chain of a few written 
texts, and a fortuitous kink in the transmission of the method of solution 
helps identify Diophantine elements in al-Karajt’s book. 

The paper of Gabriele Galluzzo (“Substantiae sunt Sicut Numeri: 
Aristotle on the Structure of Numbers”), discusses Aristotle’s conception of 
numbers. In his Metaphysics, Aristotle claims that not only material objects 
but numbers too can be analyzed in terms of matter (the units that compose 
a number) and form (the structure that keeps the units together). On this 
basis, Galluzzo argues that Aristotle’s philosophy of mathematics stems not 
only from his critical attitude towards Plato (as it is usually thought), but 
that it should be seen as a sophistical metaphysical philosophy of 
mathematics. If Galluzzo is right, then Aristotle’s understanding of 
numbers offers a new paradigm in the realm of philosophy of mathematics, 
a paradigm for understanding the notion of number, since in the traditional 
picture, numbers are pluralities of physical objects considered in a certain 
way, for instance as countable or numerable. Although it does not entirely 
reject this picture, the hylomorphic model invites us to think of numbers in 
a different way, that is, as pluralities of countable physical objects (units) 
arranged in a certain numerical structure. 

Vasilis Karasmanis’s paper (“The Axiomatization of Mathematics and 
Plato’s Conception of Knowledge in the Meno and the Republic’) 
challenges the common idea that all Platonic dialogues present the same 
theory of knowledge. In the Republic, Plato describes mathematics as a 
science organized in a system where one is able to see what is fundamental, 
what is derived from the basics, and how each conclusion is derived from a 


previous proposition; in other words, it presents significant similarities with 
what one finds in Euclid’s Elements. Now, in the Meno, Plato seems to 
offer a different model that is very close to modern coherent theories of 
justification: there exist no particular starting/ending points and every knot 
may serve as a first principle on occasion. In other words, the system is 
coherent, yet not hierarchically structured. After exposing the differences 
between Plato’s image of knowledge in these two dialogues, Karasmanis 
puts forth the hypothesis that a mathematical revolution (the axiomatization 
of mathematics) took place at some point between the composition of the 
Meno and that of the Republic, a radical change which deeply influenced 
Plato’s thinking. If Karasmanis is right, this would not only allow us to 
trace different stages in the evolution of Plato’s thought; on a more general 
level, it would offer us valuable insights into one of the most interesting 
historical periods with regards to the interaction between Greek 
mathematics and philosophy. 

The final paper of this volume by Stelios Negrepontis (“The 
Anthyphairetic Revolutions of the Platonic Ideas”) places emphasis on the 
so-called ‘lesson of Theodorus’, a passage in Plato’s Theaetetus that has led 
generations of scholars to serious puzzlement. Negrepontis draws attention 
to the technique of anthyphairesis and offers some new arguments for the 
view that Theodorus’ proofs must have relied on it. In addition, he draws 
parallels between the method of ‘division and collection’ (which appears in 
Plato’s Sophist and Statesman) and Theaetetus’ “periodic anthyphairesis”. 
Through this framework, Negrepontis criticizes modern scholars for 
neglecting to the fundamental role of periodic anthyphairesis in Plato’s 
philosophy as a whole and calls for a radical new reading of Plato. Finally, 
Negrepontis argues that the so-called ‘Palindromic Periodic Theorem’ for 
the anthyphairesis of quadratic irrationals, usually attributed to Euler and 
Lagrange, is described in the Statesman, and can be proved by the tools 
provided in Euclid’s book X of the Elements. 


Afterword 


This edited volume book has taken a long time to prepare—perhaps too 
long, if one takes into consideration the extensive institutional support I 
have received from the Research Training Group ‘Philosophy, Science, and 
the Sciences’ at the Humboldt University of Berlin in preparing it. Markus 
Asper, the chief editor of this project, has proved himself as a man of great 
patience, and for this I am grateful. A final word: By its very nature, the 


discipline of Greek mathematics may give the impression of an isolated 
discipline, untouched by modern evolutions in other fields, and thus 
doomed to extinction. In fact, the Preface of this volume might have also 
given this impression to the reader. Yet, now, upon completion of this 
project and while going through these lines, I have to confess that I am 
much more optimistic about the future. As we speak, a new generation of 
scholars is bringing innovative historical and historiographical perspectives 
into the field. At the same time, there seems to be a growing demand 
among historians to reconsider some of the fundamental hypotheses and 
methodological principles upon which the discipline was originally 
established. In other words, the field is undergoing rapid change—a 
‘scientific revolution’ if you agree with Kuhn—the results of which remain 
to be seen and evaluated. The laborers are few, but the harvest is plentiful.29 
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Sabetai Unguru 
Counter-Revolutions in Mathematics 


Abstract: The paper deals with two polar-opposite approaches to the 
study of the history of mathematics, that of the mathematician, tackling the 
history of his discipline, and that of the historian. It argues for, something 
denied by the typical mathematician, the existence of revolutions in the 
development of mathematics, accompanied by upheavals in the history and, 
historically grounded, philosophy of mathematics. The main historical 
examples it analyzes are drawn from the history of Hellenistic 
mathematics, showing their fundamental disparity with their modern 
analogues. It rejects the conception of notation as a mere, neutral, 
contentually-indifferent, abbreviatory device in the development and 
elucidation of mathematical cultures. 


Keywords: Euclid, Greek, Mathematics, History, Historiography, 
Revolutions, Number, Algebra, Diophantus, Babylonian, Neugebauer, 
Weil. 


Since ‘revolution’ and ‘counter-revolution’ are correlative terms, speaking 
of the latter, as I do in the title of my paper, implies the existence of the 
former. Indeed, I shall try to argue that revolutions in the history and 
philosophy of mathematics bring in their wake counter-revolutions in 
mathematics. 

In 1975, Michael Crowe published in Historia Mathematica an article 
titled “Ten ‘Laws’ Concerning Patterns of Change in the History of 
Mathematics”. The tenth ‘Law’ reads: “Revolutions never occur in 
mathematics”.30 I think that, swb specie mathesis, Crowe is right, despite 
the numerous articles written as rebuttals to his argument—the most 
important of which were collected in Revolutions in Mathematics, a book 
edited by Donald Gillies.31 This is what I shall try to convince you of in 
this paper. 

What makes mathematics unique among the so-called exact sciences, 


let alone among scientific disciplines at large, is its exclusive reliance on 
proof to back up its claims. Without proof, there is no mathematics. It is in 
this sense that pre-Hellenic mathematics was not, strictly speaking, 
mathematics. And it is this very concept of proof that ultimately enables 
mathematicians to absorb past mathematics in toto, without any qualms or 
insuperable difficulties, in the growing, changing body of the discipline. 
Any true mathematical achievement of the past is also a true mathematical 
achievement of the present and the future. Euclidean geometry is as true 
now, after the discovery/invention of non-Euclidean geometries, as it was 
in Greek antiquity. Diophantus’ so-called ‘algebra’ has not been discarded 
by Bartel van der Waerden’s Moderne Algebra.32 Archimedes’ quadrature 
of the parabola is as valid now, after the discovery/invention of calculus, as 
it was in the third century BC. Indeed, both Diophantus and Archimedes 
have been translated into modern analytical language and incorporated into 
the body of modern mathematics. Such examples can be multiplied ad 
nauseam. 

Here is how some well-known, and lesser well-known mathematicians, 
express themselves on the issue: First, Godfrey Harold Hardy, in his rightly 
famous A Mathematicians Apology:33 


Archimedes will be remembered when Aeschylus is forgotten, because languages 
die and mathematical ideas do not. ‘Immortality’ may be a silly word, but 
probably a mathematician has the best chance of whatever it may mean. 


Next, a lean chrestomathy from a contemporary, recently very active, 
internet list, run by Julio Gonzalez Cabillon, HISTORIA MATEMATICA 
(sic), in which many mathematicians, as well as historians and philosophers 
of mathematics participate on a daily basis: 


Date: Mon, 19 Jul 2004 09:42:50 +0300 
From: “Yaakov S. Kupitz” <kupitz@math.huji.ac.il> 
Subject: Re: [HM] Eudoxus-Archimedes’ Lemma 


What Ken Pledger writes is incredible, but he seems to be right that in the 1900’s 
still people of the calibre of Heath didn’t realize that Euclid 5.4 and its direct 
consequence 10.1 (the principle of exhaustion) and its use in 12.2 (circular area is 
proportional to radius‘2) and Archimedes’ various quadratures (e.g., Kuklos 
Meitriris Prop. 1 and his quadrature of the parabola) are rigorous up to the most 
modern standards of epsilon, and that in modern times only Cauchy’s definition 
restored ancient rigorosity. 

Yaakov S. Kupitz 

The Hebrew University of Jerusalem 


Date: Tue, 20 Jul 2004 08:34:53 -0500 


From: “Matt Insall” <montez@fidnet.com> 
Subject: Re: [HM] Eudoxus-Archimedes’ Lemma 


Kupitz wrote: 


“,.are rigorous up to the most modern standards of epsilon, and that in modern times 
only Cauchy’s definition restored ancient rigorosity.” 


Actually, Abraham Robinson restored the rigour to the methods of Leibniz and 
Newton, by providing “nonstandard analysis” as a logical foundation for 
infinitesimal calculus. It is simpler than Cauchy’s approach, but for some reason 
Robinsonian Analysis has never been accepted as a replacement for Cauchy-style 
Analysis. 


Dr. Matt Insall 


Associate Professor of Mathematics 
Department of Mathematics and Statistics 
University of Missouri - Rolla 

Rolla MO 65409-0020 


And: 


Roberval, one of the first to grasp Cavalieri’s approach in the mid 1630’s, also 
used the expression “tous les sinus”, equivalent to “Omnes linea”, in his (almost 
forgotten) integration of the sine curve, but he clearly meant a sum of rectangles, 
i.e., a Riemann sum approaching the area under the sine curve. This result of 
Roberval was used later by Mylon to rectify the cycloid using the language of 
indivisibles (AFTER Wren proved it in 1658 using exhaustion in a completely 
rigorous way) in the annex to his letter to Huygens from January 1659. One 
cannot understand Roberval’s result as well as Mylon’s proof of Wren’s result 
without interpreting expressions like “Omnes linea” or “Omnes sinus” (used by 
Mylon and Roberval in these works) as sums of rectangles, i.e., as Riemann 
sums. Yaakov Kupitz 


Institute of Mathematics 
The Hebrew University of Jerusalem 


Date: Wed, 15 Sep 2004 11:26:58 +0300 


From: “Yaakov S. Kupitz” <kupitz@math.huji.ac.il> 
Subject: Re: [HM] The word “class” 


Quoting Samuel S Kutler <reltuk@comcast.net>: 


In ancient Greek the words for kind and form: idea (iota, delta, epsilon, alpha) 
and eidos (epsilon, iota, delta, omicron, sigma) are very important—especially in 
Plato. The idea of the good is said by Plato’s Socrates to be beyond being! Idea is 
not like our word which is something we have, rather it is what gives 
intelligibility to things. Cantor thought that his word for set was like those Greek 
words! 


Plato’s Theory of Ideas is nothing but an ancient formulation of what modern 
mathematics calls equivalent classes, nicely described in Herman Weyl’s 
“Philosophy Of Mathematics” (he doesn’t mention Plato). For Plato the Idea of 
Bed is the equivalent class of all beds, so for Shuttle etc. A. N. Whitehead 
connects Plato’s Theory of Ideas to modern mathematics in his “Mathematics and 
The Modern World”. In modern algebra a quotient group G/H is a group whose 
elements are equivalent classes of conjugations with respect to the normal 
subgroup H. A point in a projective space P“d(F) is the equivalent class of all 
scalar multiples of a fixed vector. Thinking in terms of equivalent classes needs a 
considerable power of abstraction. Plato recognized the import of equivalent 
classes to our thinking, and he made it the vehicle of “noos” (“intelligence” in 
Gr.). 


Enough! 

There is one mathematics, from its pre-historical beginnings to the end 
of time, irrespective of its changing appearances over the centuries. This 
mathematics grows by accumulation and by a sharpening of its standards of 
rigor, while, its rational, ideal, Platonic Kernel, remaining unaffected by the 
historical changes mathematics undergoes, enjoys, as Hardy put it, 
immortality. 

In short, proven mathematical claims remain proven forever, no matter 
what the changes are that mathematics is undergoing. And since it is 
always possible to present past mathematics in modern garb, ancient 
mathematical accomplishments can be easily made to look modern and, 
therewith seamlessly integrated into the growing body of mathematical 
knowledge. That this is a historical calamity is not the mathematician’s 
worry. The very, and simple, fact that it can be done is sufficient: What can 
be done should be done! Indeed, doing it is its own justification! Never 
mind that this procedure is tantamount to the obliteration of the history of 
mathematics as a historical discipline. Why, after all, should this concern 
the mathematician? 

What I have said up to this point is enough to cast serious doubt on the 
position of those who argue for the existence of revolutions in mathematics. 
How is it, then, possible to adopt such a position? By emptying the concept 
of revolution of its specific, particular, idiosyncratic, content; by using the 
concept metaphorically; by endowing breakthroughs and other significant 
changes in the development of mathematics with the mathematically 
undeserved title of revolutionary. Precisely as mathematicians, by 
overlooking the historical component of their field, can argue cogently and 
convincingly for the cumulative, non-revolutionary character of 
mathematics, historians, philosophers, sociologists of mathematics, and 
others, by overlooking the distinction between mathematics and meta- 


mathematics—understood as the discourse about mathematics—and by 
using a very soft definition of the concept of revolution, can argue (not 
cogently and convincingly, to my mind) for the revolutionary character of 
the growth of mathematics. If what counts as revolutionary for you is the 
way mathematics develops, then, clearly, there are revolutions in 
mathematics. As a matter of fact, mathematics is undergoing a (Trotskyite) 
continuous revolution! 

Between these two extreme positions ( i.e. the Scylla of the 
mathematician, who discards the historical development of his/her 
discipline, and the Charybdis of those who jettison the difference betwixt 
the body of mathematical knowledge and its historico-philosophical 
components and valuations, adding to this a watered down definition of 
revolution), there is a third position—which I adopt—distinguishing 
amongst the body of mathematical knowledge, internal mathematical 
developments taken in abstracto, the way mathematicians do, in which 
accumulation is the prevailing phenomenon, and the images of 
mathematical knowledge (historical, philosophical, sociological, 
metaphysical), in which revolutionary breakthroughs do occur occasionally, 
all this assessed in light of a bold definition of revolution. 

As a historian of mathematics, I deem the transition from pre-Hellenic 
to Hellenic mathematics revolutionary. As a matter of fact, I think that even 
dyed in the wool mathematicians would agree with me that a change that 
transformed mathematics from practical computation to a postulatory- 
deductive discipline, granting it its true identity, is a revolutionary change. 
This is perhaps the only revolution in mathematics, mathematicians qua 
mathematicians would grant, though I am not at all sure, since even 
Egyptian, Babylonian, Chinese, etc. mathematics has been translated into 
modern algebraic symbolism and incorporated into the body of 
mathematics. 

An example would perhaps be in order. Otto Neugebauer classified 
Babylonian mathematical texts into ‘table’ and ‘problem’ texts. All these 
texts contain are numbers, accompanied occasionally by a few words and 
diagrams. Still, Neugebauer calls repeatedly these texts ‘algebraic’ and 
provides an interpretation that is not only heavily symbolical, but is also 
couched in terms pregnant with the theory of equations, the beginning of 
which, however, can be traced, at the earliest, to Descartes. Here is a 
typical instance of a so-called ‘algebraic’ problem: 


I have subtracted the [side] of the square from the area, and 14,30 is it. 


And here is the solution, as it appears in tablet BM 13901:34 


Take 1, the unity. Divide 1 into two equal parts: 0;30 times 0;30 is 0;15. Add this 
to 14,30 and it is 14,30;15 which has 29;30 as a square root. Add the 0;30 which 
you have multiplied by itself to 29;30, and 30 is the [side of the] square. 


On the basis of such texts, including so-called ‘normal forms’, translated as 
canonical systems of simultaneous equations, all of which Neugebauer 
calls without qualms ‘algebraic’ despite the fact that these texts contain 
only series of arithmetical operations, he provides an analysis of the 
‘quadratic problems’, allegedly solved by the Babylonians, in terms of “the 
elementary symmetric functions of the two roots’!35 Specifically, all 
problems fitting the first normal form, in which the sum and product of two 
numbers are given, x + y = a, x + y = b, follow a common solution 
procedure in the texts:36 


One squares one-half the value of the sum, subtracts from the result the value of 
the product, and takes the square root of the remainder. The result is then added 
to one-half the sum to get one unknown and subtracted from it to get the other. [ 
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This purely arithmetical procedure, however, fits, as Mahoney has shown:37 


two different interpretations equally well. As a solution of a simultaneous system, 


it computes x—v 2 = from the data via the identity ( x+y 2 ) 2 —x-y=(x-y 2) 2 
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double root af the single quadratic equation x2 — «x + 4 = 0 by the quadratic 


formula. Moreover the latter computation would coincide step for step with the 
former. That is computationally one cannot distinguish between [the] solution of 
the pair of simultaneous equations via the identity and [the] solution of a 
quadratic equation by the quadratic formula. There is, however, a world of 
difference between the two derivations. The first yields two solutions, because 
there are two unknowns; the second yields two roots because of the fundamental 
theorem of algebra. (My emphasis.) 


What all this discussion shows is that even in the case of Babylonian pre- 
demonstrative mathematics—and this applies equally well to the case of 
ancient Egyptian mathematics (though I shall refrain from specific 
examples, for reasons of space)—that is, even before mathematics acquired 
its particular, unique identity, mathematicians, and mathematically oriented 
historians, like Neugebauer, do not hesitate in analyzing its textual products 
in terms of modern mathematics, as if to underscore the fact that there is 
just one universal, atemporal mathematics that grows by addition only, and 


to which revolutionary breaks are totally foreign. 

And yet, there is a true chasm separating Babylonian and Egyptian 
mathematics from Greek mathematics, a chasm which is clearly the result 
of a revolution in mathematical thinking. From computational, practical, 
empirical, mathematics becomes, with the Greeks, theoretical, abstract, 
demonstrative, i.e, postulatory-deductive. From merely doing 
mathematics, the Greeks start thinking about doing mathematics, while 
doing it, and doing it in a manner which is uniquely Greek, not Oriental. 
Quoting again Mahoney, in his essay review of the unrevised second 
printing of Neugebauer’s Vorlesungen ueber Geschichte der antiken 
mathematischen Wissenschaften, Band I, Vorgriechische Mathematik 
(1969): 38 


If... the Babylonians did mathematics, and even if they did it remarkably well, 
there is absolutely no evidence that they thought about mathematics. ... But 
thinking about mathematics the way the Greeks did is a necessary prerequisite to 
doing what today is called ‘metamathematics’, that is, to talking about 
mathematics mathematically. ... There is nothing metamathematical about the 
cuneiform texts. 


Hence, the unavoidable conclusion, it seems to me, is that the transition 
from pre-Greek to Greek mathematics is a revolutionary transition, if there 
ever was one! Mathematicians, however, treat it as an entirely normal, 
evolutionary development. 

Greek mathematics presents the historian, for the first time, with a 
mathematical culture that we recognize as ours. It is not a culture of 
approximation, empirical calculations accompanied occasionally by a 
verification of the results, innocent of generalization, abstraction, and 
proof. On the contrary! Whereas Egyptian and Babylonian mathematics 
consists of specific exercises, attended sometimes by verification of the 
results, but never by any attempt to justify the method employed, Greek 
mathematics, from its beginnings in the sixth century BC, displays a quest 
for general propositions, demonstrated rigorously and, therefore, persuasive 
beyond reasonable doubt. As Serafina Cuomo says in a recently published 
book on Ancient Mathematics:39 


(W)here the Egyptians had been able to calculate the volume of a certain cylinder 
and verify that the result was correct, or at least suitable for their, usually 
practical, purposes, the Greeks found the general formula [I would say 
‘expression’ or ‘procedure’] for the volume of any cylinder and proved why that 
formula [i.e., expression] was right. 


Greek mathematics, therefore, is ours. Its emergence marks the beginnings 


of Western mathematics. It is a constitutive, fundamental component of our 
culture, as are Greek astronomy and science, Greek literature and 
philosophy, Greek drama, mythology, and history. This does not mean, 
however, that there are no fundamental differences between Greek and 
modern, post-Renaissance mathematics, differences as the historian, but not 
the mathematician, necessarily registers. The existence of such differences 
should not surprise us. After all, as Leslie Hartley put it succinctly: “THE 
PAST is a foreign country; they do things differently there.”40 This is, of 
course, not the place for a survey of ancient Greek mathematics. It is 
enough to say that, despite Greek mathematics being the progenitor of 
modern mathematics, the two are not identical! (Warning: This is the 
historian speaking!) After the discovery of incommensurable magnitudes, 
an event, by the way, which some historians of mathematics, like Joseph 
Dauben, call a revolution in mathematics, (incommensurability being 
referred by mathematicians as the discovery of irrational numbers), Greek 
mathematics became largely Greek geometry, the geometry known to us, 
primarily, from Euclid’s Elements, but which reached its zenith with the 
works of Archimedes and Apollonius. This discovery led to a separation of 
arithmetic from geometry; this separation, and, in general, the respect of 
disciplinary boundaries, being characteristic of Greek mathematics and 
science. To treat magnitudes in all their generality, the only instrument 
available to the Greek mathematician was Greek geometry, not algebra, 
which did not yet exist. Despite claims to the contrary, from the 
mathematicians’ camp, there is no Greek algebra (the case of Diophantus’s 
Arithmetica, third century AD, is special and J shall not deal with him now) 
and, consequently, no Greek analytic geometry. Also, the Greek concept of 
number is not the modern one. Finally, the Greeks, and Archimedes in 
particular, though he was the greatest mathematician of Antiquity and one 
of the greatest of all times, were not the inventors of the calculus. 

The transition from Greek to modern mathematics, mainly in the 
sixteenth and seventeenth centuries in Western Europe—though Islamic 
mathematics also played a role in this transition—is, to my mind, a genuine 
revolutionary transition. The heroes of this revolution are Viéte, Fermat, 
and Descartes, Newton, and Leibniz, to mention the most important of 
them. These heroes, however, mostly saw their contributions as not only 
growing out of Greek mathematical achievements, which is true, but also as 
springing conceptually from the Greek conception of the nature of 
mathematics, which is historically inaccurate. Here is how Jacob Klein puts 
the matter:41 


(N)either Descartes nor Fermat believed he had advanced beyond Apollonius on 
any essential points. What we take to be the enormous achievement of Descartes 
and Fermat they themselves believed they had learned in essence from 
Apollonius or Pappus. Fermat finds fault with Apollonius only because he did not 
present matters ‘generally enough’... He says very cautiously that his general 
procedure for constructing geometrical loci ‘was perhaps not known to 
Apollonius... And Descartes is quite convinced that the Ancients—he expressly 
names Pappus along with Diophantus—deliberately erased the traces of their true 
knowledge out of a kind of perverted cunning...and divulged to us, not their own 
art, but only a few of their results. 


What this shows is precisely my point that in mathematics revolutionary 
transitions are treated as normal, evolutionary growth. That we are indeed 
dealing with a revolution in mathematical thought in the sixteenth and 
seventeenth centuries is abundantly clear when one compares a Hellenistic 
mathematical text, say Apollonius’s Conica, with one of its modern 
counterparts, say Descartes’ Geométrié. Though we cannot do this here in 
detail, some circumscribed comparative remarks about the content and 
style of the Conica and La Géométrie are in order. First, despite the fact 
that Apollonius speaks of abscissas and ordinates in his treatise, there is no 
real system of coordinates in the Conica, a system which appears for the 
first time only with Fermat and Descartes. The so-called ‘axes’ in the 
Conica do not constitute a system of lines on their own, as Moritz Cantor 
had already remarked,42 


(B)ut, like other auxiliary geometrical lines, make their appearance only in 
connection with the conic section; they are brought into existence by the theorem 
to be proved in each instance. 


In each case, Apollonius has in view the particular ellipse, or parabola, or 
hyperbola, which is obtained on the surface of a particular cone by the 
intersection of particular planes. The diagram gives a true image of this 
particular cone, these particular lines and planes, and this particular conic 
section. The genesis procedure of the conics is general, but there is no 
general object since the diagram represents no symbol! 

“The characteristic of the pa8npatiwKa, mathematical objects in the 
Greek sense, is precisely that they can be grasped by the senses only in 
images, while they themselves, in their unalterable constitution, are 
accessible only to the discursive intellect; however, there are infinitely 
many of these objects.”43 This last quotation from Klein points to the 
fundamental difference in intentionality between Greek and modern 
science, and specifically their different intentionalities of mathematical 
objects. The concepts of Greek science and mathematics intend always 


individual objects; indeed, they are, scholastically speaking, intentiones 
primae—that is, concepts which refer directly to individual objects. This 
fits the way Greek mathematics (and science) represents its objects. The 
geometrical diagram exhibits the object, it “images” it, as Klein felicitously 
puts it. 

Against this, the modern presentation and mathematical analysis 
embody a fundamentally different relation to mathematical objects and the 
analysis of their relations. The presentation is symbolic and the objects and 
their relations are intentiones secundae, concepts which refer directly to 
other concepts, i.e., to intentiones primae, and only through the latter, that 
is, indirectly, to objects. The modern, Cartesian system of coordinates (a 
real system, unlike Apollonius’s lines in the Conica) symbolizes the 
absolute generality of its application (its intersecting lines are no more 
specific, real lines, generated by the figure in question), its axes standing 
for the general concepts of abscissa and ordinate and not for the line- 
segments directly intended by these concepts in each individual instance. 
For Klein, whom I closely follow, abscissas and ordinates are, in the 
language of modern mathematics, concepts of the ‘Variable n’:44 


For this reason the abscissa and ordinate axes can be detached from the realm of 
objects. All the curves investigated with their help are from now on nothing but 
symbolic exhibitions of various possible relations, or of the different ‘functional’ 
relations, between two (or more) variables. 


Summing up this part, then, modern mathematics violates all strictures of 
Greek mathematics, starting with the fundamental Aristotelian interdiction 
of metabasis, by mixing unmixables (that is, geometry and generalized 
arithmetic; i.e., the newly created symbolic algebra, thus inventing the new 
discipline of analytical geometry), it welcomes the infinite (banished by the 
Greek mathematician and philosopher, and creates thereby the totally new 
discipline of differential and integral calculus), it explodes the limiting 
confines of the Greek concept of number, accepting irrationals and 
transcendents as legal residents of the new mathematical world, and shows 
that it is possible to deal rigorously, i.e., mathematically, with uncertainty 
and approximation, through the newly created calculus of probabilities. 
This is by no means an exhaustive list of the achievements of the new 
mathematics, all of which are predicated on violations of one or more of 
the ‘thou shalt nots’ of Greek mathematics. The new mathematics of the 
sixteenth and seventeenth centuries is profoundly unlike Greek 
mathematics. I consider this a revolution in mathematics. Remember, 
however, that I am a historian and speak as one! My own career has been 


affected by this claim, in many unsavory ways. I do not want to make this 
paper confessional, but the responses I got from my critics to my 
contention that Greek mathematics is idiosyncratic and cannot be 
understood by applying to its analysis foreign, 1.e., modern, mathematical 
criteria and standards, which lead necessarily to distortions and false 
quandaries, illustrate beautifully the refusal of the mathematician and of the 
mathematically minded historian to accept the existence of revolutionary 
breaks in the development of mathematics. 

All of these responses, by prominent mathematical figures, as Van der 
Waerden, Freudenthal, and Andre Weil,45 boil down to the statement that 
had I known more mathematics (indeed, I wish I did! Mathematics, mind 
you, not history!), I could not have made the absurd claims I did, which 
simply stem from my mathematical ignorance. This accusation was 
accompanied by statements, largely without justification, to the effect that 
it is clear that what the Greeks did cumbersomely, and in an awkward way, 
is the same mathematically with what we do nowadays with our more 
advanced mathematical means. Occasionally, Greek propositions were 
translated into modern algebraic symbolism, this serving as proof that both 
the Greeks and us inhabit precisely the same mathematical universe. 
Among other things, my critics spoke of group theory in connection with 
Euclid (Andre Weil), of the solution of quadratic equations in the Elements 
(van der Waerden), and used functional language in describing Euclid’s 
Data (Freudenthal), all in order to show that there is just one universal, 
atemporal mathematics, in which, of course, Greeks, Babylonians, and 
modern West Europeans live all happily with one another. Viva la 
mathematical... 

Assuming I have convinced you of the existence of at least two 
historico-mathematical revolutions, accompanied by the corresponding 
counter-revolutions in mathematics, let me use the remaining time to 
present to you the world of the historian of mathematics, as I see it. I shall 
do this under the heading ‘Betrayals, Indignities, and Steamroller 
Historiography: André Weil and Euclid.’ There is a close connection 
between what follows and what preceded it. Let me also say, before I 
proceed, that various historians of mathematics, who think there are 
revolutions in mathematics, speak of transfinite set theory, non-standard 
analysis, non-Euclidean geometries, and Fregean logic as revolutions in 
mathematics. This may not be an exhaustive list. 


Proposition IX.8 of the Elements reads:46 


If as many numbers as we please beginning from an unit be in continued 
proportion (hexes analogon), the third from the unit will be square, as will all 
those which successively leave out one; the fourth will be cube, as will all those 
which leave out two; and the seventh will be at once cube and square, as will also 
those which leave out five. 


A faithful paraphrase of the Euclidean proof follows: Let there be given as 
many numbers as one pleases, starting from the unit, like A, B, C, D, E, 
and F. 
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modern symbolism of algebra. A proposition for the proof of which Euclid 
has to toil subtly and painstakingly, and in the course of whose proof he 
had to rely on many previous propositions and definitions (e.g., VIHI.22 and 
23, def. VH.20) becomes a trivial commonplace, which is an immediate 
outgrowth, a trite after-effect, of our symbolic notation: 1, a, a2, a3, a4, a, 
ao, a7, ... AS a matter of fact, if we use modern symbolism, this ceases 
altogether to be a proposition and its truthfulness is an immediate and 
trivial application of the definition of a geometric progression in the 
particular case when the first member equals 1 and the ratio, q=a, is a 
positive integer (for Euclid)! 

These conclusions, emphasizing the differences between Euclid’s way 
of thinking and the modern algebraic approach, are not to Weil’s liking.47 
What does he propose instead? Overlooking abusive language and personal 
affronts, the very few non ad hominem passages contained in his 
unprecedented letter to the editor of the Archive for History of Exact 
Sciences are entirely repetitive of the arguments of van der Waerden and 
Freudenthal, who, in their rejoinder to my “On the Need to Rewrite the 
History of Greek Mathematics” in the same Archive (1975), made it 
abundantly clear that they failed to understand the nature and import of the 
arguments criticizing the mathematician’s approach to history and the value 
of a historically sensitive analysis of ancient texts.48 An adequate, and 
undeservedly civilized, answer to Weil’s hate letter has appeared in 
“History of Ancient Mathematics: Some Reflections on the State of the 
Art,” and in the monographic study “Does the Quadratic Equation Have 
Greek Roots? A Study of ‘Geometric Algebra,’ ‘Application of Areas,’ and 
Related Problems,” contained in two consecutive volumes of Libertas 
Mathematica.49 This answer, obviously, cannot be reproduced here. Due to 
its length, complexity, and the technically detailed mathematical arguments 
in the latter study, it cannot even be appropriately summarized. All that can 
be done now is to call attention to it and provide here only a drastically 
succinct statement of the positions involved. 

Let us glean, then, from Weil’s agape-suffused epistle the few 
substantive passages it contains, and try to understand what lies behind 
them. Weil thinks that the ‘obvious’ content of proposition IX.8, its 
substantive lesson “for one who [has] at least learnt school-algebra”, but, 
better still, for “any mathematician” who knows how to make the 
distinction (a subtle one to the layman) between the obvious and the 
trivial’, and who is “trained to know the difference between a definition, a 
notation and a theorem”, is that it represents “the rule apa = (ap)@” for “the 
special case q=2”. (He deals only with the case of squares, not cubes.) He 


goes on to say:50 


Perhaps the modern mathematician finds it easier, in this case, to perceive the 
truth of the matter, because nowadays the exponential notation x¢ is used in many 
situations where x, a are not numbers. For instance, the exponent o may be taken 
from a non-commutative group; some care is then needed in the choice of 
definitions and notations if the rule x8 = (x)B is still to hold true. However that 
may be, one who thinks that the rules governing the use of the exponential 
notation are trivial [who does?] must be lacking, not only in mathematical 
understanding, but also in historical sense. Let him read Euclid’s book IX, then 
Archimedes’ Sandreckoner, then pages 132 to 166 of J. Tropfke’s excellent 
Geschichte der Elementar-Mathematik, volume II. There he will learn that the 
development of the exponential notation and the realization of its properties went 
hand in hand for almost twenty centuries before they reached perfection. 


What is one to say to that? Simply and pointedly that, though he was no 
layman, but rather a mathematician who knew how to distinguish between 
the obvious and the trivial, a man fully aware of the differences between 
definitions, notations, and theorems, Euclid had not learnt school-algebra 
and so could not have understood the rule apa = (aP)4. Proposition IX.8 is 
not for Euclid about the exponential notation, but rather about the 
properties of continued proportions. Not having been a modern 
mathematician, “the truth of the matter’ for him, the truth, the whole truth, 
and nothing but the truth, was wholly contained in the protasis 
(enunciation) of the proposition and not in wildly anachronistic connections 
between its hidden message and the features of non-commutative groups, 
laying in store for some 2,300 years, to be unearthed in a future that must 
have been rather dim in Euclid’s eyes. 

Nobody in his right mind thinks that “the rules governing the use of... 
exponential notation are trivial,” but not everybody is inclined to trace 
them all the way back to Euclid, applying to the E/ements misshapen and 
ahistorical interpretive standards. Though, inescapably, all history is 
retrospective history, the approach described and decried by Detlef Spalt as 
“Resultatismus,”s1 that takes its bearings and criteria from what it sees as 
the modern outcome of a lengthy, linear, and necessary evolution of 
concepts and operations, looking always back to the past in light of its 
modern offspring, is necessarily a highly distorting approach, since it 
adopts unashamedly the perspective of the present to judge and understand 
the past. Taken at face value, it is simply not true that “the past has 
meaning only in terms of the present”.s2 The historian’s stance is rather the 
opposite: the present has meaning only in terms of the past. The Platonic 
outlook embodied in Weil’s statements, according to which (1) 


mathematical entities reside in the world of Platonic ideas and (2) 
mathematical equivalence is tantamount to historical equivalence, is 
inimical to history. 

History focuses on the idiosyncratic rather than the nomothetic. It is 
impossible for a modern man to think like an ancient Greek. Historical 
understanding, however, involves the attempt at faithful reconstruction of 
the past. In intellectual history, this necessarily means the avoidance of 
conceptual pitfalls and interpretive anachronisms. Though it is impossible 
to think like Euclid, it is rather facile to think obtrusively unlike him. We 
cannot know what went through Euclid’s mind when he wrote the 
Elements. But we can determine what Euclid could not have thought when 
he compiled his great work. He, most likely, did not employ concepts or 
operations for which there is no genuine evidence either in his time or in 
the works of his predecessors. This much is safe to conclude. Furthermore, 
he clearly could not have foreseen what mathematicians and historians of 
mathematics were going to do in the long run to his Elements; he could not 
have used mathematical devices and procedures which were invented many 
hundreds of years after his death. This much is obvious too. Given that we 
cannot think like Euclid, we should nevertheless strive to avoid thinking 
unlike him when elucidating or commenting on his writings. This is—and 
must remain—the historian’s goal. One way of thinking unlike Euclid is to 
use the algebraic approach in interpreting his works. 

It continues to be habitual among historians of mathematics to say that 
what really lies behind Euclid’s geometrically couched statements are 
algebraic reasonings, appearing in geometrical garb because of the lack of 
an appropriate algebraic symbolism. This strikes me as both inaccurate and 
unilluminating. To see this, let us ask the following questions: “How 
illuminating would it be to propose that Euclid really thought in Sanskrit 
but, because of his ignorance of the Sanskrit alphabet, he had to use the 
Greek one and consequently expressed himself in Greek?”! Greek 
mathematics must be understood in its own right. This can be done by 
refusing to apply to its analysis foreign, anachronistic criteria. The only 
acceptable meta-language for a historically sympathetic investigation and 
comprehension of Greek mathematics seems to be ordinary language, not 
algebra. “To berate Heath and others for betraying Euclid,” goes on André 
Weil, 53 


when all they do is to use a certain amount of notation to clarify the contents of 
his writings does not merely indicate a lack of mathematical sense; it argues a 
deficiency in logic. As everyone knows, words, too, are symbols. The content of 
a theorem does not change greatly, whether it is expressed in words or in 


formulas; the choice, as we all know, is mostly a matter of taste and of style. 
‘Euclid’s numbers,’ we read in Z’s article, ‘are given line segments, not abstract 
symbols’ ... What are A, B, I, A, E, Z in the proof of IX.8, if not symbols? 


True, words are symbols, indeed so is the very word ‘symbol’; but you 
cannot extract the square root from it! The abstract symbolism of modern 
mathematics is an operational symbolism. The content of a theorem does 
change, sometimes significantly, when its rhetorical content and 
appearance are abandoned in favor of formulaic expression. In “On the 
Need to Rewrite the History of Greek Mathematics” and the Libertas 
Mathematica monograph, many examples of this very fact were given. 
Thus, it was shown that the use of formulas to transcribe Euclid’s proofs 
transforms a string of consecutive and different propositions of Book X 
(112, 113, 114) into essentially the same proposition! Furthermore, 
formulaic translation of geometric propositions leads, quite often, to richer 
results than those obtained in the original geometric proof, some of those 
results wholly unobtainable in the genuine geometric setup. And so the 
choice between words and formulas is a fateful choice and not merely “a 
matter of taste and of style”! 

Finally, there is a fundamental difference between Euclid’s letters, A, B, 
I, etc., and genuine algebraic symbols. Algebraic symbols are monosemic, 
while ordinary language constructs are polysemic. The letters of Euclidean 
proofs are not really symbols; they are rather proper names and thus both 
much richer and more circumscribed than the dry, exact, abstract algebraic 
symbols used to transcribe them, and the proofs in which they are 
embodied. The Greek language is richer and, therefore, more ambiguous, 
mysterious, equivocal, and much less precise than the symbolism of 
algebra used to “translate” it into. 

The remainder of Weil’s letter, purged of its poisonous juices, asserts 
the total distinction between numbers and the lines used to represent them, 
indeed the irrelevance of the diagrammatic linear representation of numbers 
in the Elements, the purely algebraic cum number-theoretical character of 
Bools VII, VII, and IX, and the need to “distinguish between mere routine 
and creative reasoning” in our historical sources, without which “there can 
be no worthwhile history of mathematics.”54 Let us now deal succinctly 
with these matters. 

‘Number’ (arithmos) for the Greeks meant positive integer. Numbers 
are represented by Euclid as line segments. After the discovery of 
incommensurability, it became obvious that it is not the case that all line 
segments could be associated with numbers. However, it does not follow 
that the converse of the false statement (that all lines are numbers) is also 


false, and, indeed, Euclid associates numbers with line segments 
throughout Books VII, VHI, IX, the ‘arithmetical’ books. Surely, these 
books are indeed arithmetical, not algebraic, in character, and they do 
contain many propositions belonging nowadays to the theory of numbers. 

The Greek concept of arithmos, number, i.e., a number of things, was 
replaced in the sixteenth century by a new concept of number as an abstract 
symbol. Instrumental in this change was Francois Viéte (1540-1603), who 
transformed the concept of arithmos into the modern concept. This 
transformation marks the beginning of modern mathematics. Greek 
arithmos and modern number do not mean the same thing. As Klein has it, 
the two concepts differ in “Begrifflichkeit,” i.e., conceptualization and 
intentionality—by the latter, Klein understands “the mode in which our 
thought, and also our words, signify or intend their objects.”s5 For the 
Greeks, arithmos always meant a number of things (Anzahl), although 
‘things’ didn’t have to be mentioned explicitly. For modern mathematics 
after Viéte, on the other hand, number is a concept; it is the concept of 
quantity. As numbers came to be regarded as abstract and symbolic entities, 
a ‘new’ mathematics—and, by the same token, a ‘new’ science, in the long 
run—came into being, the mathematics in which the symbolic form of a 
statement is inseparable from its content; indeed, in an obvious sense, the 
form is the content. Mutatis mutandis, this separation is also, to a very great 
extent, impossible in modern physical science, where mathematical form 
and physical content are irreducibly intertwined and hopelessly enmeshed. 

With Viéte and his successors (Stevin, Descartes, Wallis, etc.), then, a 
radical conceptual change has occurred. It is, therefore, historically 
unwarranted to apply mechanically to Greek mathematics the 
manipulations and jugglings of moder mathematical symbolism. 
Historians of mathematics, however, have been doing exactly this. Being 
themselves immersed in modern ways of thought, they have been reading 
Greek mathematical texts through modern glasses and, to nobody’s 
surprise, were rather successful in identifying in those texts an inexistent 
Greek algebra. They could achieve such a fantastic result by betraying 
Greek mathematics, only by applying to it foreign categories of post- 
Renaissance mathematical thinking. 

Modern algebra, the only properly befitting the unqualified name, is a 
creation of the sixteenth and seventeenth centuries. Its great protagonists 
are Viéte, Descartes, and Fermat. It marks the passage from an old way of 
thinking in mathematics, the geometrical way, the mos geometricus, to a 
new way, the symbolic way, the mos symbolicus or mos per symbola. Its 
historical development is rightly connected with the reintroduction into the 


West of the great works of classical Greek mathematics which, however, 
contained the old way of thinking, to be discarded by modern mathematics. 
With Viéte algebra becomes the very language of mathematics; in 
Diophantus’s Arithmetica, on the other hand, we possess merely a refined, 
ingenious and novel, quasirhetorical tool for the solution of arithmetical 
problems. In the seventeenth century, algebra was called ars analytica, a 
pregnant name indeed. It shows the difference between the Greek approach 
and that of the seventeenth century. For the Greeks, mathematics was not 
an art, a manipulative technique, a techne, but a science, an episteme, a 
scientia. Furthermore, for the Greeks analysis was merely a means of 
discovery, a heuristic tool. Mathematics, episteme, was limited to synthesis. 
In the seventeenth century, on the other hand, one is faced with algebraic 
analysis without any synthesis. This new approach meant, inter alia, a 
certain loosening of the Greek strictures of rigor and a new mathematical 
style. 

One should not apply modern symbolism to Greek mathematics with 
impunity, as if modern symbolism were nothing but a temporally universal, 
i.e., historically neutral, means for organizing and simplifying any 
conceptual content. The fact that it is modern symbolism that one applies is 
in itself the best evidence for the ahistoricity of such a procedure. Klein has 
shown successfully that symbolic formalism is at the core of the modern 
concept of number, and that to translate Greek mathematics into its terms 
obscures completely both the meaning of the Greek concept and the 
genuine Greek achievement in the theory of numbers.5s« 

Do we find, then, any algebra in Euclid? No! Euclid’s numbers are 
given line segments, no abstract symbols, and Euclid’s presentation is not 
symbolic. It always deals with determinate numbers of units of 
measurement, which are not seen as representing specific illustrations, 
instances of a concept of general magnitude. As Klein put it, and it merits 
quoting in extenso:57 


In illustrating each determinate number of units of Measurement by measures of 
distance it [i.e., the Euclidean presentation] does not do two things which 
constitute the heart of the symbolic procedure: It does not identify the object 
represented with the means of its representation, and it does not replace the real 
determinateness of an object with a possibility of making it determinate, such as 
would be expressed by a sign which, instead of i//ustrating a determinate object, 
would signify possible determinacy ... [W]hen in the arithmetical books an 
arithmetical, or more exactly a logistical proposition is demonstrated generally 
with the aid of lines, this does not in the least mean that there exists either a 
general number or the concept of a ‘general’, i.e., indeterminate, number 
corresponding to this general proof ... the general ‘linear approach’...intends 


only determinate numbers ... Since in Euclid...the single illustrative lines are 
additionally identified by a letter, the possibility arises of representing the 
numbers intended by those letters. This does not, however, in the least amount to 
the introduction of symbolic designations. Letters for indicating magnitudes and 
numbers seem to have been used already by Archytas ... [As Tannery put it, 
however, ] the /etter does not symbolize the value of a number, and does not lend 
itself to being operated on. Aristotle, too, made use of such mathematical letters, 
e.g. in the Physics and in On the Heavens; and he even introduced Them into his 
‘logical’ and ethical investigations. But such a letter is never a ‘symbol’ in the 
sense that that which is signified by the symbol is in itself a ‘general’ object. 


It simply cannot be said better, and it disposes effectively of Weil’s 
extraneous objections to the distinction between numbers and lines in the 
context of the arithmetical books, of the specious statements concerning the 
irrelevance of diagrammatic linear representation, and of the gratuitous and 
distorting assertions about the algebraic character of Books VII-IX. 

All that still remains to be done in order to dispose entirely of Weil’s 
unwelcome ‘contribution’ to the debate on the nature of Greek mathematics 
is simply to point out that the exhortation to distinguish between routine 
and creative reasoning in the work of ancient mathematicians is a further 
instance of the application of modern anachronistic insights in order to sift 
the ancient mathematical material and to separate, as it were, the wheat 
from the chaff. Another injunction that the historian of mathematics worth 
his/her salt better overlook. Sic transit... 
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Jean Christianidis 
Diophantus and Premodern Algebra: New 
Light on an Old Image 


Abstract: As a theme of historical research, Diophantus’ Arithmetica (ca 
300 AD) raises two main issues that have been most intensively debated: 
the first concerns the proper understanding of Diophantus’ practice, while 
the other relates to the identification of the mathematical tradition to which 
this practice belongs. Since the time of medieval Islam, through the 
Renaissance and the early modern period, the thesis that the work of 
Diophantus belongs to the history of algebra has enjoyed broad consensus 
among mathematicians, despite the fact that the term ‘algebra’ was 
introduced in the language of mathematics five centuries after Diophantus. 
Thus, as early as the Middle Ages, the work of Diophantus was recognized 
by mathematicians as a work on algebra, avant la lettre. The consensus was 
maintained during the nineteenth and the most part of the twentieth century 
—this time among historians of mathematics. It is essential to stress, 
however, that, when associating Diophantus’ work with algebra, premodern 
mathematicians on the one hand and modern historians of mathematics on 
the other did not start from the same understanding of algebra. Those 
mathematicians understood algebra with its premodern meaning and, 
accordingly, characterized the Arithmetica as ‘algebraic’ in the premodern 
meaning of the term. In contrast, modern historians of mathematics 
approach the Arithmetica mostly through the viewpoint of a loose 
understanding of modern algebra and, precisely for this reason, their 
accounts are often exposed to anachronism. This explains why some 
contemporary historians of ancient mathematics are reluctant to accept the 
conclusions of the traditional historiography, while others deny without 
reservation any relation of Diophantus’ practice to algebra. However, 
criticizing the methodology by which the traditional historiography has 
reached its conclusion does not necessarily mean that the conclusion itself 
was wrong. This paper discusses some crucial issues related to Diophantus’ 
problem solving practice, thus, giving support to the traditional view of the 
algebraic character of his work, but put in a totally new framework of 
ideas. 


Keywords: Diophantus, Algebra, Premodern Algebra, History of Algebra, 
Arithmetic, Greek Mathematics. 


introduction: The Category of ‘Premodern Algebra’ 
in the History of Mathematics 


“Modern algebra and modern formalism grew out of Vieta’s direct 
occupation with Diophantus.” This sentence of Jacob Klein epitomizes the 
key idea underlying the core of his historical narrative about the creation of 
the formal mathematical language at the end of the sixteenth century, a 
process which he identifies with “the foundation of modern algebra” (Klein 
1992, 4). The sentence appears in the article “The World of Physics and the 
‘Natural’ World” (Klein 1981, 29), but its essence pervades the whole of 
Klein’s very influential book Greek Mathematical Thought and the Origin 
of Algebra (Klein 1992). The word in the aforementioned phrases I want to 
draw attention to is the adjective ‘modern’, which accompanies, in both 
cases, the word ‘algebra’. Indeed, Klein is very careful—throughout his 
work—not to omit, whenever he speaks of algebra from Viéte’s day 
onwards, to characterize this particular algebra as ‘modern’. In this way, 
he alludes to a ‘premodern’ algebraic activity, which (of course) had 
preceded modern algebra. Occasionally, Klein refers to this premodern 
algebraic tradition by using expressions like “the origin of algebra,” as in 
the title of the aforementioned book, “primitive stage of algebra”ss (Klein 
1992, 133), or even “traditional algebra” (Klein 1981, 29). 

Whatever problems there might be with Klein’s account of the 
development of algebra “from Diophantus over the Arabs and the Italian 
algebraists of the sixteenth century to Vieta” (Klein 1992, 139), there must 
be little doubt that the historically interesting idea that ‘modern algebra’ 
was not the only historical type of algebra was, by no means, foreign to his 
thought. For if it were, the very word ‘modern’, regularly occurring before 
the term ‘algebra’, in his writings, would have been superfluous. Quite the 
contrary! Klein is very consistent in adding the adjective ‘modern’ 
whenever he speaks about the algebraic achievements of Viéte and his 
successors in the seventeenth century. In contrast, modern historians and 
commentators do not always demonstrate similar attentiveness in 
characterizing algebra in their historical investigations. Quite often, they 
speak about algebra tout court, thus portraying algebra as an 
uncontextualized category, in which any distinction between ‘modern’ and 
‘premodern’ is either altogether ignored or is considered merely as a 


question of the extent to which a homogeneous, largely ahistorical 
‘algebraic essence’ was manifested in the ‘algebraic’ compositions of the 
one or the other historical period.59 

The above-mentioned attitude deserves some further comments. It 
would be a matter of fact to say that Klein’s ‘modern algebra’ has become, 
in the hands of some contemporary historians of mathematics, algebra tout 
court, without further qualification. Yet, it must be stressed that when used 
carelessly, such an attitude may be misleading; especially, when premodern 
material is to be considered. Instances in which premodern algebraic 
sources have been interpreted from the conceptual framework of post- 
Vietan algebra—that is from the viewpoint of modern algebra—thus 
leading to misrepresentations (or even to biased interpretations), are not 
rare in past and current scholarship. Especially, regarding some recent 
studies, one may easily recognize the inconsistency by which some modern 
historians approach premodern algebraic sources: on the one hand, there 
have been over-interpretations of premodern algebraic sources, which are 
thus represented retroactively as meeting the conceptual presuppositions 
that underlie modern algebra; on the other hand, interpreted from the 
viewpoint of modern algebra, other premodern algebraic texts are not 
considered to be algebraic at all. The undertakings of al-Khwarizmi and 
Diophantus are two striking examples: two texts, both belonging to 
premodern algebra, are sometimes represented as being conceptually so far 
away from each other that the former becomes a work on ‘algebra’,o while 
the latter a “definitely” ‘non-algebraic’ work.«1 

‘Premodern algebra’ is a recently introduced historiographical term, 
aiming at describing a stage in the history of algebra that precedes the stage 
of ‘modern algebra’ and which is clearly distinguished from it regarding 
the goal, the scope, and the conceptual tools it employs. A growing number 
of studies has been produced over the last few years to elucidate this new 
historiographical category.62 These studies enrich the scholarship of the 
history of algebra, by endowing it with a new dimension. Furthermore, they 
can be proven to be fruitful from a methodological standpoint, in the sense 
that they urge historians of mathematics to historicize the concept of 
algebra and conduct their explorations of ancient, medieval or early modern 
sources not through the historically problematic category of algebra tout 
court, but through the one of the two categories of ‘modern’ and 
‘premodern’ algebra, respectively. Such an approach presents significant 
advantages: First, it avoids the drawbacks the concept of algebra tout court 
creates, when employed as a historiographical tool. So, ancient and 
medieval texts will not be discussed through an impertinent conceptual 


framework, like the one of modern algebra, which obscures rather than 
elucidates the mathematical practices they convey. Second, it allows the 
affinities between texts of premodern algebra to be disclosed. Finally, it 
allows the conceptual distance that separates modern algebraic texts from 
the corresponding ancient and medieval ones to be portrayed in a more 
lucid manner. 

As it has already been stated, the features, the conceptual 
presuppositions, and the scope of premodern algebra have already been 
investigated in a number of recent studies. The main conclusions of these 
studies are summarized below:63 
1.The core characteristic that distinguishes premodern from modern algebra 

is the way in which the key concepts of ‘polynomial’ and ‘equation’ 

are mutually conceived. In premodern algebra, the polynomial is an 
aggregation of the names of the powers of the unknown (a ‘multi- 
nomial’ in the strict sense of the word), with no operations involved. 

On the other hand, in modern algebra, the polynomial is conceived as a 

linear combination of the powers of the unknown. The polynomial 

equation in premodern algebra is a static relation between two 
aggregations, and thus it is free on any operation. In modern algebra, in 
contrast, operations are a critical component of the equation. 
2.Taking into account the above characteristics, two other differences stand 
out: 
i.Premodern algebraists insisted on working out all operations called 
for by the problem before setting up an equation, where we today 
often begin by first writing the equation and then working out the 
operations in the context of the equation. 
ii.Being incompatible with the aggregate conceptualization, premodern 
algebraists did not allow for irrational ‘coefficients’ in their 
polynomials.«4 
3.Besides dissimilarities of conceptual order, premodern algebra differs 
from modern algebra in terms of their scope and purpose. Premodern 
algebra was conceived and practiced principally as a method of solving 
problems,6s whereas modern algebra (in its full-fledged development) 
is no longer a mere method for solving problems. 
4.More precisely, as far as the structure of solution is concerned, problem 
solving by algebra, in the premodern meaning of the term, entails the 
following tasks: (a) naming the unknown(s)—the finding of which the 
enunciation of the problem stipulates; (b) working through the 

operations stated in the enunciation by using the named terms; (c) 

setting up an equation, framed in the vocabulary of the names, as the 


outcome of the two previous processes; (d) simplifying and solving the 
equation; and (e) answering the problem, by means of the solution to 
the equation. 

5.The technical vocabulary used in premodern algebra differs from one 
language to another. The Table below summarizes some of the most 
common terms used in different traditions: 
In premodern algebra, the algebraic calculations are carried out through 
these terms, which function in problem solving as ‘names’ assigned to 
the unnamed sought-after numbers, the finding of which the problem 
calls for. The above terms correspond, respectively, to the unit and the 
terms x, x2 and x3 of modern algebra, although they are not identical 
with them. 

6.Despite the fact that the problems solved by algebra may have been stated 
in terms of arithmetic, mensuration, commerce etc., the unknowns 
were always numerical measures of quantifiable objects. Accordingly, 
it is not surprising that premodern algebra was considered by its 
practitioners as part of arithmetic.6« 

7.By virtue of (3) and (6) premodern algebra should be best described as a 
numerical problem solving method. 

8.In Late Antiquity and throughout the Middle Ages, algebra coexisted 
with other methods that were used in numerical problem solving, such 
as the simple arithmetical reasoning, rule of three, single false position, 
double false position, etc. However, compared to these methods, 
algebra is remarkably different, in the sense that it follows an entirely 
different pattern and, moreover, has a specific technical vocabulary 
with its own syntax (see points 4 and 5 above). 


Table 1: Technical terms of premodern algebra 


Diophantus Arabic Latin Italian Degree 
monas dirham / ‘adad dragma / numerus dramma | numero 

arithmos jidhr | shay’ radix | res radice / cosa 1 
dynamis mal census censo 2 
kybos ka‘b cubus cubo 3 


As already said, the term ‘premodern algebra’ has been recently introduced 
in the history of mathematics to denote a specific historiographical 
category, the fundamental characteristics of which are outlined in the above 
mentioned features. The notion itself was created to describe primarily the 
medieval Arabic, Latin, and Italian algebra. By adopting this notion 
(mainly from the works of Jeffrey Oaks), my aim in the present study is to 


show that the notion of ‘premodern algebra’ provides a suitable contextual 
framework for conceptualizing Diophantus’ Arithmetica as well. In this 
sense, this study could be inscribed in the long tradition of studies that 
argue for the algebraic character of Diophantus’ undertaking. At the same 
time, it intends to revisit this tradition by transferring the discussion into 
the context of premodern algebra, instead of the one shaped by a loose 
understanding of what algebra has become from Victe’s time onwards. 


lIDiophantus’ Arithmetica, a Work of Premodern 
Algebra 


Since the time of medieval Islam, when the very term ‘algebra’ was 
introduced in mathematics through the expression ‘al-jabr_ wa'l- 
muqabala’,o7 identifying Diophantus’ Avithmetica as an algebraic work was 
very common in the history of mathematics. This is easily seen, for 
example, in the work of Qusta ibn Liga, the ninth-century translator of 
Diophantus into Arabic, who refers to the Arithmetica by calling it 
“Treatise of Diophantus on al-jabr wa‘l-mugabala’” (i.e. on ‘algebra’),6s 
and also by considering how straightforward it was for Qusta ibn Ltga to 
translate the technical terms of Diophantus treatise (shown in the first 
column of Table 1) into the vocabulary of the Arabic algebra of his day 
(shown in the second column of Table 1). It is further confirmed by the 
testimony of the tenth-century biobibliographer Ibn al-Nadim, who in his 
al-Fihrist ascribes to his contemporaneous mathematician Abu’l-Wafa’ “a 
Commentary on the Book of Diophantus on Algebra.” The same statement 
is repeated three centuries later by the biobibliographer Ibn al-Qifti and the 
Syrian scholar Barhebraeus (Sesiano 1982, 10).69 Another testimony comes 
from Regiomontanus who, in his 1464 Padua oration on the history and 
utility of the mathematical arts, praises Diophantus’ book in which, he 
writes, “lie the very flower of all arithmetic, namely the art of assessing and 
accounting, which today is called algebra after its Arabic name” (Byrne 
2006, 54-55).70 Rafael Bombelli is another example of a premoderm 
algebraist who recognizes algebra in Diophantus. As he writes in the 
preface of his Algebra (1572), “in recent years, a Greek work on this 
discipline [i.e. of algebra] has been discovered in the Library of our Lord in 
the Vatican, composed by a certain Diophantus of Alexandria” (Fauvel and 
Gray 1987, 263). 

Traced back to the algebraists of the premodern period, the idea that 
Diophantus’ work is part of the history of algebra has enjoyed broad 


consensus among historians of mathematics from the eighteenth century 
onwards. The names abound: Abbé C. Bossut, Marquis de Condorcet, J.-E. 
Montucla, H. T. Colebrooke, G. H. F. Nesselmann, H. Hankel, G. 
Wertheim, M. Cantor, P. Tannery, H. G. Zeuthen, T. L. Heath, D. E. Smith, 
S. Gandz, J. Klein, P. Ver Eecke, C. B. Boyer, B. L. van der Waerden, E. S. 
Stamatis, I. G. Bashmakova, to mention only a few leading figures. Despite 
differences in style and the arguments used, which partly reflect the 
attitudes that characterized the historiography of mathematics in the course 
of time, historians of mathematics, as a rule, do associate the Arithmetica 
with algebra. This, so to speak, communis opinio is typified in the title of 
Thomas Heath’s well-known book, Diophantus of Alexandria: A Study in 
the History of Greek Algebra (Heath 1964).71 

It is important, however, to stress that, in associating Diophantus’ 
Arithmetica with algebra, premodern algebraists, on the one hand, and 
modern historians of mathematics, on the other, do not start from the same 
understanding of algebra. Premodern algebraists understand algebra with 
its premodern meaning—how could it be otherwise? Premodern algebra 
was their algebra. After the eighteenth century, historians of mathematics 
did not understand the premodern algebra, since the latter had become an 
alien concept to them; however, by approaching Diophantus’ treatise 
through the viewpoint of a loose understanding of the algebra of their time 
and finding that it somehow fits their modern notions, they called it 
‘algebra’ anyway. For that reason, precisely, their accounts are exposed to 
anachronism. Heath is, again, a typical example: the anachronism in his 
historical account is easily detected, even by a mere glance at the 
conspectus of the problems of the Arithmetica he has appended to his book 
(Heath 1964, 260-266). There, for example, one may observe the first 
problem of the Arithmetica to be represented by the simultaneous 
equations: x + y = a, x — y = b, and classified under the category 
“Determinate systems of equations of the first degree.” Yet, the first 
problem of the Arithmetica reads as follows: “To divide a prescribed 
number into two having a given excess” (Tannery 1893-95, i, 16.9-10).72 
Does the enunciation of the problem speak really about equations? My 
answer, is ‘certainly not’: no word for ‘equal’ (or its cognates) appears in 
the enunciation. The enunciation does not state an equation at all; it only 
states a problem in arithmetic. Therefore, interpreting the problem of 
Diophantus through the algebraic equations x + y = a and x —y = b is 
misleading, since it converts a problem in arithmetic into an algebraic 
problem.73 But algebraic problems of this kind can only exist in modern 
algebra. No evidence of such an algebraic problem has been surfaced in 


any premodern algebraic source so far.74 

Heath’s misrepresentation of Diophantus’ practice is also obvious in the 
way he analyses the methods7s of solution that Diophantus employs. In the 
lengthy chapter he has devoted to this matter bearing the title “Diophantus’ 
methods of solution,” although he starts by promising to “give an account 
in detail of the different methods which Diophantus employs for the 
solution of his problems” (Heath 1964, 54), he does not distinguish 
problems from equations in his analysis. Thus, most of his account falls 
under the title “treatment of equations” (Heath 1964, 58), where equations 
are classified into determinate and indeterminate, and furthermore, within 
each category, according to their degrees. The problem with such a working 
method is that it intends to a subject which is irrelevant to a great extent 
with what Diophantus takes as his principal theme. For, the principal 
subject taught by Diophantus in the Arithmetica—at least as far as we can 
judge from the preserved part of the work—is not to show how to solve 
equations (let alone indeterminate ones), but how to solve problems by 
converting them into equations. More precisely, Diophantus explains how 
to solve arithmetical problems, the vast majority of which ask to find more 
than one unknown numbers, by employing principally a single method, 
which is articulated around the idea of converting each problem into an 
equation, the latter being in modern terms always determinate. Since the 
time of medieval Islam, such a method of solution has been called algebra. 
In a solution by algebra, the treatment of the equation arising from the 
problem is just one part of the solution of the problem, not the entire 
solution procedure. Accordingly, the written text that the treatment of the 
equation covers in each problem in Diophantus is almost always only a 
small portion of the textual unit the solution of the problem in its entirety 
covers. Thus, by interpreting the Diophantine solutions as solutions of 
algebraic equations instead of solutions of problems in arithmetic, Heath 
(and with him the old historiography) disregards an entire (and indeed very 
important) stage of the solutions, which is precisely the conversion into 
equations. However, for conducting this particular stage, Diophantus had 
created a rich ‘toolbox’ of techniques. 76 

This being the case, it does not come as a surprise that even the method 
of ‘double-equation’, occasionally employed by Diophantus in his 
solutions, is classified by Heath as falling into the category of 
indeterminate equations. Thus, the only one among the methods of solution 
that Heath discusses in his account that deserves to be described as a 
method of problem solving,77 is annulled as such, and becomes a method 
for solving two simultaneous indeterminate equations! On the issue of the 


allegedly indeterminate equations that Diophantus solves, I shall come 
back later in this study. 

On a relevant issue, Diophantus’ notation has also caused confusion 
among past and modern historians. In the beginning of the first book of the 
Arithmetica, Diophantus introduces a list of abbreviations for the terms of 
what he calls “the arithmetical theory.” The importance of these terms in 
Diophantus’ problem solving was already identified by scholars like Theon 
of Alexandria, who names them “Diophantine numbers.”7s As Jacob Klein 
has shown, this notation has nothing to do with the corresponding modern 
algebraic symbolism. Yet, it is on account of the notation that some 
historians have argued in favor of the algebraic character of the Arithmetica 
—the particular notation used by Diophantus being considered as 
representing a stage in the history of algebra referred to as “syncopated,” 
after Nesselmann (Nesselmann 1842)—while other historians deny the 
algebraic character of the Arithmetica, just because its notation is not a 
genuine algebraic symbolism!79 In my view, both approaches are equally 
misguided. Symbolism is not an essential characteristic of premodern 
algebra. For example, Arabic algebra was originally predominantly 
rhetorical, and only later, in the late twelfth century, a notation specific to 
algebra was developed in Maghreb (Abdeljaouad 2002; Oaks 2012). But 
this notation is not an essential but an accidental characteristic of Arabic 
algebra. In the same way, Diophantus’ notation is an accidental, not 
essential characteristic of his method. The algebraic character of 
Diophantus’ method lies not in his notation, but in the features and 
modalities it demonstrates, as they are briefly described in the end of part I. 
Below, I give an example, Diophantus’ problem II.33, illustrating the 
aforesaid features.s0 


[Enunciation]| 


To find three numbers such that the square of any one of them less the next 
following makes a square. 


[Setting up the equation] 


And since, whenever a number is the double of <another> number less one unit, 
the square on the lesser, less the greater, makes a square, I assign the first 
<number> to be 1 arithmos, 1 unit [1x + 1], the second, similarly, 2 arithmoi, 1 
unit [2x + 1], and the third, 4 arithmoi, 1 unit [4x + 1], and it results that the 
square on the first, less the second, makes a square, and moreover the square on 
the second, less the third, makes a square. 


It remains also the square on the third less the first to make a square. But the 


square on the third less the first makes 16 dynameis, 7 arithmoi [16x2 + 7x]; these 
are equal to a square. 


I form the square from <a side consisting of> 5 arithmoi [5x]. 
Therefore, 25 dynameis are equal to 16 dynameis, 7 arithmoi (25x? = 16x? + 7x]. 


[Solving the equation] 


7 
And the arithmos becomes 79. 9° 


[Answering the problem] 


16 23 
And the first <number> will be 169, 9’ the second 239, 9’ and the third 37 9 


; 9° and what is said in the proposition holds. 


On the basis of the above text, let us now discuss the features of 
Diophantus’ problem solving practice. 


1 The Enunciation of the Problem and the Equation 


The first point that must be stressed is that the enunciation of the problem 
must not be identified with the equation. The enunciation reads as follows: 
“To find three numbers (arithmoi) such that the square (tetrag6nos) of any 
one of them less the next following makes a square (tetragénos).” The 
equation, on the other hand, is: “25 dynameis are equal to 16 dynameis, 7 
arithmoi.” There are crucial differences between the two, both textual and 
conceptual: 

First, the word ‘equal’ that appears in the equation does not appear in 
the enunciation. Moreover, the enunciation is expressed in an algorithmic 
mode, whereas the equation is expressed as a static relation between two 
parts (aggregations of powers of the unknown). The enunciation states a 
problem in arithmetic; the equation does not. 

Second, and most important, the enunciation and the equation are 
formulated in two different languages. In the enunciation, we find the word 
‘number’, which is the translation of the Greek word ‘arithmos’ (in plural, 
‘arithmoi’), and the word ‘square’, which is a translation of the Greek word 
‘tetragdnos’ (in plural ‘tetragénoi’). In the equation, the word ‘square’ 
(tetrag6nos) does not appear. Instead, we find the word ‘dynamis’ (in plural 
‘dynameis’). The word ‘arithmos’, on the other hand, appears in the 
equation too. But there is a significant difference in the way the word 
‘arithmos’ is used in the two sentences: In the enunciation, the word is used 


as a common noun. Indeed, in the enunciation, there are three ‘arithmoi’, 
and so ‘arithmos’ cannot be the name of one single unknown the way it is 
in the equation (and the way our ‘x’ is)—hence, the translation ‘number’ I 
have used for the word ‘arithmos’ in the enunciation. In contrast, the same 
word in the equation is used to indicate a proper name, and, because of that, 
I left the word untranslated and in italics. The terms ‘arithmos’ (when used 
in the equation) and ‘dynamis’ are technical terms; the words ‘arithmos’ 
(when used in the enunciation) and ‘tetrag6nos’ are not technical terms. 
The former belong to what Diophantus calls in the introduction 
“arithmetical theory,” and are the entities Theon refers to as “Diophantine 
numbers.” The latter belong to everyday language. 

The aforementioned distinction in the way terms are used—as common 
nouns (substantives) in the enunciations and as proper names in the 
solutions—entails another fundamental distinction: The substantive 
‘arithmos’ differs from the proper name ‘arithmos’ in the sense that only 
the latter intends the numerical value which makes a number be a particular 
number. So, in the example above, what the name “1 arithmos, | unit” [1x 
+ 1], that Diophantus assigns to the “first <sought-after number>,” names, 
is precisely its numerical value, its Aypostasis. On the level of the 
enunciation, where the conditions are formulated to which the sought-after 
numbers of the problem are subjected, the Aypostaseis of the sought-after 
numbers are not intended at all. In a Diophantine problem, a twofold 
determination is proposed for the numbers sought, with information given 
about their kind as well as the operations and relations to which they are 
subjected, and another type of determination is required, namely the 
concrete multitude of units that makes up each number. The former is a 
determination bearing on properties attributed to numbers, whereas the 
latter is a determination which specifies the numbers that possess these 
properties, which hypostasize the properties. This being the case, the whole 
point of a Diophantine problem can be stated as follows: how to get 
quantitatively determinate numbers, when given a combination of 
qualitative determinations to which they are subjected; in other words, how 
a combination of qualitative determinations of numbers results in 
quantitatively determinate numbers that ‘do the problem’. In the above 
example, by assigning the name “1 arithmos, | unit” [1x + 1] to the “first 
<sought-after number>,” Diophantus, in fact, names its numerical value 
which is as yet unknown, and it will be known only at the end of the 


16 
solution (in the present case, it is found 16 9 ). 5): The same holds true for 
the terms ‘tetrag6nos’ (square) and ‘dynamis’. The latter is used to denote 


the name assigned to the temporarily unknown numerical value of the 


former. Therefore, the terms ‘tetrag6nos’ and ‘dynamis’ should by no 
means be considered as simple synonyms, as the substantive ‘arithmos’ 
must not be considered as synonym with the proper name ‘arithmos’.s1 
Thus, ‘tetragonos’ is a kind of number, like ‘perfect square’, to which 


4 
numbers like 25, 81, 4 49 49 belong, while ‘1 dynamis’ is the specific 
number that is the square of the set unknown ‘1 arithmos’. ‘1 dynamis’ is 


the specific tetragonos that solves the problem. 

Within the context described above, it becomes clear that Diophantus 
uses two sets of conceptually different terms in his problem solving.s2 The 
two sets are listed together in the Table below: 


Table 2: The terms of Diophantus’ problem solving 


Numbers in Numbers in equations Corresponding 

enunciations (common (proper names) algebraic symbol 

nouns) = Se 

‘arntnmos/ pleura avithmos x 

tetragénos dynamis x2 

kybos kybos x8 

tetragénos multiplied by dynamodynamis x4 

itself 

tetrag6nos multiplied by dynamokybos x9 

kybos (same side) 

kybos multiplied by itself kybokybos x6 
arithmoston x71 
dynamoston x-2 
kyboston x73 
dynamodynamoston x4 
dynamokyboston x75 
kybokyboston x6 


2The Setting Up of the Equation 


The setting up of the equation covers the most part of the textual unit of 
problem II.33. In fact, this is not a peculiarity of this particular problem. 
The same pattern occurs almost in every worked out problem in 
Diophantus’ treatise. Indeed, Diophantus is quite detailed in explaining 
how the equation arises out of the problem, while, on the contrary, he is 
most often laconic in dealing with the task of manipulating the equation. In 
the present example, the task of setting up the equation covers ten lines in 
Tannery’s edition (out of fifteen lines of the whole problem), while the 
solution of the equation takes only half a line. This modus operandi led me 


in a previous publication (Christianidis 2007, 299) to advance the 
hypothesis that, within the broad project to demonstrate how algebra should 
be practiced in problem solving, Diophantus’ main goal in the Arithmetica 
is not primarily to explain how the equations are solved, but first and 
foremost to demonstrate how the problems are converted to equations. To 
state it in a different way, Diophantus’ aim was to exhibit the way in which 
one should work in order to transfer an arithmetical problem into the 
‘arithmetical theory’. 

The ‘counterpart’, so to speak, of the problem in the setting of the 
‘arithmetical theory’ being the equation, there are two tasks to be 
conducted in order to arrive at the equation: 

1. Assignment of names to the unnamed sought-after numbers that 

appear in the enunciation of the problem; 

2. and, with the named terms, working through the arithmetical 

operations stated in the enunciation. 


Let us see how these two tasks are accomplished in problem II.33.83 As far 
as the task of naming the unknowns is concerned, Diophantus assigns four 
names. Namely, 


The 1st sought-after number is set lx + 1, 
the 2™d sought-after number is set 2x + 1, 
the 34 sought-after number is set 4x + 1, and 
the side of the square produced once the square of the 1st sought-after 
number is diminished by the 3" sought-after number, as the 
problem stipulates, is set 5x. 


With the named terms, Diophantus performs the following operations (the 
last one being implied in the text): 


(4x + 1)? - (1x + 1) > 16x2 + 7x, 
(5x) + (5x) — 25x2. 


At this point, it must be noticed that the representation of the operations by 
means of modern algebraic symbolism raises a subtle point of potential 
misrepresentation. For example, in problem 10 of book I, Diophantus adds 
20 units to ‘1 arithmos’ (1x) to get ‘1 arithmos and 20 units’ (Tannery 
1893-95, i, 28.14-15) and also subtracts ‘1 arithmos’ (1x) from 100 units 
to get ‘100 units less 1 arithmos’ (Tannery 1893-95, i, 28.15). Using 
modern symbolism, the two operations should be written lx + 20 — 1x + 
20 and 100 — lx — 100 — 1x, respectively. The potential confusion with 


this writing lies in the fact that only in the left part in each expression the 
signs «+» and «—» denote operations, which are to be performed; the right 
part describes the outcome of each operation. Thus, when in expressions 
like the above, the sign appears in the left side, it denotes an operation, 
while the same sign, in the right side of the same expression, merely links 
terms, very much like the words ‘and’ and ‘less’ do. A way to avoid the 
confusion would be to substitute «&» and «/» (initial letter of ‘less’) for 
«+» and «—», respectively, when no operation is intended, and retain the 
common signs of «+» and «—» only for operations. With this convention, 
the first operation that Diophantus performs in problem II.33 is written as 
follows: (4x & 1)2 — (Ix & 1) — 16x? & 7x. In the followings, and 
throughout the present paper, I will employ this notation. 

Now, there is a crucial question regarding, more specifically, the task of 
assigning names to the unnamed numbers: How did Diophantus find the 
names mentioned above? More generally, how the process of assigning 
names to the unnamed sought-after numbers is to be conducted in each 
individual problem? The Arithmetica contains hundreds of problems, some 
of which are extremely difficult, requiring three, four, or even more 
numbers to be found. In view of the complexity of the problems, the issue 
of how to carry through the task of assigning names to the unnamed 
sought-after numbers plays a critical role in the solutions, and its mastering 
is of high importance for anyone who wants to acquire competence in 
solving problems by algebra. 

As shown, the problem we are now discussing requires four namings. 
The four names, however, have not been found in the same way. Regarding 
how he found the first three names, Diophantus provides the following 
heuristic explanation in his text: “Since, whenever a number is the double 
of <another> number less one unit, the square on the lesser, less the greater, 
makes a square, I assign the first <number> to be 1 arithmos, | unit, the 
second, similarly, 2 arithmoi, 1 unit, and the third, 4 arithmoi, | unit, and it 
results that the square on the first less the second, makes a square and 
moreover the square on the second, less the third, makes a square.” What is 
meant here is the following: If uw and v are two numbers such that v = 2u — 
1, then u2 — v makes a square. Accordingly, if u= m+ 1, and v= 2m + 1, 
then (m + 1)2 — (2m + 1) is a square, while if u = 2m-+ 1 andv=4m +1, 
then (2m + 1)2 — (4m + 1) is also a square. But the generic relation “wu? — v 
makes a square” and the two relations which emerge from this have the 
same structure with the conditions of the problem. In this sense, the 
relations can be regarded as ‘simulators’ for the conditions of the 
problem.s4 The simulation is shown in the Table below: 


Table 3: The correspondence between conditions and simulators 


1st condition (1st[sought-after number)2 — (2nd 


sought-after number) is a square 


1st simulator m =(2Zm IS a Square 

2d condition (294 sought-after number)2 — (3rd 
sought-after number) is a square 

2nd simulator + — (4m + 1) 1s a Square 


On account of the structural similarity of the first two conditions of the 
problem with the corresponding simulators, one easily perceives how 
straightforwardly the first three names that Diophantus assigns are 
deduced. Obviously, what we have here is a method. It is a method for 
assigning names to unnamed sought-after numbers. This method, though, is 
not a method of solution. It is a method for naming the unknowns. As 
already said, naming the unknowns does not coincide with the solution to 
the problem. It merely constitutes a part of the solution procedure, namely 
its first stage. Therefore, a clear distinction should be made between the 
method of solution, on the one hand, and the method (or methods) by 
which Diophantus assigns names to the unknowns, thus conducting the first 
stage of the solution, on the other. 

The fourth name in problem IJ.33 has not been found by simulation, but 
via another method. This method, which is repeatedly used by 
Diophantus,85 is easily recognized by the verb ‘plass6’ (I form), by which it 
is introduced. Because of that reason, the method has been called the 
“plass6 method’ (Bernard and Christianidis 2012 

We see, therefore, that in problem II.33, Diophantus uses two different 
methods of naming, by which he assigns four names to the unnamed terms 
of the problem. As explained in Bernard and Christianidis 2012, these 
methods—called there ‘methods of invention’—are part of a real ‘toolbox’ 
that Diophantus had elaborated for conducting the task of assigning names. 
Section II.4 below outlines the methods of naming used in the first three 
books of the Arithmetica, according to the conclusions of the 
aforementioned study of 2012. 


3Manipulation of the Equation 


In problem II.33, the manipulation of the equation is altogether skipped. 
After the formulation of the equation, Diophantus provides its root 
directly.s6 Normally, this stage includes two distinct processes: 
simplification of the equation and solution of the simplified equation. The 


first process involves two steps, which although are widely known by the 
names the medieval Arabic algebraists gave them, i.e. ‘al-jabr’ and ‘al- 
muqabala’, they are fully described in Diophantus’ introduction (Tannery 
1893-95, i, 14.11-24). Regarding the simplified equation, in most cases, its 
solution is trivial, because Diophantus manages to arrive at a two-term 
equation.s7 This is due to the rich ‘toolbox’ Diophantus has developed, 
which allowed him to make a clever assignment of names, thus yielding 
two-term equations. However, he definitely knew how to solve three-term 
equations and, in fact, in some cases he did solve such equations.s8s 


4Method of Solution and Methods of Naming 


From what has been said so far, it is evident that the method of solution 
should not be confused with the methods of naming the solution involves: 
the method of solution is algebra, in the premodern meaning of the term, 
while the methods of naming are methods Diophantus had elaborated in 
order to carry through one of the two tasks which are involved in the first 
stage of a solution by algebra, that is, the assignment of names—the other 
task being the working through the operations outlined in the enunciation 
on these names. As we have already mentioned, Diophantus had a rich 
‘toolbox’ with such methods at his disposal. Part of this ‘toolbox’, I 
summarize in Table 4 below. The first column displays the problem. The 
second column contains the phrases by which Diophantus assigns the 
names in each particular problem; it is through these phrases that the 
different methods of naming are identified. Finally, the third column shows 
how the corresponding method is called in the aforementioned study. 
Capital letters like A, B, A2 denote unnamed terms appearing in the 
enunciation of a problem mostly as sought-after numbers, while lower case 
letters like x, x2 denote technical terms assigned as names to the former. For 
the conditions of a problem the sign ‘=’ is used, while the action of 
assigning the name 1x to the unnamed term A is denoted by A * 1x.89 


Table 4: The methods of naming used in books I-III of the Arithmetica 


Problem =~—__sfhrases by which ethod of naming 


Diophantus assigns 


assigned to be ‘1 


arithmos’ [B = 1x] 
4+B=100 be Derivative method 


‘1 arithmos, 40 units’ 
[fp = 1x & 40] 

Let the three <together> All-together method 
be assigned to be ‘1 
arithmos [A+B+C# 


the second make 20 
units, if therefore 


arithmos, | shall have 
that the third 

is ‘1 arithmos less 20 
units’ [C = 1x / 20] 
nthe same manner, 
first will be ‘1 arithmos 
less 30 units’ [A = 1x / 


30], 

and the second erivative 

arithmos less 40 units’ 

(B= 1x1 40) Pl 


Let the first <square> b 


assigned to be ‘1 
dynamis’ [A2 = 1x2] 


Derivative 
‘16 units less 1 dynamis 


B2 = 16 / 1x2] 
Pb II.8 
A2 + B2 => 16 hen, it is required that | Plass6 method 


16 units less 1 dynamis 
are equal to a square. | 
form the square from <a 
side consisting of> any 
<number> of arithmoi 


less as many units as 
there are in the side of 
16 units; let it be ‘2 
arithmoi less 4 units’ [B 
= 2x / 4] 


Let the lesser be wo-at-once method 


assigned to be ‘1 
dynamis’ [C2 = 1x2], and 


(A2 - B2) = 3(B2 - C2) 


A+B=20A:-B=96 


Pb 11.20 B + A2 = S2 


the middle ‘1 dynamis, 2 
arithmoi, 1 unit’ [B2 = 1x2 
& 2x & 1], that is from <a 
side consisting of> ‘1 
arithmos, 1 unit’ B = 1x 


Is requite 
that 40 % a & 4 are 
equal to a square; | form 
the square from ... ‘1 
arithmos and 3 units’ [A 


Let their excess be 4um-against-difference 
assigned to be ‘2 
arithmor [A - B = 2x] 


g 
assigned to be ‘1 
arithmos and 10 units’ [A 
= 1x & 10] 
en the lesser will be [perivative 
‘10 units less 1 arithmos 
[B = 101 1x] 


Let the first be assigned Nlethod of simulation 
to be ‘1 arithmos’ [A = imulator: m2 + (1 + 2m) 
1x], and the other ‘1 unit, 4 (m + 1)2 
2 arithmo? [B = 1 & 2x], 
so that the square on the 
first, if it receives the 
second, makes a square 
-Itmakes 4 dynameéis, Hlass6 method 
5 arithmoi, 1 unit’ [4x2 & 
5x & 1]; these are equal 
to a square. | form the 
square from ‘2 arithmoi 
less 2 units’ [T = 2x / 2] 


So, since if there are two Nlethod of simulation 
numbers the greater of 
which is by one unit less 


than the quadruple of 
the lesser, their product 
if it receives the lesser 
makes a square, | 
assign the lesser to 

Bt+A=S2 be ‘1 arithmos’ [A = 1x], Gimulator 
the greater ‘4 arithmoi 
less 1 unit’ 

B+B= fT [B = 4x / 1] and it results, pp -(4m-1)+m 
similarly, that their 
product, if it 

S+T=6 receives the lesser, (2m)2 

makes a square 


liIProblem Solving in Premodern and in Modern 
Algebra: Discriminations and Affinities 


Names, operations with names, and formulation of equations (in the form 
of equalities between two aggregations of names of powers of the 
unknown) are three key notions of problem solving in premodern algebra. 
All three of them, are clearly described in the introduction to the 
Arithmtetica, where Diophantus not only discusses these notions, but, most 
significantly, explains how the corresponding tasks are interconnected so as 
to form a general problem-solving method. At this point, it must be noted 
that these notions are fundamental not only in premodern algebra, but in 
modern algebra as well. Below, I reproduce a passage from Isaac Newton’s 
Universal Arithmetick, in which he deals precisely with this topic (Newton 
1720, 67). Interestingly, the title Newton gave to the section this passage 
belongs to is “How a question may be brought to an zquation,” a clear 
indication that Newton comprehends the transition from problem to 
equation as part of the subject-matter of algebra. 


How a question may be brought to an cequation 
After the learner has been some time exercised in managing and transforming 
zequations, order requires that he should try his skill in bringing questions to an 
zequation. And any question being proposed, his skill is particularly required to 
denote all its conditions by so many zquations. To do which, he must first consider 
whether the propositions or sentences in which it is expressed, be all of them fit to be 
denoted in algebraick terms, just as we express our conceptions in Latin or Greek 
characters. And if so, (as will happen in questions conversant about numbers or 
abstract quantities) then let him give names to both known and unknown quantities, 
as far as occasion requires. And the conditions thus translated to algebraick terms 


will give as many equations as are necessary to solve it. 


Next, Newton provides three examples and 16 worked-out problems, all 
solved by algebra, before proceeding to another section to discuss how 
problems in geometry are solved by algebra. I quote below the third 
example with Newton’s corresponding comments (Newton 1720, 68-70): 


Take another example. A certain merchant encreases his estate yearly by a third 
part, abating 100 1. which he spends yearly in his family; and after three years he 
finds his estate doubled. Query, What he is worth? To resolve this, you must 
know there are [or lie hid] several propositions, which are all thus found out and 
laid down. 


In English Algebraically 

A merchant has an estare x. ss 
Out of which the first year he expends x — 100. 

100 |. 


And augments the rest by one third x-100+ x-100 3 ,or 4x-400 3. 


-— 100 - 
x-100 +~ or * ae 


3. 3 
And the second year expends 1001. 4x-400 3 -100,or 4x-700 3. 
4x — 400 0008 4x - 700° 


And augments the rest by a third. 4x-700 3 + 4x-700 9 ,or 16x-2800 9 
4x-700 | 4x~-700 |, 16x ~ 2800 


’ 


; 3 9 9 
And so the third year expends 100 I. 16x - 2800 _ 190, 
16x-2800 9 -100. 9 or 
16x — 3700. 
16x-3700 9 - 9 
And by the rest gains likewise one = 16x-3700 9 + 16x-3700 27 
third part 16x ~ 3700 | 16x ~ 3700 
9 27 or 64x-14800 
64x - 14800. 
27. 27 
And he becomes [at length] twice as 64x 14800 _ , 
rich as at first. 64x-14800 27 =2x. 27 oi 


Therefore the question is brought to this equation, 64x—14800 27 =2x, 
64x -14800 _ 5y, 
27 by the reduction whereof 
you are to find x; viz. Multiply it by 27, and you have 64x — 14800 = 54x; subtract 
54x, and there remains 10x — 14800 = 0, or 10x = 14800, and divining by 10, you 
have x = 1480. Therefore, 1480 1. was his estate at first, as also his profit or gain 
since. 
You see therefore, that to the solution of questions which only regard 
numbers, or the abstracted relations of quantities, there is scarce any thing 
else required than that the problem be translated out of the English, or any 


other tongue it is proposed in, into the algebraical language, that is, into 
characters fit to denote our conceptions of the relations of quantities. But it 
may sometimes happen, that the language [or the words] wherein the state 
of the question is expressed, may seem unfit to be turned into the algebraical 
language; but making use of a few changes, and attending to the sense 
rather than the sound of the words, the version will become easy. Thus, the 
forms of speech among [several] nations have their proper idioms; which, 
where they happen, the translation out of one into another is not to be made 
literally, but to be determined by the sense. But that | may illustrate these 
sorts of problems, and make familiar the method of reducing them to 
gequations; and since arts are more easily learned by examples than 
precepts, | have thought fit to adjoin the solutions of the following problems. 


Here is another example, this time from Euler’s Elements of Algebra (Euler 
1972, 187-188): 


Suppose twenty persons, men and women, go to a tavern; the men spend 24 
shillings, and the women as much: but it is found that the men have spent 1 
shilling each more than the women. Required the number of men and women 
separately? 

Let the number of men be represented by x. 

Then the women will be 20 — x. 


24 
Now, the x men having spent 24 shillings, the share of each man is 24x . x* The 24 
— x women having also spent 24 shillings, the share of each woman is 24 20- x . 


24 
20-x, 


But we know that the share of each woman is one shilling less than that of each 


man; if, therefore, I subtract 1 from the share of a man, we must obtain that of a 
m1, _ _%4 — 

woman; and, consequently 24 x —1= 24 20-x . x ~1= 30-} This is, therefore, 

the equation, from which we are to deduce the value of x. 


The differences of Newton’s and Euler’s problem solving from that of 
Diophantus (in fact, of the premodern algebraists in general) are visible to 
the naked eye. At bottom, they are of conceptual order. Newton’s and 
Euler’s solutions are symbolical; symbols are used to denote not only 
unknowns but given quantities as well—as Newton explicitly says; 
operations may appear in an equation, as we see in Euler’s solution, in 
contrast with premodern algebra, in which all operations the enunciation of 
the problem calls for must be worked out prior to arriving at the equation; 
polynomials are not mere aggregations as in premodern algebra, but have 
their modern meaning of linear combinations of powers, with additions, 
subtractions and scalar multiplications involved; accordingly, and despite 
the fact that the two examples do not illustrate it, irrational coefficients are 
allowed in modern polynomials.90 Moreover, above all, modern algebra is 


no longer a mere problem solving method as its premodern counterpart is. 
A mere look at the table of contents of either Newton’s or Euler’s books, 
compared with the contents of any premodern algebra book, makes this 
manifest. 

The above-mentioned differences notwithstanding, the excerpts from 
Newton’s and Euler’s books illustrate the common elements of all 
problems worked-out by algebra. First, and foremost, the solutions follow 
the same overall pattern, whether in modern algebra or in premodern. Thus, 
the structure of Diophantus’ solution in problem II.33 is maintained in all 
solutions. Indeed, it could not be otherwise. The algebraic solution 
presupposes translation of the problem (which is formulated in everyday 
language) to a technical language, emergence of an equation framed 
entirely in the technical vocabulary, and manipulation of the equation 
instead of the problem itself. This is the “essence” of a solution by algebra, 
as Lagrange said.91 Significantly, even the language used by Diophantus 
and Newton exhibits the affinity of the modus operandi. Newton speaks 
about “names” which are assigned, and yet the same word (‘ep6nymiai’, 
meaning ‘names’ or ‘surnames’) is used twice by Diophantus to 
characterize the technical terms of the ‘arithmetical theory’ (4.13; 6.23) 
which are to be assigned to sought-after numbers. 


lVinterpreting Premodern Algebra via Modern 
Algebraic Geometry: a Historically Inappropriate 
Methodology 


In the mid-’60s, Isabella Grigorievna Bashmakova set forth the idea that 
the expressions that Diophantus assigns in the course of the solutions to the 
sought-after numbers could be explained by means of the cord and tangent 
methods of modern algebraic geometry,92 thus ‘answering’ positively the 
notorious problem about the generality of Diophantus’ methods of solution, 
which had troubled historians of mathematics from the mid-nineteenth 
century. The problem is epitomized in the famous saying of Hermann 
Hankel, “It is on that account difficult for a modern mathematician, even 
after studying 100 Diophantine solutions to solve the 101s problem” 
(Hankel 1874, 165; cf. Heath 1964, 54-55). From the mid-’80s onwards, 
the idea of Bashmakova was taken up by Roshdi Rashed, and reached in 
his hands the highest level of abstractness and generality. In fact, Rashed 
applies the interpretation via modern algebraic geometry not only to 
Diophantus but to medieval Arabic algebraists as well, such as Abi Kamil 


(Rashed 2012).93 

I do not intend here to argue in detail for what is a matter of course: 
algebraic geometry does not provide the appropriate basis for a historical 
reconstruction of Diophantus’ solutions, and those who do that are exposed 
to blatant anachronism. I shall confine myself to demonstrating how the 
interpretation via algebraic geometry distorts the modus operandi of 
Diophantus, and more generally of the premodern algebraists who were 
occupied with indeterminate problems. I shall do this by providing a 
sample problem that appears in two different sources. It is problem II.9 of 
Diophantus, which also appears in the late ninth-century Book on algebra 
(Kitab fi al-jabr wa’l-muqabala) of Abi Kamil (problem <12> in Rashed’s 
edition of 2013). Despite the fact that Abt’ Kamil was not directly 
influenced by Diophantus,o4 we shall see that the two solutions are 
effectuated by the same method: algebra. For the text of Diophantus 
(92.16—94.9), the English translation is mine, while for Abu Kamil’s text I 
am using the French translation of Rashed (Rashed 2012, 604), slightly 
adapted. 


Table 5: Diophantus’ and Abt Kamil’s solutions of the same problem 


Diophantus’ problem II.9 A bi Kamil’s problem <12>, first 
solution 


To divide a given number, which is ache que tout nombre partagé en 
composed of two squares, into two | deux parties telles que chacune ait 
other squares. Let the <number> 13,] Une racine peut étre partagé en deux 
which is composed of the squares 4 | qutres parties telles que chacune ait 
and 9, to be divided anew into two ne racine, et encore en deux autres 
other squares. darties, et ainsi indéfiniment. Je vais 
expliquer cela pour que tu 
comprennes, si Dieu le veut. 

Si on te dit: divise cing dirhams en 
deux parties dont chacune a une 
racine, tu sais alors que l'une des 
deux parties est quatre et l’autre est 
un. 


Let the sides, 2 units and 3 units, of i tu veux le diviser en deux autres 
the aforesaid squares be taken, and | qarties différentes de ces deux 

let the sides of the requested square¢ qarties et telles que chacune ait une 
be assigned to be 1 arithmos, 2 units} racine, prend alors la racine de |’une 
[1x & 2], the one, and any <number>] des deux parties, ajoute-lui une chose 
of arithmoi less as many units as multiplie la somme par elle-méme; 


there are in the side of the other, the 
other. Let it be 2 arithmoi less 3 units 
[2x / 3]; and the squares become 1 
dynamis, 4 arithmoi, 4 units, the one, 
4 dynameis, 9 units less 12 arithmoi, 
the other. It remains the two added 
together to make 13 units. But the tw 
added together make 5 dynameis, 1 
units less 8 arithmoi; these are equal 
to 13 units. 


que tu obtiens est l’une des deux 
rties; enléve-la de cing, ce qui reste 
st la seconde partie. C’est comme si 
us prenions l'une des parties, c’est- 
4-dire un; nous prenons sa racine qui 
t un a laquelle nous ajoutons une 
ose; il vient un et une chose [1 & 
x]; nous multiplions cette somme par 
lle-méme, il résulte un carré et un 
irham et deux choses, ce qui est 
une des deux parties que tu 
cherches. Nous la retranchons de 
cinq; il reste quatre dirhams 
manquant un carré manquant deux 
choses, qui est la seconde partie; il 
est nécessaire qu’elle ait une racine. 
Or nous savons que sa racine est 
plus petite que deux dirhams; nous la 
posons deux dirhams manquant [ 2 I( 


1 
1x& 13x)], Pte) binecenose 
et un tiers nous la multiplions par elle- 


méme, on aura quatre dirhams et un 
carré et sept neuviémes de carrés 
manquant cing choses et un tiers de 
chose égal a quatre dirhams 
manquant un carré manquant deux 
choses. 


olving the equation 
And the arithmos [x] becomes 85.’ ii 


[Answering the problem and test- 


To the numerical values: | assigned 
the side of the first to be 1 arithmos, 
18 
units [1x & 2]; it willbe 185; 5’ and 
the side of the other, 2 arithmoi less 
1 


units [2x | 3]; it willbe 15 5 The 


squares themselves will be 324 25 , 


324 1 325 


25° 125, 25.3255, 25’ the one, 
other. And the two added together 


éduis par ceci, comme je tai 
pliqué; la chose [x] sera un dirham 
et un cinquiéme. 


ais nous avons posé la racine de 
ne des deux alors parties la racine 
ne de chose l'une des et un deux 
dirham parties [1x & 1], sera deux 
dirhams et un cinquiéme; nous la 
ultiplions par elle-méme, on aura 
quatre dirhams et quatre cinquigémes 
un cinquiéme d’un cinquiéme, ce 
dui est lune des deux parties que tu 
dnerches; l'autre est ce qui reste de 


make which yield the proposed 13 nq, c’est-a-dire quatre cinquiémes 
units. le cinquiéme. 


Let us see now the two solutions in abbreviated tabular form. For it, a 
convenient notation will be employed. Thus, besides the signs already 
introduced in part II above, the capital letters A and B are used to denote 
the sought-after numbers,95 the symbol ‘=’ is used only to denote 
equations, the single arrow ‘—’ is used for the outcome of an operation, 
while for the arithmetical operations involved in the solutions the standard 
symbols are used. By virtue of the above, the emergence of the equation in 
the two solutions appears as follows: 


In Diophantus: 


X~& 4X & 4 AX“ & J 
a ee 


In Abt Kamil: 


x7 & 131 8x = 13 


Problem (instantiated 
ersion): 12+ 22=5 = 


4 | 1x2 12x must be sq. 
(B?) 


B:=2I( 1x& 13x) [ 2( 1x& 13x) }{ 2I( 
1x& 13x) ]> 481x2 


&79x2 I 5x&13x) 
ai(1xes +*)| [20(1x8 5x)| ‘ 


487 Ze 1(5x8 3x) 


&1x2&79X2 I( 5x& 
13x )= 411 x212x 


7 2 1 
4 & 1x2 & L i( & 5x) = 
9% 5x 3% 


41 1x2 12x 


The tabular setting clearly shows that the two solutions follow the same 
overall pattern: names are assigned to the sought-after numbers; the 
operations are worked out on the named terms; and a determinate equation 
is created, framed entirely in the language of the names. There are, though, 
minor differences: for the naming, Diophantus and Abi Kamil do not use 
the same method. Diophantus assigns the names to the sides of the two 
unnamed squares at once. Abti Kamil assigns a name to the side of the first 
unnamed square, then he squares and subtracts from 5, after that he 
observes that the result must be the other square, and then he assigns the 
name to its side. Clearly, two different methods of naming are being 
employed, both found in Diophantus’ treatise (see Table 4). Diophantus 
uses the method called ‘two-at-once’ while Abi Kamil uses consecutively 
the ‘simple’ method and the ‘plass6 method’. Nevertheless, these 
differences bear on the method of naming; not on the method of solution. 
The method of solution is in both cases the same: i.e. algebra. 

Let us see now how the two solutions are represented by using the cord 
method of modern algebraic geometry.96 


Table 6: The two solutions via the cord method of algebraic geometry 


Diophantus 
Diophantus” p 
(*) x2 + y2 = 13 = 22 + (-3)2 


p 
=2+tandy=-3 + ut, 
hat is, he draws a straight line 
passing through the point (2, -3), 


ith u rational (u = 2). assing through ( u=- 4 3 
e point (1, 2), with u rational 


By substituting in (*) one gets the 

resulting equation rpsulting equation 

**) t[(u2 + 1)t + 2(2 — 3u)] = 0 *) {(u2 + 1)t + 2(2u + 1)] =0 

he solution of which is t= 2( 3u-2 ) u te solution of which is t=- 2( 2u+1 ) 


_ 2(3u -2) t 2(2u +1) 
+1. u2+1 , u2 = 


=2we 5 ‘ “"~3 we gett=65. 


By substituting in the positions we 


From the discussion above, one deduces that there are not major differences 
between the two interpretations (by algebra and by the cord method of 
algebraic geometry), as far as the structure of the solution is concerned. 
This becomes even more evident in Table 7 below, which displays the two 
interpretations of the solution to Diophantus’ problem facing each other. 
The middle column of the Table contains a representative selection of key 
sentences of the Diophantine text, which provide a sketch of the solution, 
while the columns on the two sides display the respective interpretations by 
algebra, the left column, and by algebraic geometry, the right column. 


Table 7: The two interpretations facing each other 


Interpretation by Sketch of the solution Interpretation by 


premodern algebra algebraic geometry 


a2 + D2=C—>AZ+D 0 divide a given 4 D7 =C=x2 Fy 
Generic enunciation number, which is Lcrefceruncedon | 
composed of two 
squares, into two other 


24+ 32=13 = A2+ B2 [Letthe <number SoA + (-3)2 = 13 = x2 + 2 
/nstantiated enunciation} which is composed of Stantiated enunciation 
he squares 4 and 9, to 
be divided anew into two 

other squares. 

A=1x&2,B=2x!13 e sides 0 =2+t,y=-3+ut(u= 

Naming the unknowns {requested squares be 4) Substitutions, defining 
assigned to be 1 4 rational straight line 
arithmos, 2 units, the frassing through the 
one, ... 2 arithmoi less 3 joint (2, -3) of the circle 
units, the other. defined by the equation 

X2 + y2=13 

x2 & 13 /8x = 13 The two added together 7 

Equation make 5 dynameis, 13 @(u=2) Resulting 

(to which the problem is} units less 8 arithmoi. 

converted) These are equal to 13 


2( 3u-2)u2+1, 
, - 2Gu-2) 
u2+1 ' which for u = 


2 gives t=85. == 
Solution of the resulting 
equation 


=185,B=15 [To the numerical values. y= 


18 18 1 
A=—~,B= 2s yet 
5 x 5°" "5 (185,15) 


nswer to the problem (= A 


5? 5) is a new rational 
point of the circle 


The table above shows that the two interpretations are structurally 
isomorphic; yet, conceptually they are completely different. In the 
interpretation via algebraic geometry, the problem is conceived directly as 
an equation; the names assigned to the numbers the finding of which the 
enunciation of the problem calls for have become ‘substitutions’ or 
‘changes of variable’ in the equation; the equation to which the problem 
has been converted has become ‘resulting equation’. By virtue of the 
above, the task of “bringing a question to an equation,” to use Isaac 
Newton’s phrase, is for the solution via algebraic geometry empty of 
meaning. Nevertheless, this is the most important stage of the solution of 
indeterminate problems not only in Diophantus but also in Abi Kamil and 
the premodern algebra in general. Therefore, the interpretation by algebraic 
geometry distorts the very core of premodern algebraic problem solving, 
which is the passage from problem to equation. 

Besides, the interpretation by algebraic geometry has other drawbacks. 
For example, in the problem under discussion, it does not explain the 
difference in the methods by which Diophantus and Abi Kamil assign 
names to the sought-after numbers. Strictly speaking only the naming of 
Diophantus, in which the two names are assigned instantaneously, is 
explained by means of the cord method. In the case of the solution of Abi 
Kamil the two names are assigned at different times, therefore different 
methods of naming are applied. The interpretation by algebraic geometry 
disregards this difference in the methods of naming used by Diophantus 
and Abt Kamil,97 thus making the solution of Abii Kamil identical to the 
slightest details with that of Diophantus, which of course is wrong.98 

This is only one example showing how the interpretation by algebraic 
geometry barbarously distorts premodern algebra, not only conceptually, 
but also at the level of the internal layout of the texts. Having today in our 


disposal the historiographical category of premodern algebra, in 
comparison with which the interpretative capacity of modern algebraic 
geometry when applied in premodern texts has only drawbacks to present 
and no advantages, any attempt of expulsion of the Arithmetica of 
Diophantus from the history of algebra, under the pretext of an alleged 
genealogy that connects it with algebraic geometry, must be rejected 
unequivocally. 


VConclusion 


Let me summarize the main findings of this study. In part I, the recently 
elaborated notion of ‘premodern algebra’ was introduced, and _ its 
fundamental features were outlined, with the aim to investigate whether it 
could be adopted as a historically sane basis for situating and understanding 
Diophantus’ mathematical practice. This examination was performed in 
part II, where a concrete example, problem 33 of the second book of the 
Arithmetica, was used as a case study to illustrate that Diophantus’ solution 
does meet all the basic presuppositions underlying problem solving within 
premodern algebra. In part II, the differences that separate premodern and 
modern algebra, but also their common elements, were briefly discussed. 
Lastly, in part IV, by analyzing another concrete example solved by two 
premodern algebraists, Diophantus and Abu Kamil, it was demonstrated 
that the analysis by means of tools and techniques of the modern algebraic 
geometry that a few modern historians of mathematics advocate, besides of 
being blatantly ahistorical, it does not offer any comparative advantage 
over the historically sensitive and sympathetic analysis through the tools 
and the techniques of premodern algebra. 

The notion of premodern algebra was introduced and elaborated 
primarily by Jeffrey A. Oaks, with the aim to portray the algebraic activity 
of the medieval Arabic, Latin and Italian mathematicians. This study has 
shown that the same notion is also suitable to account for Diophantus’ 
method of solving arithmetical problems. Such an interpretation authorizes 
us to contextualize Diophantus’ mathematical activity within the broad 
tradition of premodern algebra, by avoiding, at the same time, the danger of 
anachronism embodied in the general term ‘algebra’ when applied to 
historical material like the one discussed here. 
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Courtney Roby 
Geometer, in a Landscape: Embodied 
Mathematics in Hero’s Dioptra 


Abstract: In this paper, I will use recent work on embodied cognition to 
analyze the techniques Hero uses to embody the imposition of 
mathematical constructions on the physical world in his Dioptra, a text on 
surveying. Hero shifts geometrical objects, and techniques for manipulating 
them, into the real world by invoking material attributes that purely 
geometrical objects do not possess. This shift, in turn, demands an 
innovative restructuring of conceptual categories, triggered by processes 
that strongly recall Kuhn’s work on conceptual incommensurability. Hero 
rarely refers directly to surveying personnel; rather the surveyor appears as 
a focalizer of the surveying action: orienting the measurement of the 
distance from his own side of a river to the opposite bank; precisely 
sighting the top of a rod to gauge the pitch of a planned tunnel; and so on. 
The surveyor may be equipped with hands as well as eyes, to discover a 
screw’s pitch haptically, adjust a water-level, or delicately trace the path of 
a tunnel without disturbing the weighted cords hung along it. Such 
embodied actors represent a striking alternative to the disembodied 
‘Helping Hand’ described by Fowler and Taisbak as characteristic of 
mathematics in the Euclidean tradition and shifts into this material domain 
are often linguistically marked. At the same time, Hero also emphasizes the 
geometrical techniques his actors employ, maintaining a continuous 
connection with the mathematical tradition in which he inscribes himself. 


Keywords: Incommensurability, Land-surveying, Embodied Cognition, 
Distributed Cognition. 


IIntroduction 


It is not always easy to find a home for ‘applied mathematics’ in the Greek 
tradition. The notional division of Greek mathematics into one tradition of 
‘pure’ geometry and one of ‘applied’ algorithmic numerical methods is 
certainly reductive and artificial.» Among other drawbacks, this approach 


does not account well for applications of geometrical methods to solving 
practical problems, particularly in cases where material instruments and 
physical activities are involved. Shifting geometrical objects, and 
techniques for manipulating them, into the real world demands an 
innovative restructuring of conceptual categories, triggered by processes 
that strongly recall Kuhn’s work on conceptual incommensurability. 

Kuhn traces his theory of incommensurability back to his work with 
Feyerabend on how old scientific theories are supplanted by new ones 
when the language of one theory becomes unintelligible to the other.100 The 
most intractable kind of unintelligibility emerges from shifts in meanings, 
and in particular in contingently linked systems of ‘interrelated or 
interdefined’ _signifiers.101 While Kuhn’s_ theory of conceptual 
incommensurability has since undergone considerable refinement—at his 
own hands and those of others—, Kuhn maintains the central idea that the 
transition from one paradigm to another involves work of interpretation, 
not just translation, to create a discourse suitable for shifting the referents 
of the old concepts into the new.102 Andersen, Barker, and Chen observe 
that although Kuhn’s theory of concepts fell into disuse by scholars who 
focused on other aspects of his work, his ideas nevertheless resonate with 
those of cognitive psychologists, like Rosch, who focused on the 
construction of categories that structure the ‘phenomenal’ world.103 That 
cognitive-psychological work developed in its early stages roughly 
contemporaneously with Kuhn’s work on conceptual theories, and would 
eventually lead to the development of prototype and framing theory. 104 

The objects of our ‘real world’ experience are not fully commensurate 
in attributes with the objects of ‘pure’ Greek geometry. To be sure, they 
have some common properties: they can have extension in length, breadth, 
and width; they can be represented in diagrammatic form; and they may 
conform at least approximately to certain definitions and manipulations 
adopted from geometrical texts. At the same time, they also have attributes 
with no analogues in the schema of the purely geometrical object: they can 
be made of concrete materials; they are seen and defined from an eye-level 
perspective; and they are often reified on the ground by a team of embodied 
humans. The conceptual transformations that allow adapted versions of 
geometrical objects to operate in the world highlight the 
incommensurabilities between abstract and material objects. 

Andersen, Barker, and Chen argue that piecewise shifts like this can 
indeed be construed as constituting a Kuhnian conceptual revolution: 
conceptual revolutions do not need to destabilize the whole conceptual 
structure of Greek mathematics, but only replace the incommensurable 


attributes within their domain of operation.i05 At the same time, Kuhn 
insists that the newly reinterpreted system must maintain internally 
consistent conceptual taxonomies; rather than swapping out just one object 
or attribute for one by another name, whole sets of objects and the 
conceptual schemas into which they fit must be altered (Kuhn 1982a, 683). 
A conceptual revolution might thus be highly visible locally without 
toppling the reformed system on a global level. 

The array of ‘mathlike’ objects that can be realized in the phenomenal 
world through transformative interpretations of their geometrical 
antecedents is, of course, vast. Here, I focus on Hero of Alexandria’s 
application of geometrical techniques to surveying problems in his Dioptra. 
In this text, Hero shifts geometrical objects to a new earthbound domain, 
activating attributes ‘incommensurable’ with a purely geometrical schema. 
I will examine in particular the linguistic alterations to the familiar 
attributes of geometrical prose that signal those techniques’ being put to 
work by human hands in a physical environment. The resulting changes are 
localized but linguistically quite visible, a re-interpretive quake that leaves 
much terminology in place but shifts the linguistic matrix in which it is 
deployed in sometimes dramatic ways. 

The conventions of Greek mathematical prose require no lengthy 
review in this context, but one feature is worth particular notice here: 
namely, what Fowler and Taisbak refer to as the “Helping Hand’: 106 


a well-known factotum in Greek geometry who takes care that lines are drawn, 
circles are described, points are taken, perpendiculars are dropped, etc. The 
perfect imperative passive is its verbal mask: “Let a circle have been described 
(yeypa@0@) with center A and radius AB.” 


As Fowler and Taisbak observe, the ‘Helping Hand’ is simply the agent of 
operations previously validated by postulates and propositions, but the 
peculiar sense of detachment with which it carries out those operations 
makes it linguistically remarkable. Asper too observes the striking 
impersonality of the linguistic structures characteristic of Greek geometry, 
where the only personality that usually intrudes is the author’s Aéy@ 6T1.107 
The use of third-person imperatives (usually in the passive or middle voice) 
is indeed largely true of Greek geometrical prose, and it is quite peculiarly 
true of Greek geometrical prose. 108 

Fowler and Taisbak make a jesting reference to the Helping Hand’s 
ability to defend the geometrical construction against ‘contamination’, and 
a more serious suggestion that it represents a stance, developed along 
Platonic lines, that “the stage on which mathematics is played out is the 


Realm of Intelligence.” 109 Asper situates the Platonic development of this 
line of thinking within a longer lineage including Speusippus and 
Proclus.110 From this viewpoint, Asper observes, the impersonal 
imperatives so often used for these operations strongly encourage the view 
of the geometrical tradition as geared toward contemplation rather than 
operation. 

At the same time, Greek mathematical texts must not be treated as 
though they conformed universally to these linguistic norms. In 
mathematical texts of the algorithmic problem-solving style Asper labels 
the ‘Rezeptstil’, first- and second-person verbs are the rule rather than the 
exception.111 Even within the sphere of geometrical texts, the impersonal 
style of the ‘Helping Hand’ is not a universal rule. Indeed, Netz warns that 
such totalizing characterizations yield a caricature of Greek mathematics as 
a rigidly formulaic zone, where no authorial ‘modulation of style’ is 
tolerated.112 The real picture is, of course, more complicated; the ‘Helping 
Hand’s’ grip on Greek geometry is far from total. Netz, for example, notes 
Archimedes’ Sphere and Cylinder 1.3, where ‘we bisect’ an angle. The use 
of the active voice is marked here, and, as Netz notes, there must be a 
reason for it: the active voice here “signifies the real action of bisecting,” 
while the passive voice in the next proposition “signifies the virtual action 
of contemplating the possibility of an action.”113 First-person verbs of 
construction like this are scattered, though sparsely, throughout 
Archimedes’ corpus. The more numerous first-person instances of verbs of 
discourse represent, like Aéy@ 6t1, a different kind of activity: there the first 
person is part of the author’s work gua constructor of text, not of 
mathematical objects. 

Texts that invite geometrical objects into the real world push back even 
more forcefully against a monolithic view of Greek mathematics. The 
surveying problems of Hero’s Dioptra are for the most part presented in the 
‘impersonal’ language typical of Greek geometrical texts. However, under 
select circumstances, Hero departs from those conventions, using personal 
verbs and referencing individual actors in the landscape. These actors have 
hands, which they use to perform the concrete manipulations the ‘Helping 
Hand’ elides, and eyes, which give them a particular vantage point on their 
surveying work rather than the geometer’s bird’s-eye view. They operate 
with instruments that require manual adjustments based on sensory and 
proprioceptive feedback. That information, in turn, depends sensitively on 
the characteristics of an environment that is peculiar to each problem, and 
cannot be specified within the text. So, the surveyor, with his individual 
ergonomic situation in a particular topography, equipped with his 


instruments, is enmeshed within a problem-solving complex. 

The work done within this complex is embodied: physical interaction 
with objects in the world is required, and those interactions will be shaped 
by all the peculiar factors mentioned above.114 Embodied problem-solving 
within such a complex is, as Clark observes, a fundamentally different kind 
of work than abstract, purely propositional problem-solving.115 Within the 
text of the Dioptra the reader, of course, finds only generalizations of the 
experience of embodied problem-solving. However, they are expressed in 
such a way that they trigger something like what Langacker calls a 
‘simulation’, that is an imagined perception of at least a subset of attributes 
of an embodied activity that can produce ‘epistemic immediacy’ even in 
the absence of the relevant sensory input. 116 

It may be useful to begin with an example. Dioptra 21 provides a 
concise glimpse of the many varieties of embodied surveying work Hero 
addresses in this text:117 


Aw SwOnTpac anodaPEtv a0 HudV SidoTHLA Emi Tic SOVEions EvOEiac, icov TO 
do0bévti StactHpat. Eotw 1h So0Eicn edOeia sp’ Tc Set GnoAaPeiv <r AB- 10 5é 
dobsv SidotHLG 6 Sei GnoAGPEiv> Eotw TO AB- Aq’ od 5é Sei onsiov dnoAaPeiv, 
éotw tod A. EAOdv Eni twos AKAWodS ExingS0v TOXOD Ciov Tod TA, TION TH 
diomtpav Hv EZ: kai tavdtys EumpoobEv Kavova OpBOv, LLNKOVS MS TNX@V 1, TOV 
HO, anéyovta and tic SwztTpac, Tovtéotiv GO Tod E onpsiov, 6 PovAoLOL 
didotypa, gotw S1 nnyOv y. aréAGBov odv ano tod E év éExinéd edOeiav ti EA 
TNXOV Soov éav PovA@pAt, EoT@ dT) THYOV O, Kai KaTAAEiyas ONLLEIOV Tpdc TO 
A, éykiiv@ Tov €v TH O1OATpA KavOva, GxpIc av avy Sv adtod 16 A onpeEiov. Kai 
LEévovtos abdtod AKIvHTODV, AvtimEptoTtds ~AaBov dv adtod onpstov éxi tod HO 
Kavovoc TO M, Kai Exéypawa myOv o. 


Using the dioptra, to lay out a distance from us along a given line, equal to a 
given distance. Let there be given a line on which it is necessary to lay out <the 
line AB; and as for the given distance which it is necessary to lay out> let it be 
[the distance] AB; as for the point from which it is necessary to lay it out, let it be 
from A. Coming to some level plane on the ground, e.g. TA, I take the dioptra EZ, 
and in front of this an upright rod, in length say ten cubits, HO, extending from 
the dioptra, that is from the point E, at the distance I want—let it be three cubits. 
Then I took the line EA from the point E to the line on the plane, of however 
many cubits I want—let it be 500 cubits. Having left a marking-point at A, I tilt 
the bar [alidade] on the dioptra, until the point A appears through it. And with this 
remaining stationary, I took a corresponding point M across it on the rod HO, and 
I wrote on it ‘500 cubits’. (21.1-16) 


The enunciation of this passage hybridizes the ‘problem’-style infinitive 
enunciation ([‘the problem is] to...’) with a first-person actor possessing a 
definite perspective — the problem is not to lay out a line ‘from a given 


point,’ or ‘from any point,’ but a distance ‘from us’.118s Hero proceeds to an 
ekthesis that would not look out of place in a purely mathematical text, as it 
is framed exclusively in third-person imperatives: while they are enveloped 
in the ekthesis the objects of the proof are not signaled as incommensurable 
with the framework of ‘normal’ geometry. Once outside that envelope, 
however, the domain-shift once again becomes prominently marked. 

When the surveyor’s work on the ground begins, the mathematical 
impersonality of the text really subsides in favor of active verbs. It is ‘IT’ 
who take up the dioptra and the sighting-rods and ‘IT’ who angle the dioptra 
to align my individual sight-line with the target. ‘I’ make my marks upon 
the ground and on the sighting-rod, changing the notional ‘whatever 
distance I want’ to a particular length. Sighting from my specific ground- 
level perspective, adjusting the equipment to line up my sight, marking 
down defined distances: as we shall see, all of these and more are tasks that 
invoke the surveyor as a physical actor in a physical landscape, blending 
manual work with geometrical constructions to create a hybrid of 
mathematical and material. Hero chooses linguistic structures that mirror 
this hybridization of ‘hands-on’ and ‘hands-off’? work; in what follows, I 
will examine the nuanced pattern of these shifts alongside recent work in 
cognitive linguistics that may help to explain them. 


lIManual Engagement 


The surveyor brings a panoply of equipment into the landscape that will be 
his canvas. Available tools ranged from the complex dioptra (a precision 
instrument that seems to have used stepped-down gear ratios to enable very 
fine adjustments to both horizontal and vertical viewing angle) to the 
simple groma (essentially a vertical pole topped by a cross-bar bracket and 
across, from the vertices of which weighted strings depend).119 The dioptra 
is, unsurprisingly, at the center of Hero’s eponymous treatise; often its 
presence is only implicit, but when the task involves manipulating the 
instrument in the field it makes a sudden appearance, accompanied by its 
operator. 

This occurs, for example, in Dioptra 6, where the problem is to 
determine the height difference between two points separated by an 
arbitrary distance, with the ultimate aim of constructing a water-course 
between them. The problem is posed using an infinitive in the enunciation: 
“Given two points at an arbitrary distance apart, to sight which of them is 
higher or lower, and by how much...” (6.1-3). Hero continues in the same 


characteristically geometrical style, with an ekthesis in third-person 
imperatives: “let the given places, that is the points, be A and B” and so 
forth (6.7-11). But things change when the equipment appears; for this 
intrusion of the material into the construction, evidently the ‘Helping Hand’ 
does not suffice. Suddenly an authorial ‘I’ appears to do the job: 


éva, obv TOV sipnusv@v Kavovav ict Tpdc TH A, Koi ZoTw 6 AT. sito 
ALOOTIHOUAs TH SiWTTpAV a0 Tod A TocodTov, Eo’ Soov SvvapEba Opav tov AL 
Kavova, émi TH adTA LEpYH TH B, Emiotpéa TOV En’ AKPw TH OTLAIOKa, Ev & EoTI 
ta dada KvAiVSpia, Gypic Gv én’ EdOsiac yévytaI 6 TAdYIOS KavaVv TH AT. sito 
ETLOTPEWOS TOA KOYAISIA EV TO KAVOVL GVAYW Tac AEnidac, GypIc GV ai Ev avdTAIC 
GQVATOMAL YEVOVTAL KATH TAS EV TOIC DOAIVOIC YPApLGC, Gc TOLEl TOD Vdatos Ev 
abtois EmpcvEra. 


Then I stand one of the aforementioned rods at A, and let this be AI. So, having 
erected the dioptra at such a distance from A as we can see the rod AT, directed at B, 
I turn the knob on the top of the stand, where the glass cylinders are, up to where the 
sideways bar appears in a straight line with AI. Then, having turned the screws on 
the bar, I bring up the plates until their slits appear on the lines on the glass [tubes] 
that the surface of the water in them makes. (6.12-21) 


The operations described in this passage involve some quite complex and 
delicate manual operations predicated on careful visual observation, 
alongside simpler physical activities like setting up the sighting-rod AT. 
First, the sighting line is given a physical length, not merely by placing a 
letter label on a point, but by placing a rod on the earth. The length is itself 
ergonomically constrained by both physiology and topography: the dioptra 
must be placed at such a distance that the sighting-rod remains visible. The 
surveyor’s eyes are then engaged in another way, adjusting the height of the 
dioptra’s stand, and then aligning the height of the sighting-targets with the 
water-level on the dioptra. 

Hero could have expressed all these relationships as a_ purely 
geometrical construction, representing them using parallel lines and points 
of intersection. Indeed, this would have been a natural approach, given that 
the passage began with impersonal verb forms and immaterial objects that 
would have been quite at home in a geometrical text. Up to the point where 
the instruments are mentioned, these were only points separated by an 
unspecified amount of distance, even though one of them is notionally 
located near a water-source (which will become more important later in the 
problem). But Hero does not choose this approach; instead, he introduces a 
first-person figure into the text, quite different from the formulaic ‘Aéyw 
ot’ of the author who appears in mathematical texts to stake an 
epistemological claim. The first-person agent here has a_ particular 


perspective, a line of sight, and engages manually with the device, making 
fine adjustments to its height to align everything along that line of sight. 
The process as a whole is underdetermined in the text; the point of correct 
alignment is to be determined on the basis of the sensory and 
proprioceptive feedback that guides the work of embodied agents. 

Other passages of the Dioptra exhibit comparable linguistic shifts when 
a process of manual manipulation or embodied sighting is invoked. Dioptra 
20, which describes the construction of a maintenance passage for a tunnel, 
involves a series of transitions between the ‘hands-off? and ‘hands-on’ 
domains. A shadowy first-person actor appears almost immediately; the 
problem is to find a place “from which, when a passage is created at the 
given tunnel, we will reach that place” so as to clear out rubble and carry 
out repairs. However, after this introduction, Hero reverts to the 
‘impersonal’ diction of geometry for the ekthesis: “Let there be given the 
tunnel ABIAE, and passages leading to it HO and KA,” and so on. Why 
should this be? Material realia take a back seat to spatial relationships in 
this passage, and moreover the tunnel’s features remain still: the tunnel 
predates the construction of the maintenance passage, so nothing in it is 
being moved or manipulated. In this sense, the tunnel is closer to the 
eternally extant objects of a mathematical construction. 

After the tunnel has been laid out, manipulation of material objects 
once again becomes the focus, and the first-person figure re-enters the text. 
The first task is to measure out some distances using a cord. 


Kai AaBov cyowiov sd éxtetapévov Koi mpoPePacaviopévov, Mote pNKét1 
émexteivecOat 1] ovotéAAsoOat, Tv Léev ApyIv adtod TION MPdc TH L. AaBwv dé 
TL Ontstov éxi tod ABI toiyou 10 T, éxexteivm ti oyowviov Eni TO T, Kai Opoiws 
éxi 70 I, kai onpetmodpevoc TH pNKH TOV TX, TH eqapndlw avte év 1H Exava 
EddQEl, OoTE yevEoOat Tpiywvov TO PYO, tiv pév PY ionv Exov tH TL, trv 6€ YO 
th TH. 


And taking a cord that has been well stretched and tested in advance, so that it 
will no longer stretch or contract, I place its beginning at 2. Then taking some 
point on the wall ABI; say T, I stretch a cord to T, and similarly to IT, and when I 
have marked out the lengths TX and TIT I join them on the ground above, so that 
the triangle PYO is created, having (the side) PY equal to (the side) TZ, and YO 
to TIT. (20.16-24) 


The process is then repeated, continually measuring out triangles with the 
cord until point M is reached. The cords in question can be represented in 
text by sets of two letter labels, just like a line segment in a geometrical 
proof. However, they remain cords (cyotwvia), not lines, and they have the 
properties of cords, such as elasticity that has to be eliminated in advance. 


But the presence of cords with peculiar material properties is not the 
only factor here that differentiates the action here from a geometrical 
construction. There is also the first-person figure who takes up the cord, 
pins down one of its ends at X and stretches the other to T, and transforms 
the line into marks on the tunnel walls. The whole process of manipulating 
the cord is focalized through him; he moves from one vertex to another, 
creating a kind of materially reified diagram as he goes. Once this process 
is over and the triangles have been constructed, Hero reverts back to 
‘impersonal’ third-person imperatives. The bridge between these sections is 
one final first-person construction, an apologetic “so that we don’t go into 
too elaborate detail (iva py mouwioypapm@psv).” This figure is the first 
person of the Aéy@ 6t1, the author who intrudes to shape the text rather than 
to shape the earth, in this case moving from the material particularities of 
constructing the maintenance passage, as seen through the eyes of someone 
inside the tunnel, to the geometrical generalities of the solution. 

Hero thus shifts back and forth within the problem’s text between 
‘impersonal’ and ‘personal’ modes, depending on whether his focus is on 
objects that lend themselves well, for the role they play in the problem, to 
description in terms of purely geometrical attributes, or those whose role 
relies on attributes unavailable from the geometrical schema. This ad hoc 
domain shifting should not suggest that Hero’s approach is haphazard; 
rather, it reflects the kind of flexible, iterative category construction Rosch 
observed in her experiments. Rosch found that (contrary to her initial 
expectations) her experiments on taxonomies of “basic level objects” like 
animals and furniture indicated that as subjects develop and refine 
conceptual categories, “both the constraint of real-world factors and the 
construction and reconstruction of attributes are continually present.” 120 
Hero’s textual rendition of the surveyor’s problem-solving process likewise 
presents the reader with comparable but incommensurable sets of objects, 
flexibly deployed by drawing on each set for the parts of the problem that 
match up best with their available attributes. 

Near the end of the Dioptra, Hero provides instructions for building an 
odometer, consisting of a box full of interconnected gears, which are 
themselves connected to a screw that advances them with each turn of the 
wagon-axle to which it is in turn attached. Hero introduces the initial 
components of the odometer through the usual third-person imperatives: 
“let there be a frame (yeyovétw obv mya)” and so forth, as he instructs 
the reader in sizing gears so that the odometer will be able to measure a 
reasonable day’s journey. His approach changes, however, when he 
introduces the screw. Though it is numbered among the simple machines, 


the screw is far from simple to craft precisely. Hero acknowledges this 
difficulty explicitly, and suggests manual testing as a solution. As the work 
of building the odometer shifts into the hands-on domain of craft, Hero’s 
language shifts into the first person: 


GAN’ Exei 1 EKGOTOD KOYAiOD GTPOO OdK AKPIBH@s OVSE LELETPNLEVw@S TODS 
TApakEeévovc OddvTAG GTPEMEL, NLEICG TH MEipa EMLOTPEMOLLEV TOV TPHTOV 
KoyAiav, go ob TO TapaKeipevov abt ddSovtMTdV THURAVOV Liav 
aTOKATAOTAGW AGBY, LETPODVTES OGAKIC AVTOG EXLOTPEDETAL. 


But since the turn of every screw does not turn the engaging teeth exactly or 
precisely, we turn the first screw as a test, until the disk with teeth engaged with it 
has made one turn, while counting how many times the screw is turned. 
(34.68-73) 


Likewise, he advises later that the gears in the odometer might not mesh 
correctly at a first attempt: another problem whose solution cannot be 
precisely specified in geometrical terms. Again, a first-person figure is 
invoked to determine their proper placement manually: “we must move 
them further apart so that they do not get in the way” (34.109-114). 
Vignettes of manual manipulation, of active placement and 
displacement of surveying tools like the dioptra and sighting rods, thus 
seem to provoke Hero to choose different grammatical forms than the more 
purely mathematical manipulations that characterize the hands-off 
components of the surveyor’s work. Why does he contravene the 
conventions of geometrical prose in precisely this way? The shift might be 
explained by cognitive concepts now often collected under the rubrics of 
‘embodied cognition’ and ‘distributed cognition.’ The first of these 
originally gained prominence largely through the work of Varela, 
Thompson, and Rosch. They defined cognition as ‘embodied action’, 
where ‘embodied’ indicates that cognition depends crucially on 
sensorimotor experience and feedback, and ‘action’ that “sensory and 
motor processes, perception and action, are fundamentally inseparable in 
lived cognition.” 121 Though some of the particulars of their model have 
been extended or adjusted by later work, the central idea—that cognition is 
influenced by the sensorimotor feedback loop in which we are constantly 
enmeshed—has provided a much-needed escape from dualist views of 
cognition. By shining a spotlight on the body’s involvement in cognition, 
through perceptions and actions that are all bodily mediated, embodied 
cognition seems to get at just the kind of distinction Hero manifests 
grammatically. Here are problems whose solution requires collaboration 
between the surveyor’s body and mind — the ‘Helping Hand’ alone will not 


do. 

Andy Clark’s work in distributed cognition is particularly relevant to 
the problems Hero tackles in the Dioptra. Clark’s ‘extended mind’ theory 
gives the brain a minimally privileged role in problem-solving, particularly 
in cases where the body’s interaction with its environment is concerned— 
such cases can be comparatively exotic problems of robotic control, but the 
same principles apply to activities as familiar as walking. Clark argues that 
“TiJ]n the natural context of body and world, the ways brains solve problems 
is fundamentally transformed”, and that by thinking of cognition purely as 
abstract problem-solving we lose sight of the ways many problems are 
actually solved in the physical world. 122 

In the passages of the Dioptra where problems are solved through 
manual manipulation, hand-eye feedback loops, and other such methods, 
something subtly but crucially different is happening compared to those 
where the problem remains located in a purely geometrical domain, where 
the intervention of human hands is not required (or, perhaps, even 
possible). Out in the field, the surveyor is confronted by problems that can 
only be solved bodily, using manual manipulations that can only be 
approximated in text. These depend upon the interworking of sensorimotor 
complexes like the eyes that sight through the glass levels while the hands 
adjust the screw until the two coincide—precisely the sort of sensorimotor 
loop Varela, Thompson, and Rosch invoke, and a kind of problem-solving 
that requires thinking about the whole body’s involvement, as Clark 
suggests. 


lliWorking in the world 


Many of the Dioptra’s problems are constrained by what a particular 
practitioner would actually be able to do or see in the field. Problem 21 
supplies perhaps the simplest formula expressing the ground-level 
perspective surveying problems involve: ‘Using the dioptra, to lay out a 
line from us directed at a given point, extending a given distance.’ This 
formulation of the problem is a reminder that every surveying problem 
starts from somewhere. Maybe ‘somewhere’ is a place with defined 
topographical features, maybe not; but, in any case, the problem-solving 
landscape is altered from the geometrical bird’s-eye view just by defining 
the extension of objects from a specific perspective. The diagrams of the 
Dioptra are often presented from above or as cutaway side views (for 
problems set on a hill), but the surveyor’s work in the world is carried out 


on the ground, from a series of points each with its own perspective. The 
surveyor walks the paths that the geometer constructs from above. 

Let us return to the water-course construction of Dioptra 6. The 
sighting operations do not end with the leveling adjustment seen earlier, but 
continue as follows: 


Kai Kataota0évtm@v obTwAS TOV AEmIdiw@v 51a TOV EV ADTOIS AVAaTOL@V StomTEdO 
Bewmpav tov AT Kkavova, Tico domidioknys pEetempiCopévys 7 TamEwovpévyes, &ypic 
av avi n péoyn Tod AEvKod Kai LéEAGVOSG YPHLATOS ypapLN. Kai pEvobons Tic 
SLOMTPAG GAKIVITOV LETABUSG EK TOD ETEPOV LLEPOVS StomTEva@ SiG TOV AVATOLOV, 
AMOOTIOUS G0 Tic S1OMTPUAs TOV ETEPOV KAVOVA TOGODTOV HoTE PAETEGOAL. 


And when the plates have been placed thus, I sight through the slits in them, 
observing the rod AI, while the small disk is raised or lowered to the point where 
the line between the white and black color appears. And with the dioptra 
remaining stationary, I shift and sight from the other side through the slits, having 
stood the other rod far enough away from the dioptra so as to be able to see it. 
(6.21-29) 


The dioptra is designed for use with sighting targets painted to facilitate 
telling from afar when the instrument has been accurately aligned. At this 
point in the problem, a purely geometrical, disembodied description of the 
operation would not be easily produced. While some features could be 
described in this way (for example, by stipulating a bisecting line on the 
target that could intersect with a line that corresponded to the notional line 
of sight across the dioptra), other parts of the construction (like standing the 
rod far enough away to be able to see it) demand the experientially and 
ergonomically based knowledge of an operator on the scene. In order to 
switch from forward to backward sighting, the surveyor leaves the dioptra 
unmoved, while moving to change his own perspective. 

With grounded location and perspective come ergonomic limitations. 
So, Langacker argues that “[a]n observer’s experience is enabled, shaped, 
and ineluctably constrained by its biological endowment and 
developmental history (the products—phylogenetic and ontogenic—of 
interaction with a structured environment).”123 Certainly, the surveyor’s 
problem-solving experience is reshaped as he iteratively interacts with the 
landscape to gradually impose a roughly geometrical structure upon it. In 
placing the sighting-rods and their targets, he will be constrained by the 
distance he can see, which will be in part determined by his own height 
relative to the local topography. Hero cannot specify this in the text, of 
course; this is problem-solving that has to happen in the field. 

Dioptra 9, which describes how to find the perpendicular width of a 


river and, hence, its narrowest crossing, offers a glimpse of spatial 
construction through the eyes of a specific observer. The passage begins by 
stating that the problem is “for those who are on one bank to find the least 
width of a river,” and specifying the banks AB and TA. 


OTHGUC ODdV TiWv SWATPAV mpdc TH TA SON, wc Ei 10 E, ExéotpEya TOV Kavova, 
aypic AV avy SV adtOdD onLEtiov Eni Tio TA SyO8nco tO A. Kai tH EA 61a Tic 
dwWrtpac Tpd¢ Opbac iyyayov tiv EZ émotpéyac Tov Kavova. sita éyKAivw 10 
uUKvKALOV Gypic Gv Eni tic AB SyOnso avi tt onpEiov S14 Tod Kavdvoc, 
TEQNVETO TO Z- Eotar 1) TO EAGYLOTOV TAGTOS TOD NoTALOD TO EZ: H yap EZ 
@oavel K&OEtdg EoTIV En’ Gu@oTEpac Ths Sy0ac, simep TAPAAANAOVS ADT 
Evvooipeda.. 


Then, having stood the dioptra on the bank TA, say at E, I turned the bar until the 
point A on the bank TA appeared through it. And I extended [the line] EZ 
perpendicular to EA through the dioptra, having turned the bar. Then I tilt the 
semicircle in, until some point on [the line] AB appears through the bar; let Z 
have appeared. The least width of the river will be EZ, for [the line] EZ is as 
though perpendicular to both banks, if we imagine them to be parallel. (9.1-14) 


The perspective of the operator is emphasized early in the problem: he is 
located on one bank, looking to the other, rather than viewing the problem 
from above, as the accompanying diagram does. In order to solve the 
problem, the operator will once again rely on his particular perspective and 
lines of sight. He physically manipulates the dioptra, tilting the disk and 
alidade toward or away from him (so highlighting the operator’s defined, 
embodied location) and adjusting them until the stipulated points appear. 
Hero’s nod to the fact that the banks of the river can only be 
approximated as parallel is far from the Dioptra’s only concession to the 
irregularities of the landscape in which the surveyor operates. The water- 
course problem of Dioptra 6 acknowledges that the path sighted between 
the starting-point and the water-source will not necessarily be constructed; 
the solution so far has only established an idealized sketch of the water’s 
path. Determining the most suitable actual route for the water demands 
close local scrutiny by a surveyor on the lookout for common practical 
problems: obstacles too hard to tunnel through and too high to surmount, 
terrain that is likely to contaminate the water with sulfur, and so on 
(6.120-122). Hero makes a list of these, and then instructs that “whenever 
we encounter such as these, we will turn away, so as not to harm the water- 
course (towvtoig StTav TEpITOVYMLEV, EKvEDOOHEV, MOTE KATH pNdEVv 
BrAGatTEGOaA THY TOD Voatoc ayw@ynv)” (6.123-124). That is, when the water- 
course shifts domains from an idealized geometrical construction to a 
physical construction that accounts for terrestrial irregularities, ‘we’ are 


again at the helm to focalize the transition. The solutions to these problems 
and others like them are facilitated by a figure portrayed as moving through 
the problem’s space, viewing it through a particular set of eyes rather than 
from an artificial top-down distance. 


lVinstantiating and inscribing 


Hero’s use of active verb forms often centers on another, related type of 
engagement with the material world: manipulating the written records that 
were a vital element of the surveyor’s work.124 Hero shows us the part of 
this process that happens in the field: marking down the particular length 
measurements of a problem as they are made. For example, solving the 
water-course problem of Dioptra 6 requires a chain of sightings; at each 
point, a sighting will be taken backward to the last point and forward to the 
next, to determine the overall slope of the course.125 Since the lengths of 
the reverse sights add up to the distance to the place where the water is 
meant to end up, if this number is the greater (as it is here), the water will 
be carried downward. Otherwise, a water-lifting device may be necessary, 
and Hero provides a brief list of the mechanical means available for this 
task. 

Though the points and lines representing the sighting-rods, dioptra, 
positioning points etc. are first introduced in an ‘impersonal’ style, Hero 
resumes the use of personal verbs when it comes time to put numbers to the 
measurements, and put those numbers down on paper: 


éuétpyoa. odv éExatépav tov AT, AE Kai goto 4 ev AT yopyyévy mnxOv c, 1 Sé 
AE mnyav B. dneypayaunv odv dd0 otiyouc, év pév TH évi enrypdyac 
KkataBdoEewsc, <év 5 TH ETEPO AvaPdoEM >, WG DIOYEYpaAtaL: Kai TODS LEV EF 
TMNYEIG EV TH Tis KataBdoswM oTiyM ONLElOdLAL, Tods bE SVO EV TH TIS 
avapacEews. 


Then I measured each of AI and AE, and let [the line] AT have been found to be 
six cubits, and AE two cubits. I then wrote out a list of two columns, in the first 
of which I put the title of ‘reverse [sights]’, and in the second of ‘forward sights’, 
as written below. And I indicate the six cubits in the column of forward sights, 
and the two in that of reverse sights. (6.36-40) 


Look closely at how Hero treats this notional six-cubit measurement. When 
it is the imagined distance of line segment AI; it remains in the hands-off 
domain of the third-person imperative. But when it comes time to mark it 
down on the chart, Hero shifts to the first person. Perhaps this marks a 
further material manipulation in the surveyor’s toolbox: making a new 


symbol on the chart to represent a distance that was always there in the 
landscape. 

Having established the layout of the number table (two columns with 
headers), Hero continues the instructions for manipulating the sighting-rods 
and the dioptra itself. Once again, active verbs govern his account of 
moving the dioptra from place to place, turning the bar on top of it to catch 
sight of the rods, raising the sighting-disks into view, moving the rods into 
place, and so forth. Then he returns to the problem of writing down the 
measurements thus made: 


nad odv TO pév Gnd tod H didotmpa &ypr tod 5dqove onperodpua sic Tov TiC 
KataBdcEews otiyov, 10 dé AO Tod © Eic TOV Tho avaBdoEsMc Kai EoTMOOV LEV 
KataPBacEws mNYElc TécoapEs, avaBdoEmMs dé THyEIC SHO. Kai MAAW LEVOVTOS TOD 
Tpos TH © Kavovocg petatiOnut tiv diwatpav Kai Tov EtEepov Kavova <Kai> 
KATAOTHOUS, WS Mposipytat, éx’ EvOEias Tac TE KomdioKUs Kai TAS AVATOLAS 
LapBave [kai] Ei TOV KaAVOVOV onpEeia TA A, M. 


Then once again I indicate in the column of the reverse sights the distance from H 
to the ground, and that from © in that of the forward sights. And let [the distance 
of] the reverse sight be four cubits, that of the forward sight be two cubits. And 
with the rod in turn remaining at © I move the dioptra and the other rod; having 
positioned it as described previously I take in, on a straight line, the disks and the 
slits and the points A and M of the rods. (6.49-57) 


Hero then works through a sample of the procedure all the way to the 
surveyor’s arrival at point B (6.57-74). Throughout this process, the sample 
distances are suggested using third-person imperatives: “let there be four 
cubits to the reverse sight at © (1p0c pév 10 E kataPdosws EotwMoav ANXEIC 
téooapsc)” and so on. He follows this up with a sequential list of the two 
sets of sample numbers, for the reverse and forward sights, concluding with 
their sums (6.75-85). 

After the numerical example, Hero brings the reader back to the initial 
problem, reattaching the problem of measuring lengths to the problem of 
sighting the path of a water-course. He resumes the problem and applies 
letter labels to the points of interest with a smattering of third-person 
imperatives. When he returns to the two-column inscription, this time to 
add up the numbers and add the final sum, active verbs appear again: 


Tév obdv dpWLdv ceonpEel@pévov év toIc sipnusvorc otixoig CvvTIOn mé&vtac 
TOUS Ths KataBdoEsws ApLOLLOvs: Eioi dé AY: OpOIws Kal TODS TI\¢ AvaPdoEws: Eioi 
dé Ky: HotE DIEPOYT ANYEIG 1. 


With the numbers having been indicated in the aforementioned columns, I add 
together all the numbers of the reverse sight; they are 33; similarly those of the 


forward sight; they are 23, so the difference is 10 cubits. (6.92-95) 


It is useful to compare and contrast the patterns of arithmetical problem- 
solving here to the pattern Asper labels the ‘Rezeptstil’.126 Asper lists 
markers of the ‘Rezeptstil’ that include an eisagogic style, references to 
accompanying diagrams, guidance through imperative verb forms, well- 
marked steps of solution, and intermediate summary statements. Problems 
of this style are presented and solved algorithmically; the reader is meant to 
proceed through the steps as though following a recipe. First—or second— 
person forms of address bridge the textual distance between author and 
reader. 127 

Is the ‘Rezeptstil’ at work in these passages of the Dioptra? Yes and no. 
There is no doubt that the Heronian corpus contains examples of the style, 
though the clearest examples come from the texts least likely to be Hero’s 
own work.128 Asper further observes Hero’s ability to merge the formal 
markers of geometry’s general theorizing with numerically specified 
algorithmic problem-solving procedures.i129 But some caveats must be 
observed in comparing the Dioptra’s use of personal verbs to the 
‘Rezeptstil’ texts. First, Hero does not usually proceed through the solution 
to a surveying problem using the numbers he gives; Dioptra 6 is something 
of an outlier in this regard, as is the numerical example of setting the 
odometer’s gear ratios in Dioptra 34.130 Second, Hero uses a linguistic 
pattern essentially different from that of the ‘Rezeptstil’, since the numbers 
for the examples are originally proposed using gota, calling attention to 
their arbitrariness.131 Active verbs are only deployed for the processes of 
adding them up (which lands squarely in the territory of the ‘Rezeptstil’) 
and explicitly writing them on a chart (which does not, and which occurs 
often in the Dioptra even absent such arithmetical maneuvers). Third, as 
we have seen, examples of numerical procedures are just a small subset of 
the passages in the Dioptra where active verbs are involved, most of which 
are firmly located in ‘geometrical’ rather than ‘algorithmic’ territory. So, 
while the influence of the ‘Rezeptstil’ may certainly have played a part in 
determining the linguistic patterns Hero selects here, it does not tell the 
whole story. All this is part and parcel of Hero’s approach to pre-existing 
mathematical traditions; he creates a fluid transition between different 
approaches, in this case ‘geometrical’ and ‘algorithmic’ styles. 

Let us return to the task of inscribing measurements. In Dioptra 7, Hero 
proposes a method for sighting from a given point to another which cannot 
be seen, to produce a straight line between two points at an arbitrary 
distance from one another. Most of the action of solving this problem, 


which involves sighting a chain of line segments, is handled through third- 
person imperatives. Likewise, he proposes a list of notional sample 
distances using this ‘impersonal’ form. However, acts of inscription again 
call for a shift in voice, as ‘we’ write down the results of those 
measurements in the first-person plural indicative: 


dpa 61) StomtEevbovtes ypayouev Ev YaPTH 1) SEAT TO TE OYT|LA TOD SLOATPIOLOD, 
TOVTEOTIV THC KAdOEIG TOV EdPel@v, Kai ETL TH pEyéOn EkAdOTHS aAdTOV 
Emmy payoupev. 


At the same time as we are sighting, we will write on papyrus or tablet the form 
of the sightings, that is the breaks of the lines, and moreover we will inscribe the 
length of each of them. (7.21-24) 


The list of measurements takes on additional concreteness here with Hero’s 
stipulation that it be written on papyrus or tablet—a new material element 
for the surveyor to engage with.132 So, the same pattern occurs as in the 
acts of inscription in Dioptra 6: notional distances in the world are 
proposed through third-person imperatives, but actually writing them 
down, instantiating figure on paper or tablet, is a concrete engagement with 
the world that requires an actor. As we saw earlier, the same pattern obtains 
in Dioptra 21. 

There is a cognitive difference between imagining or describing a 
general type and a specific instance of something, and this might be what 
the linguistic shifts in these passages reflect. Langacker connects the 
distinction between types and instances to cognitive-grammatical 
‘grounding’, which accounts for “the speech event, its participants (speaker 
and hearer), their interaction, and the immediate circumstances (notably, 
the time and place of speaking).”133 For Langacker, looking at a speech 
event together with its ‘ground’ introduces an asymmetry between subject 
and object: if the event has to do with describing something seen from 
someone’s particular perspective, the eyes are maximally subjective, while 
the thing seen is maximally objective. For the particular case of 
instantiation, “an instance (as opposed to a type) is thought of as having a 
particular location in the domain of instantiation.”134 In Hero’s case, 
inscribing the distance of a particular sighting into the table seems to be an 
act of reification, turning an arbitrary 6-cubit distance into the measured 
result of a sighting by a surveyor from his own particular perspective. 

Hero also offers active instructions for creating another type of 
inscription, now in the visual rather than the verbal domain. Usually, 
diagrams are introduced as geometrical constructions, governed by the 
usual third-person imperatives. However, in Dioptra 17 Hero gives the 


diagram a newly concrete life, instantiated in the physical world as a 
template. The problem at hand is, at first, to create a harbor bounded by any 
given section of a circle; in order to do this the dioptra is set up with its 
(circular) drum horizontal, and the sighting rods are used to identify a path 
TAE similar to the circular segment desired for the harbor, but at a smaller 
scale. The rays from the dioptra to these points are then further extended to 
generate the harbor’s actual outline: 


Kai o}TMs KaTaoTAVEVTMV TPOOBEBANOVW a0 Tod Z AKTic mpd TH TA evOEiav, 
éM>o OD ovuMéoN TH E5hQE1 KATA 10 O- Ectar 51) 10 © Eni tic Meprypagopévyg év 
TO AWEVL YPALTS. OLoiws SE Kai EtEpa AGLBdvovTES TH O TEpIypGworEV THV 
BOA ypappry. 


And when they have been set up in this way let a ray have been extended from Z 
to the line TA, up to the point where it intersects the ground, ©. © will be on the 
line circumscribed on the harbor. Taking the others in the same way as for ©, we 
will circumscribe the line BOA. (17.13-17) 


This pattern is by now familiar: a geometrical construction, made using 
third-person imperatives, serves as a kind of lemma that helps to produce 
the actual desired result of a construction on the ground, which is itself 
described using first-person active verbs. 

The particular textual innovation of Dioptra 17 appears in the next 
passage, where Hero proceeds beyond the circular outline that can be made 
with materials conveniently at hand using the circular drum of the dioptra. 
Here, he promises that the harbor can, in fact, be bounded by any conic 
section or indeed any other line, by constructing a template in the desired 
shape and using the same ray-extension method as before: 


Ouoing S& éav PovAdpsba TV MEprypagopévy LN) Eivar KUKAOD TEpPLOspELay, 
GANG EAAEiEDS, 7] Kai GANnV EAAELYLV 7] Kai TapaPoAry 7] DiEpBoAr 7] GAANV TIVe 
YPaLpnv, Tomoopev Opoiav avdti EK oavidoc: Kai EMapLOCaVTEs Eni TO TA 
TOUMAVOV, MOTE GLHOVES ADT yEevéoOal, DaEpsyElvV <dE> Eig TO EKTOG TOD 
TVUUMGAVOD TIv EK TIS Cavidos TEpITLNOEioayv ypapptv, TA ADT TOM|OOLEV TOIC 
éni tific TAE mepipepsiac sipnpévorc. obtac odv ndoy TH So0eion ypaupt Opoiav 
TEPlypawoylev. 


Similarly, if we want the circumscribed line not to be an arc of a circle, but that of 
an ellipse, or a whole ellipse, or a parabola or hyperbola or some other line, we 
will make [a line] similar to it from a plank. And attaching it to the drum TA, so 
that it becomes fused with it and a line is cut around the outside of the plank on 
top of the drum toward the outside, we will do the same things as mentioned 
before on the circumference TAE. In this way we will circumscribe a line similar 
to the given line. (17.29-37) 


Since the object similar to the harbor’s desired form is not immediately 
available as was the dioptra’s circular drum, ‘we’ must make it from a 
plank of wood.135 ‘We’ then affix the plank to the dioptra and carry out the 
same sighting exercise as before, but this time the whole procedure is 
presented through active verbs rather than including third-person 
imperatives as in the initial circular case. It is as though the template, when 
first invoked as a material object crafted by a first-person figure, shifts the 
whole problem into the domain of hands-on, active engagement. The 
template changes from a geometrical construction to another piece of 
equipment for the surveyor to pick up and manually engage with. 


VConclusion 


Hero’s Dioptra presents the reader with a hybrid landscape, part 
mathematical and part material, that is itself a reminder of the varied 
activities encompassed and enabled by Greek mathematics. Applied 
geometry of the kind the Dioptra gives us can use previously established 
mathematical results to generate new linguistic, textual, and material 
objects, a new technical ‘phenotype’. The hybrid discipline of surveying as 
represented in Hero’s Dioptra has to be able to prompt a vivid imagined 
‘simulation’ of hands-on, problem-specific surveying work that can never 
be fully described in the text. It also has to be able to represent problem- 
solving from the point of view of a person standing on the ground, not just 
the synoptic bird’s-eye view of geometry. Moreover, this will be a 
particular person with a particular bodily disposition including height and 
so forth, located within a landscape that has its own _ peculiar 
characteristics: each problem in the field will be an ‘instantiation’ rather 
than a ‘type’. 

The surveyor’s work in that landscape is far from solitary; though Hero 
does not mention them (as the Roman texts do), the surveyor’s world is 
populated by practitioners and assistants, perhaps also by apprentice 
learners, together with all the instruments and written artifacts that serve as 
tools of their trade. It is, thus, home to something along the lines of the 
‘distributed cognition’ described by Clark and others. Hero’s text itself, as 
well as the inscriptions it guides the reader to construct, should be counted 
among the ‘external representations’ that are intrinsic to the cognitive 
processes of scientific and technical work. Giere identifies among these the 
instruments, charts, and diagrams which connect the different actors 
engaging in the work, accessible by virtue of the fact that they “are not 


localized in a person’s brain or in a computer, but somewhere external to 
these locations.” 136 The dioptra and the Dioptra are both engaged in the 
cognition of land-surveying as Hero describes it, and he constructs the text 
so as to highlight the collectivity of this technical practice, even as he 
effaces figures like assistants from the landscape he depicts. 

Each act of embodied problem-solving happens within a human- 
environment complex that engages and changes the problem’s terrain, often 
in unpredictable ways. The shift from the ‘blank slate’ diagrammed 
environment in which a geometrical problem is solved to this kind of 
complex is signaled in the text by a linguistic shift from an ‘impersonal’ to 
a ‘personal’ mode. This shift is nuanced, a localized revolution such as 
Andersen, Barker, and Chen describe; nevertheless Hero’s strategy is quite 
consistent, and strikingly visible once the pattern has once been discerned. 
He fuses the personal with the impersonal, the material with the 
geometrical, a thoughtful textual response to the hybrid objects the 
surveyor works on. He maintains a continuous connection to the 
characteristic language of mathematical texts while shifting geometrical 
objects and techniques into the applied domain, his strategic departures into 
vignettes of concretely embodied work highlighting the domain shift rather 
than effacing it. 

This strategy recalls Kuhn’s emphasis on the work of re-interpretation 
that must occur in order for an audience used to one conceptual structure to 
understand a new one incommensurable with the old. He warns, “where 
structure is different, the world is different, language is private, and 
communication ceases until one party acquires the language of the 
other.”137 Hero’s repeated shifts in the Dioptra between familiar 
geometrical objects and their novel extensions into the domain of the 
surveyor’s embodied actions foster the work of guided reinterpretation 
Kuhn demands. In creating a conceptual domain that melds geometrical 
objects with the surveyor’s interventions in the landscape, Hero builds a 
new schematic structure for the objects within that hybrid domain. He thus 
carries out a conceptual revolution: highly specialized and localized, but a 
radical transformation nonetheless. 
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Michalis Sialaros 
How Much Does a Theorem Cost?138 


Abstract: Euclid is phenomenally famous as the author of the Elements. 
Indeed, no mathematical book has ever been read, edited, praised or 
criticized more than his magnum opus. However, very little is known about 
his life. For centuries, scholars have tried to discover new evidence with 
not much success. Thus, a reasonable question arises: ‘Is there anything left 
to say?’ This paper provides evidence that the answer to this question is 
positive. But what is crucial here is that this particular evidence is revealed, 
not via a discovery of some new material, but as a result of a revolutionary 
practice: the digitalization of the ancient Greek literature. As a case study, 
this paper focuses on the extant anecdotes associated with Euclid; one 
recorded by the philosopher Proclus Lycaeus and the other by the 
anthologist Joannes Stobaeus. In an attempt to shed some light on the 
matter of the origins of the latter anecdote, I draw parallels between this 
and a hitherto largely ignored Pythagorean symbol. This approach, I argue, 
can offer valuable insight into the textual tradition of the symbol and the 
conceptual background of the anecdote in question. 


Keywords: Euclid, Anecdotes, Three-obol, Stobaeus, Pythagoras, 
Symbol, Aenigma. 


IIntroduction: The Euclid Anecdotes and Their 
Sources 


aProclus’ Anecdote 


The first anecdote associated with Euclid of Alexandria is recorded by 
Proclus Lycaeus (ca. fifth century AD), a philosopher and head of the 
Neoplatonic Academy, in his Commentary on Book I of Euclid’ 
Elements:139 


(®)aow 6tt ItoAgpaiog pets mote avdtov, si tic EoTIV MEPi yEeMLETPIAV 060¢cG 
OVVTOL@TEPA TG OTOTYELMOEMS O SE ATEKPivatTo, [1 Elval BaotAuCV aTpanoV 
Ei YVEMPETPICV. 


(T)hey say that once Ptolemy140 asked him if there is in geometry some way 
shorter than that of the Elements. And he replied that there is no royal road to 
geometry. 


Proclus provides numerous hints in his Commentary from which we can 
safely assume that he draws heavily on previous works.141 Regarding, 
however, the source from which he obtained the Euclid anecdote, Proclus, 
unfortunately, remains silent.142 In fact, the situation is more frustrating: 
there is no reference to the Euclid-Ptolemy anecdote (henceforth 
abbreviated as the ‘EP-anecdote’) in the extant Greek literature. Within this 
framework, it seems very difficult to cross-examine the validity of Proclus’ 
account. 

Interestingly enough, an almost identical version of the anecdote 
appears in Joannes Stobaeus’ Anthologium (ca. fifth century AD). In this 
case, the dialogue takes place between Menaechmus and Alexander the 
Great (henceforth abbreviated as the ‘MA-anecdote’):143 


Mévatypov Tov yempétpny AAsEavdpoc NEiov ovvtdpas adtTd mapadsodvat tiv 
yemuetpiav’ 6 6& “o Baoted”, Eire, “Kate HEV THV YOpaV Odoi Elow idt@TiKai Kai 
Baotkai, Ev dé TH yempEtpia Tiotv EotIv 060c Lia”. 


Alexander requested from the geometer Menaechmus to teach him geometry 
concisely. And, “O King”, he said, “through the country there are private and 
royal roads; but, in geometry, there is one road for all”. 


Based on the striking similarities between the two anecdotes, some scholars 
cast doubt on the authenticity of the EP-anecdote, arguing that (a) only one 
of these stories could reflect a historical incident and that (b) the MA- 
anecdote is most likely to be that story. This is how this view is expressed 
by Thomas Heath: ‘(T)here is a temptation to transfer such a story at a later 
date to the most famous mathematicians or rulers’; and by Ivor Bulmer- 
Thomas: ‘(B)ut it would be natural to transfer it to the most famous 
geometer, and the attribution to Menaechmus is to be preferred’.144 The 
core idea of this argument—namely, that there is a tendency to transfer 
stories to the most famous people—seems right. However, it fails to be 
conclusive for two reasons: First, the idea that stories are transferred at later 
dates is not always right. In other words, people (in several cases and for a 
variety of reasons) may attribute contemporary actions or quotes to famous 
people of the past. Second, one should not ignore that what we consider as 
‘fame’ is a context-related evaluation: Euclid was arguably a more famous 
mathematician that Menaechmus;145 however, on the other hand, Alexander 
the Great was a much more famous political leader than Ptolemy. So, 


through this prism, which of the two ‘famous’ figures is the anecdotes’ pole 
of attraction, Euclid or Ptolemy? This deceivingly simple question is 
potentially paralyzing, as it casts doubt on the very possibility of 
approaching these anecdotes as sources of historical information. And, of 
course, it cannot be answered, if one relies only on arguments like Heath’s 
and Bulmer-Thomas’s. Thus, we need to turn to other arguments. 

Let us begin by noting that, in both anecdotes, the concept of ‘royal 
road’ is employed for rhetorical effect; namely, as a metaphor to denote 
effortless learning. An audience, however, in order to comprehend a 
metaphor, requires an actual point of reference. The question that must, 
therefore, be asked is ‘what is, literally speaking, a royal road?’ 
Fortunately, the answer to this question is quite straightforward, as we have 
historical knowledge of only one actual highway with this name: this is the 
Royal Road mentioned by Herodotus, which ran through the Persian 
Empire, from Asia Minor all the way up to Babylon.i46 Within this 
framework, the mathematician’s reply to his ruler that “through the country, 
there are private and royal roads” seems to make sense only in the context 
of an empire that actually contained such a road. And, if this is correct, that 
empire could only be Alexander’s empire, given that Ptolemy never 
reigned a kingdom that contained the Royal Road. 

Let us now have a closer look at the MA-anecdote. According to the 
text, Menaechmus appears to divide the existing roads in the country into 
two categories, ‘royal’ (BaotAiKkai) and ‘private’ (idtwtikai); the former to 
be used by royals and the latter by citizens. Then, he compares these roads 
with the road of geometry, remarking that the latter is ‘for all’ (waotv). This 
is an indication that the unknown author of the anecdote understands the 
concept of a ‘royal road’ as a road used by royalsi47—which is wrong, of 
course, as the historical Royal Road was public.14s Based on this mistake, 
one could assume that the anecdote was not written at the time of the 
described event, but much later, when the Royal Road became more a 
metaphor than an actual point of reference. In other words, this is an 
indication that one should also cast doubt on the authenticity of the MA- 
anecdote. 

Finally, one should also take into consideration that, despite their strong 
similarities, the two anecdotes are not identical: (a) There is a crucial 
difference in the way the two rulers request a shorter way to geometrical 
learning. While Alexander just seeks to learn geometry concisely 
(ovvtOpLwc), Ptolemy requests a way shorter than that of the Elements (060c 
OVVIOL@TEPA Tig oTOLyElMoEeMc). Le bon Dieu est dans les détails. This 
phraseology reveals that Ptolemy—the hero of the anecdote, not the 


historical Ptolemy—is well aware that he is addressing the author of the 
Elements—probably a renowned geometer at the time. (b) Although 
Menaechmus is very specific as to where the private and royal roads are to 
be found (i.e. ‘in the country’ (kata pév Thy yopav)), Ptolemy’s question is 
without spatial specification (1.e. ‘if there is in geometry some way’ (et tic 
EOTLV TEPi YEMLETPIaV Ob0c)). These differences must be seen as significant 
elements of historical localisation. That is to say, the information provided 
here is strong enough to support the hypothesis that the anecdotes have 
emerged from and shaped by distinct historical settings. 149 

It should be by now evident that the available textual sources related to 
the EP-anecdote, do not let us draw conclusions on whether it reflects a 
historical fact. On the other hand, its close similarity to the MA-anecdote 
allows us to identify a core pattern, a topos, which remained unchanged 
despite the fact that the anecdotes seem to have emerged from different 
periods. I shall return to the concept of topos in Euclid anecdotes in Section 
II. For now, let us have a look at the second anecdote related to Euclid. 


bStobaeus’ Anecdote and His Sources 


The second Euclid anecdote, which is described by Heath (1956, I 3) as one 
of those stories “one would like to believe they are true”, is recorded by the 
anthologist Joannes Stobaeus, who is, in turn, drawing on some Serenus: 150 


"EK Tov Lepyjvov. Hap’ EvKAEidy tig apEdpevos yewpetpeiv, M>o TO APHToV 
Bempnua Eualev, HpEeto Tov EvKAsionv: “ti Sé pot TA€ov Eota1 tadta WaOdvtt;”, 
Kai 0 Ev«Asidns tov maida Karéoas “ddc”, pn, “adTO TpioBodov, EmeErd1) dei 
avt® && dv pavOdver kepdaivew”. 


From the <Records> of Serenus.is1 Someone who had begun to learn geometry 
with Euclid, when he learned the first theorem, asked Euclid “what shall I earn 
by having learnt these?”” And Euclid called the servant and said: “Give him three 
obols because he must gain out of whatever he learns”’. 


A first question naturally emerges here: ‘Who is Stobaeus’ Serenus?’ With 
the exception of a reference by the Ecumenical Patriarch of Constantinople 
Photius (ca. ninth century AD), who describes this Serenus as a 
‘philosopher’, his identity is shrouded in mystery.152 One possibility1s3 is 
that Stobaeus refers to Serenus of Antinoupolis, a third/fourth-century 
mathematician and philosopher, who wrote a perished commentary on 
Apollonius’ Conics.154 Another candidate is Aelius Serenus, a grammarian 
of uncertain date (ca. second-fourth century AD), mentioned in the Suda:155 


Leptvoc Oo Kai AOnvaioc, 6 Aidtog ypnpatioas ypappatiKds. “Exitopyv tis 
Dikwvos mpaypateiac mEepi MOAEMV Kai Tives éO' ExdoTNs Evdogol, BIBAia y’, 
*Emttonv tov Oirocévov sic “Opnpov a’. 


Serenus (or Athenaeus), also called ‘Aelius’, grammarian. <He wrote> an 
Epitome of Philo’s treatise On Cities and Their Famous Citizens, three books; an 
epitome of Philoxenus’ <comments> on Homer, one <book>. 


Finally, Photius mentions Serenus ‘the Grammarian’, a compiler of dramas 
(6papata) in various meters. 156 

The time of action of the last two Sereni (Aelius Serenus and Serenus 
the Grammarian), as well as the fact that they are both described as 
grammarians, let Paul von Rohden to the hypothesis that they might be the 
same person.157 Robert Kaster, on the other hand, cast doubt on this idea, 
on the basis of the following argument:iss Photius mentions Serenus the 
Grammarian together with four poets (Hermias of Hermopolis, Andronicus 
of Hermopolis, Horapollon, and Cyrus of Antaeopolis), all of whom lived 
in Egypt around the fourth century AD. Thus, Kaster’s argument goes, 
Serenus was probably an Egyptian who lived around that period. As a 
result, he could not be the same person as Aelius Serenus, because the latter 
was an Athenian. In my view, however, there is a serious objection to this 
argument. The idea that Aelius Serenus lived in Athens is based on an 
arguably false reading of the corresponding entry in the Suda ‘ZLeptjvoc’ 6 
kai AOnvoioc’. This phrase should not be translated, following Kaster, as 
‘Serenus of Athens’, but either as (a) ‘Serenus (or Athenaeus)’ or (b) 
‘Serenus, also called the Athenian’. In the first case, ‘Athenaeus’ is a 
proper name and not a description of his place of action; thus, Kaster’s 
argument is refuted. Now, in the second case, ‘the Athenian’ stands for 
Serenus’ nickname and not a description of his place of action. If this 
reading is right, Serenus’ nickname is a strong indication that he did not 
live in Athens, but in a different place: since nicknames are employed in 
order to differentiate people from one another, no Athenian gets the 
nickname ‘Athenian’ in Athens. So, again, Kaster’s objection is refuted. 
Therefore, Aelius Serenus, the grammarian, may have lived in Egypt, and 
thus it could be the case that he was the same person as Serenus the 
Grammarian, mentioned by Photius. 

Returning now to the Anthologium, we notice that Stobaeus cites at 
leastis9 seventeen anecdotes from Serenus’ Records, besides the one about 
Euclid: on Thales (2.1.22); on Arcesilaus (2.2.17); on Heraclitus and 
Anaxarchus (2.31.116); on Euripides and Plato (3.5.36); on Diogenes 
(3.6.17); on Alexander of Pherae and Thebe (3.7.62); on Plato and Polemon 


(3.11.23); on Antipater (3.13.48); on Philip (3.13.49); on a woman from 
Sparta (3.13.58, 4.24a.11); on the Spartans (3.39.27); on a man from 
Sybaris (3.29.96); on the Persian Kings (4.2.26); on Croesus (4.6.20); on 
Gellias of Acragas (4.19.48); and on a man from Sparta (4.22f.134). No 
strong interest is shown in these passages in mathematics. 160 Based on this 
observation, I am more inclined to accept that Serenus’ Records was the 
work of Aelius Serenus, a scholar trained in preparing compilations. This 
is, of course, due to lack of further evidence, just a hypothesis. Indeed, one 
should also not ignore the possibility that none of the aforementioned 
Sereni is identical with Stobaeus’ Serenus. If this is the case, the scarcity of 
sources does not, unfortunately, allow us to say much about the identity of 
this man. 


IITheorems and Three-obols 


Let us now have a closer look at Stobaeus’ anecdote (henceforth 

abbreviated as the ‘S-anecdote’). The story goes that a new student of 

Euclid, after having learned his first theorem, asked his teacher what his 

benefit would be from the knowledge he had just acquired. Euclid then 

ordered his servant to give the boy some money and criticized his wish to 
gain something out of his achievement. The fundamental narrative 
elements of the anecdote can be summarized as follows: 

(a)Characters: There are two protagonists (namely, a mathematician and a 
new student of geometry), as well as an auxiliary character (namely, a 
servant). 

(b)Staging: The setting is not explicitly described. It could be any place 
where a lesson of geometry could be held. 

(c)Plot: The sequence of events is divided into three phases: first, a lesson 
in geometry takes place; second, the student raises a question 
regarding the value of his new piece of knowledge; and, finally, the 
teacher—obviously in a sarcastic mood—orders the servant to offer a 
financial reward to the student. 

(d)Moral Lesson: Besides the aforementioned narrative elements, the S- 
anecdote contains a clearly implied moral lesson: one should not 
approach mathematical (or even scientific, in general) knowledge 
only for the sake of a financial reward. 


A number of interesting questions regarding the historical value of the 
anecdote can be raised: does this story provide evidence of Euclid’s 


institutional setting, his social status, or even his character? If, on the one 
hand, the S-anecdote depicts a historical incident, one could deduce from it 
some historical information: for example, that Euclid was not only an 
author but a teacher as well; that he was not poor (since he could support at 
least one servant); and that he had a particular approach towards the value 
of mathematical knowledge. If, on the other hand, the anecdote is fictional, 
is there any historical information left? And, if yes, considering the 
apparent unique appearance of the anecdote in the Greek tradition, how can 
one approach this knowledge? I propose to address these questions in what 
follows. 


aA Figure and a Step 


Unlike the case of the EP/MA-anecdotes, the S-anecdote is believed to 
have no parallel in the extant Greek literature. I am convinced, however, 
that the following passage, with which Proclus concludes his introduction 
to his Commentary on book I of the Elements proves this idea wrong: 161 


Apyiv dé mowbvpevot tig TOV KOO’ Exacta CnIhoEwMS TpOayopEdoplEV TOI 
EVTEVEOLEVOIG, LN] TADTA Tap! NUdV azatteiv doa SiateNpVANTAL TOIs TPO NLdV 
ANMMATIA Kai NTHOEIG Kai El TL TOLODTO. TOUT@V LEV YAP dStaKOpEiIc EoLEeV Kai 
onaviocg avtdv épaPous0a. doa dé mpaypateimdeotépav éyet Dewpiav Kai 
OVDVTEAET TPOG TV GANV OLOGcOHIAV, TOUT@V TPONYOLPEVNV TOoModLEIA TH 
dTOLVHOW, GAodvtes todc <IIvOayopsiovc>, oc mpdyelpov Hv Kai todtO 
ovLBoAov “oxGpa Kai Papa, GAA' od CYGpA Kai TPIOBOAOV” EvdeUKVOLLEVOV, OG 
dpa det tv yempsetpiav ékeivnv pEetadw«er, f Ka0' Exaotov Vempnpa Pra 
TiONoW Eic &vodov Kai GnaipEer THV Poy sic bYosc, GAA' OdK Ev TOIG aicONTOIc 
KataBaivety apinow Kai tv obvoiKOV Toic OvyTOIc ypsiav axonANpOdV Kai 
TavTNs otoyaCopLévny Tic EvtedVEv TEPlAywytic KATOLEAEIV. 


As we are about to make a beginning to the inquiry of the particular 
<propositions>, we declare to the readers that they should not demand from us 
<an examination> of those <subjects> that have been discussed over and over by 
our predecessors, such as lemmas, cases, and the likes. For we are surfeited with 
these and shall rarely touch on them. But we shall make our principal concern to 
mention those <subjects> that contain substantial theory and contribute to the 
whole philosophy, emulating in this way the Pythagoreans, amongst whom also 
this symbol was common: “a figure and a step, but not a figure and a three- 
obol”. By this they wanted to show that one must pursue that kind of geometry, 
in which each and every theorem places a step upwards and raises the soul to 
height, instead of letting it descend amongst the sensibles to satisfy the needs of 
the mortals and, aiming at these, neglect to turn around hence. 


This testimony is rich in information. In the beginning, Proclus records that 


Euclid’s Elements had already been the subject of detailed commentating 
by previous scholars (6ca diateOpvANTaAL Toic TPO Uv). He distinguishes, 
however, his own agenda, by explicitly stating that he is not going to 
provide an account of all these discussions, but he is, instead, only going to 
select and consider those subjects that “contain substantial theory and 
contribute to the whole philosophy” (zpaypatewdeotépav éyer Oewpiav 
Kai GvVTEAET TPs TI GANV PlAccogiayv). Immediately afterward, he draws 
parallels between his approach and a symbol which he attributes to the 
Pythagoreans (henceforth abbreviated as the ‘P-symbo/’): ‘a figure and a 
step, but not a figure and a three-obol’ (oy@ua Kai Bawa, GAM od oYdLa Kai 
TplWBoAov).162 Finally, he concludes by providing an interpretation of the 
symbol, according to which one must pursue that special kind of geometry 
in which every theory helps the soul to raise and not to descent amongst 
trivial human needs (tiOnow sic Gvodov kai anaipet Thy Poy sic Byos). 

The pivotal role of the symbol in the interpretation of this passage (and, 
subsequently, in the interpretation of Proclus’ whole agenda) is profound. 
Unfortunately, far too little attention has been paid to it.163 The following 
note by Thomas Taylor found in Glenn Morrow’s commentary on Proclus 
Commentary on Book I of the Elements is indicative of this: “I do not find 
this aenigma among the Pythagorean symbols that are extant; so that it is 
probably no where mentioned but in the present work.” 164 We shall see that 
Taylor is wrong here. However, before turning to the other testimonies, let 
us first examine the symbol in some detail. 

Regarding grammar, the first thing one notices in the symbol ‘oyapa 
kai Bawa, GAA' ov oyGpa Kai TpIMBoAov’ is the presence of the long a 
instead of the expected n, in the words oyGpa (rather than oyfja) and Bona 
(in place of Bra). This is a clear indication that the symbol is written in 
Doric dialect. Byzantine scholars shared the same view. For example, 
Eustathius, a twelfth-century bishop and Homer commentator, noticed this 
peculiarity and explicitly linked the symbol with Doric Greek.165 
Additionally, a number of Byzantine lexica established the same 
connection: (a) the Etymologicum Genuinum (ca. tenth century AD) writes: 
“and ‘Papa Koi oydpo’ is said, according to the voice of the Dorians, 
instead of ‘oyTjya Kai Bhya’”; (b) the Etymologicum Magnum (ca. twelfth 
century AD) “and ‘Bayo Kai oydpoa’ is said, according to the voice of the 
Dorians, instead of ‘oytjwa Kai Bijya’”’; and, (c) the Etymologicum 
Symeonis (ca. twelfth century AD) “and ‘Baia Koi oydua’ is said, 
according to the voice of <the> Dorians”’. 166 

Interestingly enough, the symbol’s key Doric words Bio and oyapa 
are extremely rare in the Greek corpus, and they usually appear only in 


relation to the symbol.167 Only in some rare cases these words appear in 
different contexts. So, B&pa is an entry to the lexicon of unusual Greek 
words compiled by Hesychius of Alexandria (ca. fifth/sixth century AD) 
and explained as ‘basis, step’;168 moreover, the word appears in a fragment 
attributed to the lyrical poetess Sappho.169 Now, as regards oydéa, the 
word appears three times in Archimedes, 170 three times in [Ps.] Archytas’ 
fragments,171 once in a fragment attributed to [Ps.] Timaeus,172 and once in 
Iamblichus.173 All these appearances frame the Doric origin of the symbol. 

Now, as regards the meaning of the P-symbol, some difficulties arise 
from the way one should interpret the word oyépa. Its literal translation, 
i.e. ‘form/shape/figure’, does not offer much help as it does not lead to a 
meaning. We should, instead, read oy@p0 as a metonym for a mathematical 
proposition.174 In this way, the reading of the symbol is clear: the 
knowledge of a mathematical theorem should be seen as a step towards a 
higher goal, not as a source of a material—or even financial—profit. 
Through this prism, it is manifest that the P-symbol presents significant 
structural similarities to the S-anecdote, the most striking of which is, of 
course, the financial value of each theorem: a three-obol. The table below 
summarizes these elements: 


™ anecdote P-symbol 

Lesson of geometry “Mentioned Clearly impleaq 
Protagonists: A teacher Mentioned Clearly implied 

and a student 

Financial value of a Mentioned Mentioned 

theorem: a three-obol 

Moral lesson Clearly Implied Mentioned 


It should be by now evident that the table reveals a striking relation 
between the S-anecdote and the P-symbol: the latter contains all the 
conceptual elements of the former. In other words, if a certain dramatic 
setting were added to the P-symbol, the S-anecdote would result. 


bThe P-symbol in the Greek Literature 


Returning now to the issue of the apparent literary isolation of the P-symbol 
mentioned in Section Ila, let us recall that Morrow, following Thomas, 
admitted that he could not find the P-symbo/ among the extant Pythagorean 
symbols.175 The rest of this section will show that Morrow and Thomas’s 
view is simply wrong.176 

(1) The earliest reference to the P-symbo/ is provided by Iamblichus 


(ca. third century AD), who compiled a list of Pythagorean symbols 
(obpBora) in his Protrepticus.177 The symbol under number 36 goes: 
“Prefer the ‘a figure and a step’ than the ‘a figure and a three-obol’” ( Ac’. 
Tpotiva 6 oxfpa Kai Priya tod oyijwa Kai tpimPodAov).i7s A few lines 
later, Iamblichus also provides an interpretation of the symbol:179 


To 6€ <zpotina TO oyfLa Kai Bhya tod oxhpa Kai TpLIOBoAOV> mapayyéAAEL 
TOVTO’ MAocdgEL Kai WAOHWaTA péETIOL pL Tapépywc, Kai 51 abTaV MomEP 
diaBpaOpacs éxi TO TpOKEipEvov YMpEr KATaATVE SE TOV APOTIL@LEVOV Kai 
TpEeoPEevonéev@v TOIG MOAAOIG, Kai TpoTiLa THY ItaAIKHV ProcOgGiaV THY TO 
aompata Ka0' avta OemMpodoav tio Twvicis tio TA CHpatTa mponyovpévac 
ETMLOKOTOVHEVNG. 


And the [‘prefer a figure and a step than a figure and a three-obol’] orders this: 
pursue philosophy and commit yourself to mathematical sciences, not as a by- 
work. And through these, as if it were a ladder, proceed to the question under 
investigation. Detest those preferred and honored by the many, and prefer the 
Italic philosophy, which contemplates the incorporeal beings themselves, to the 
Ionic, which makes the corporeal beings the principal subject of investigation. 


Curiously enough, Iamblichus does not cite the P-symbol in the Doric 
dialect.1s0 He does, nevertheless, clearly link the symbol to the 
Pythagoreans and the so-called “Italic” philosophy. Likewise Proclus, 
Iamblichus proposes a scheme in which mathematics should be a medium 
to lead the learner upwards, and not down to the trivial world of corporeal 
beings. 

(2) A second reference to the P-symbol is provided by Elias (ca. sixth 
century AD) in his commentary on Porphyry’s /sagoge.is1 Expounding on 
the need to use mathematics as a ladder or a bridge (kAipaéw éorkdta 7 
ye@vpaic) to comprehend immaterial beings, Elias writes: “For this is what 
the Pythagoreans also say ‘a figure and a step’” (ottw yap @aot Kai ot 
TIv0ayopstor ‘oxyapa Kai Papo’). Strikingly enough, Elias provides here 
only half of the symbol, this time in the Doric dialect. Similar to Iamblichus 
and Proclus, Elias connects the symbol to a cognitive function that leads the 
soul upwards. Additionally, a few lines after citing the P-symbol, Elias 
notes an interesting connection (28.27-31). Addressing those who wonder 
what is special about mathematics, he argues that mathematics has two 
unique characteristics: (a) unlike other subjects, mathematics has the power 
of accurate knowledge that demonstrations provide (tO Gpapdoc Tov 
amodei€ewv); and, (b) those who taste mathematical knowledge have the 
same problem as the Homeric Lotus-eaters (mdoyovtes tO TOV 
A@togayav): they cannot put it away. I shall return to this passage in 
Section IIc. 


(3) Let us now come to a letter written by Michael Psellos (ca. eleventh 
century AD), a renowned Byzantine polymath, to his student Ioannes of 
Longobardia.is2 Psellos begins his letter by praising Ioannes for his 
eagerness to advance fast in sciences. ( ‘H mepi tac émtothpas mpo8vpia 
Gov TOAAOD av Ea Tv) (18.3), and continues by expressing criticism of the 
careless way he approaches geometry (oUtwc émi tiv yEewpetpiav 
amEpEpitiv@as ywpsic) (18.42-3). Immediately afterwards he says: “and 
you may have forgotten that Pythagorean <symbol>, which <goes> ‘a 
figure and a step’” (tO 6& HIvOayopikov Exeivo ioms Hyvonkas Sti oYGpLA 
Kai Bawa) (18.45). He concludes the letter, by arguing that the learning of 
mathematical sciences must be conceived as a ladder, through which a man 
will raise to the immaterial beings (1p0c tag advty abAOUG TOV OdOIHV) 
(18.46-7). Psellus’ letter is truly interesting in its own right. For the needs 
of the current research, however, I will only make some preliminary 
remarks regarding the way in which the author employs the P-symbol. First, 
it is evident that Psellus knows the symbol very well and, most importantly, 
expects his student Ioannes to be aware of it too: in a critical manner, he 
says “and you may have forgotten”. Second, Psellus attributes the Doric 
symbol to the Pythagoreans. Finally, similar to Elias, Psellus quotes only 
the first half of the symbol. There is little doubt, nevertheless, that he 
knows its full version: after quoting it, he repeatedly gives advice to his 
student to avoid learning geometry for the sake of a financial reward. 183 

(4) The last reference to the P-symbol is provided by Eustathius— 
whom I have already mentioned in relation to his comments on the Doric 
structure of the symbol in Section Ia. In his monumental commentary on 
Homer’s //iad, Eustathius notes: “As it is proverbially denoted by the 
<symbol> ‘figure and a three-obol’” (@> napowtaKds SynAot Kai TO KOYT|LO 
Kai TpioPoAov»).184 A few lines later, and in connection to the origins of 
the symbol, he proposes two short stories, one in relation to the tragic poet 
Phrynichus (529.12-14) and another related to Pythagoras (529.14-17). For 
the needs of this paper, I shall present only the latter: Eustathius, admittedly 
based on Iamblichus, records that Pythagoras had once a skilful (5&1), yet 
lazy (OKvnp@), student. In order to motivate the student, Pythagoras paid 
him a three-obol for each theorem he would learn. Fortunately for us, the 
Iamblichus passage which Eustathius mentions is extant. 


cPythagoras’ Lesson of Geometry 


In his Life of Pythagoras, Jamblichus mentions an incredible story 
(henceforth abbreviated as the ‘P-anecdote’) about Pythagoras’ first 


student.1ss The story begins when Pythagoras returned to his home island, 

Samos, after a series of journeys. He was eager to find a student to pass 

him on the knowledge he had acquired. This was proved to be a difficult 

task. Eventually, he recruited a young man—also called Pythagoras—and 
offered to pay him (guess what) a three-obol for every theorem he would 
learn (kai d16G0KM@V TAVTOG OYHMATOG, 6 EoTL SiMyPdUWATOG, HWIoAdV Kai 
a@vtinovov Tapseiye THO veavia TpioOBoAov) (5.22.4-6). After some time, 

Pythagoras observed that the student developed a growing passion for 

geometry. Pretending he was poor, he told him that they should stop the 

lessons. But the student replied: “From now on, I will provide for you, and 
cherish in return, in some way. For, in my turn, I will give you a three-obol 
for each figure” (‘E€y@ oot AoiNoV TOPL® Kai AVTITEAAPYHOW TPOTOV TIVE’ 

KOTO YUP EKAOTOV GYT|LA TPIOBOAOV KaDTOS Gol GvTINApsEw’). Iamblichus 

ends this story, by mentioning that Pythagoras (the student), alone of all the 

Samians, migrated with Pythagoras to Croton. 

The source of this anecdote remains unknown. Jamblichus says nothing 
on the matter, and, moreover, the story itself is not found in any of the other 
extant biographies of Pythagoras. If it is not completely made up, a 
possible candidate for a source is Aristoxenus, Pythagoras’ biographer and 
Aristotle’s pupil, whom Iamblichus mentions four times in his Life of 
Pythagoras.186 Certainty, nonetheless, on this matter is unattainable. 

Let us now examine the fundamental narrative elements of the P- 
anecdote: 

(a)Characters: We have two protagonists, a mathematician and his new 
student of geometry. 

(b)Staging: The place where the geometry lessons are held is not explicitly 
described. We only know that all events take place on the island of 
Samos. 

(c)Plot: The sequence of events can be divided into three phases. First, a 
desperate teacher recruits a new student promising to provide him 
with a three-obol for every new theorem he would learn. Second, the 
teacher decides to stop the lessons, after noticing that the student had 
developed a passion for geometry. Finally, the student, unable to stop 
learning geometry, offers to pay his teacher a three-obol for each new 
theorem he would teach him. 

(d)Moral lesson: The anecdote clearly brings out a moral lesson: Even if 
one approaches mathematical (or, more generally, scientific) 
knowledge for the sake of a financial (or, more generally, material) 
reward, eventually one would be seduced by knowledge itself. 


It is worth noting that this moral lesson establishes a further connection 
with the passage where Elias (In Porph. 28.27-31) discusses the P-symbol 
(mentioned above in Section IIb). I remind the reader that, after citing the 
P-symbol, Elias mentions two unique characteristics of mathematics: (a) 
unlike other subjects, mathematics has the power of accurate knowledge 
that demonstrations provide; and, (b) those who taste mathematical 
knowledge have the same problem as the Homeric Lotus-eaters: they 
cannot put it away. This was apparently also the case of Pythagoras’ 
‘unfortunate’, Lotus-eater, student. 


IIiFinal Remarks 


The aim of this paper was two-fold: first, to use Euclid anecdotes as a case 
study in order to highlight the importance of using new, revolutionary 
digital tools to study ancient mathematical texts; second, to revisit the 
extant Euclid anecdotes, in an attempt to grasp their historical 
development. In addition to introducing the reader to the problems imposed 
by the scarcity of evidence, I have drawn parallels between the Euclid 
anecdote provided by Joannes Stobaeus and a hitherto largely ignored 

Pythagorean symbol, in an attempt to shed light on the matter of their 

origin. Within this framework, I have presented the extant textual tradition 

related to this symbol, as well as its link to a Pythagorean anecdote. This is 
the detailed list of the new findings: 

—A new argument that offers cumulative support to the primacy of the MA- 
anecdote (Section Ia). 

—A counter-argument against Kaster’s view that Aelius Serenus and 
Serenus the Grammarian could not be the same person (Section Ib). 

—A comparative study of the P-symbol and the S-anecdote (Section IIa). 

—A complete list of the Greek sources in which the P-symbol appears. As a 
consequence, Morrow and Taylor’s idea that the symbol appears only in 
Proclus is rejected (Section Ib). 

—A presentation of Eustathius’ testimony, which is the only source that 
links the symbol with Iamblichus’ anecdote on Pythagoras first student 
(Section IIb). 

—An establishment of the connection between Iamblichus’ story and Elias’ 
discussion on the P-symbol (Section III). 


It should be by now evident that the S-anecdote, the P-symbol, and the P- 
anecdote, all share a common topos, a coherent cognitive structure, and 


most probably a common origin. And to reply to the paper’s title question: 
‘How much does a theorem cost?’, the answer is the same no matter if we 
examine the 6th century BC, the Hellenistic period, or the Byzantine times: 
‘a three-obol’.1s7 We have also seen that a rich textual tradition attests that 
the P-symbol was most probably in circulation before Euclid’s time. The P- 
symbol itself might have emerged from another anecdote (the P-anecdote), 
or vice-versa, but this hypothesis requires a separate study. Through this 
prism, our original question re-emerges: ‘Is it even possible to trace the S- 
anecdote’s origins?’ Unfortunately, due to the scarcity and complexity of 
our sources, no definite answer can be provided. I am more inclined to 
reject the idea that the S-anecdote might depict a historical incident, only 
on the basis of the ‘topos’ it shares with the P-symbol. No one, however, 
can be absolute on this matter. Perhaps, one way to untangle this problem is 
to rephrase the question into ‘What is truly at stake, in case the S-anecdote 
does not depict a historical dialogue?’ My answer to this question is ‘not 
much’. If one wishes to support the idea that Euclid was a teacher of 
mathematics, one may use other sources. For example, Pappus explicitly 
mentions that Apollonius spent much time studying with the pupils of 
Euclid in Alexandria;iss most of Euclid’s books seem to be structured with 
an eye towards education;is9 and, Proclus, describing the now lost 
Pseudaria, records that it contained a collection of false proofs and 
methods to help beginners avoid fallacies in geometry. 190 

To conclude, this paper demonstrates that the extant Euclid anecdotes 
are much more than brief, entertaining stories about a famous 
mathematician. They are the outcome of a multilevel interaction between 
several traditions (among which, early and Late Pythagoreanism, 
Neopythagoreanism, Aristotelian and Hellenistic editorial practices), 
emerging in different contexts and responding to different problems. As 
such, they compose a complex and multifaceted literary phaenomenon, 
worthy of further examination. 
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Claas Lattmann 

Diagrammatizing Mathematics: Some 
Remarks on a Revolutionary Aspect of 
Ancient Greek Mathematics 


Abstract: This paper takes a fresh look at the ancient mathematical 
diagram from the viewpoint of semiotic model theory. It discusses, first, the 
ontological nature and epistemic function of diagrams; second, the 
characteristics of their interrelation and interaction with the textual part of 
mathematical proofs; third, their epistemic validity; and, fourth, their 
‘revolutionary’ nature as per Thomas S. Kuhn’s theory of scientific 
revolutions. The analysis is based on an understanding of ancient 
mathematical diagrams as ‘diagrams’ as defined by Charles S. Peirce. Such 
a ‘diagram’ is a specific sort of iconic sign, and thus ‘model,’ that 
represents the relational structure of its object by way of its own relational 
quality. Against this backdrop, this paper shows: (1) that the diagram stands 
as a holistic model for a general mathematical structure (2) that consists of 
‘diagrammatical atoms’ (3) that represent the general entities of 
mathematical theory; (4) and that this abstract model is being constructed 
and subsequently analyzed in the textual part of the proof, (5) the purpose 
of which is, accordingly, to ‘show’ that this model has the specific sought- 
for, yet unknown mathematical properties. (6) Given this, Greek 
mathematical proof turns out to be an analysis of static general models, 
rather than an either implicit or failed (mathematically) inductive 
argumentation concerned with particular cases. 


Keywords: Greek Mathematics, Diagrams, Models, Icons, Thomas S. 
Kuhn, Euclid, Plato, Charles S. Peirce. 


IIntroduction 


One of the most striking features of ancient Greek mathematics is the 
ubiquitous use of diagrams: for example, there is not a single proof in 
Euclid’s Elements that is not accompanied by a diagram. Surprisingly, this 


is the case not only with regard to the geometrical propositions of the 
Elements, but also with regard to the propositions concerned with 
arithmetic and proportion theory (books VIJ-IX and V, respectively).191 

Despite its apparent methodological centrality, the ancient Greek 
mathematical diagram has, until recently, either been ignored or seen as 
some sort of superfluous embellishment—or, to the contrary, as something 
that, in principle, invalidates the mathematical proof it is supposed to 
illustrate. If one assumes that the heart of ancient mathematics is its 
‘objective mathematical content,’ as expressed in modern symbolic 
notation,192 diagrams not only add nothing to, but, by introducing and 
referring to visual elements, pose a severe threat to its logical validity. 193 
Nonetheless, from a history of science point of view, it is doubtful (and, 
actually, has been doubted) whether it is appropriate to regard ancient 
mathematics as a more-or-less deficient form of modern mathematics, as 
such a critique would presuppose.194 It might have been a phenomenon swi 
generis, separated from modern mathematics by a scientific ‘revolution’ as 
defined by Thomas S. Kuhn.i9s This would make both forms of 
mathematics incommensurably different, and these differences might also 
relate to the specific nature and function of the diagrams. Therefore, if we 
found a way of describing ancient mathematics not from the perspective of 
modern mathematics, there might be a possibility of better understanding 
and appreciating the ontological and epistemological status of ancient 
mathematical diagrams. 196 

In this vein, this paper proposes a new reading of the ancient 
mathematical diagram from the perspective of semiotic model theory. On 
the basis of understanding diagrams as signs that represent their objects as 
iconic relational ‘models,’197 I will argue, it is possible to adequately 
recognize, first, their nature and, second, their specific function in the 
process of ancient mathematical reasoning. As a first step, I will briefly 
expound why diagrams have been regarded as problematic, followed by, 
second, an explication of ancient mathematical diagrams as a specific form 
of iconic signs as defined in the framework of Charles S. Peirce’s theory of 
signs. Third, I will discuss how diagrams relate to the corresponding textual 
part of the mathematical propositions. Finally, some suggestions will be 
made as to how classical ancient Greek mathematics had ‘revolutionary’ 
features that made it incommensurably different from all the preceding 
ancient mathematical approaches (including those of early Greece and 
Egypt / Mesopotamia) as well as from modern mathematics. 


liThe Problematic Ontological and Epistemological 
Status of the Ancient Mathematical Diagram 


Ancient mathematical diagrams have often been regarded as problematic. 
A cursory look at a representative proposition makes it transparent why this 
is the case. To keep it simple, consider proposition I.1 in Euclid’s 
Elements:198 


Emi tic So0Eions evOeiac memEepaopevns Tpiywvov icd 

TAEVPOV GVOTHOAGOHAL. 

"Eoto f do0eion ev0eia mexepaopévy 7 AB. 

Asi 01 éti tig AB ev8siac Tpiywvov iodmAEvpov 

ovotioacbat. 

Kévtpo pév 10 A diaotHpati 6é TO AB KdKAOG yeypaoda 

0 BIA, kai 2dAtv Kévtp@ pév TO B StaotHaTt 6é TO BA 

KUKAOG yeypa~8o Oo ATE, kai a0 tod TF onpsiov, Kad’ 6 Tépvovol GAANAOUGS ot 
KbKAo1, Emi Ta A, B onpeia éxeCevyOoouav ed0eiat ai CA, TB. 

Kai ézei t0 A onpetov Kévtpov éoti tod TAB KbKAov, ion éotiv 7 AT th AB’ mdAw, 
émei 10 B 

onpsiov Kévtpov éoti tod [AE Kdxdov, ion éotiv 7 BI ti BA. édeixyOn 5é Kai H TA 
th AB ton: 

éxatépa dpa tov CA, TB th AB éotiv ion. Ta 5€ TH DTH toa Kai GAANAOIc EoTiv oa" 
kai 7 TA dpa th PB éotiv ion: ai tpsic dpa ai TA, AB, BF ioar GAAnAatc siotv. 
Todnievpov dpa éoti To ABI tpiywvov, Kai ovvéotatat Emi Tic SoVEions evOEtiac 
TMEMEpAoLEeVNs TH¢ AB. 

[Emi tio 500eions tpa ed0Eiag mEemepaoLEevNs Tpiywvov icdmAEvpoV ovvéoTATAt]’ 
6mep €5E1 TOOL. 


[Protasis:] On a given finite straight line to construct an equilateral triangle. 
[Ekthesis:] Let AB be the given finite straight line. 

[Dihorismos:] Thus it is required to construct an 

equilateral triangle on the straight line AB. 

[Kataskeue:] With centre A and distance AB let the circle BCD be described; again, 
with centre B and distance BA let the circle ACE be described; and from the point C, 
in which the circles cut one another, to the points A, B let the straight lines CA, CB 
be joined. 

[Apodeixis:] Now, since the point A is the centre of the circle CDB, AC is equal to 
AB. Again, since the point B is the centre of the circle CAE, BC is equal to BA. But 
CA was also proved equal to AB; therefore each of the straight lines CA, CB is equal 
to AB. And things which are equal to the same thing are also equal to one another; 
therefore CA is also equal to CB. Therefore the three straight lines CA, AB, BC are 
equal to one another. 

[Symperasma:] Therefore the triangle ABC is equilateral; and it has been constructed 
on the given finite straight line AB. [Therefore, on a given finite straight line an 
equilateral triangle has been constructed.] (Being) what it was required to do. 


From the viewpoint of modern logic and mathematics, the specific use of 
the diagram in this proposition seems to be problematic.199 Two points are 
especially worrisome: 

(1)Whereas the mathematical task whose possibility the proposition is 
supposed to prove is given in general terms at the beginning (the 
protasis), the rest of the proposition (and especially the proof proper, 
the apodeixis) apparently deals with particular objects that are 
instantiated in the accompanying diagram.200 Although the 
mathematical reasoning validly leads to the conclusion (the 
symperasma), such a conclusion alone, which only refers to the 
particular elements of the diagram, would not allow for the 
generalizing step taken from there to the universal protasis. This 
situation prompts the crucial question of what was thought to 
guarantee the epistemic validity of the proof procedure in Greek 
mathematics in principle2oi—and whether it actually did what it was 
supposed to do. 

(2)A second worry is that for accomplishing the proof, both the text of the 
proposition and the diagram seem to be relevant, but either one alone 
is, apparently, insufficient: on the one hand, the diagram relies on the 
text, for it evidently cannot constitute a proof in the proper sense on 
its own, at least with regard to what counts as a mathematical proof in 
the context of Greek mathematics;202 on the other hand, the text refers 
to, and thus intricately relies on, the diagram, in particular insofar as 
some of the proof-relevant mathematical objects are identifiable only 
with the visual help of the diagram, such as the triangle ABC in 


proposition I.1.203 Given this, it seems to follow that “the diagram is 
not directly recoverable from the text,”204 so that the latter is, at least 
in part, dependent upon the former. However, it is not easy to 
understand and explicate how exactly diagram and text interact.205 


Taking these two worries together, the use of diagrams in ancient Greek 
mathematics seems to severely undermine its logical validity. Diagrams 
appear to have been treated as some sort of black box, which somehow 
miraculously provided the desired results, without its being clear (or even 
of interest) to mathematicians how they managed to do this.206 From the 
perspective of the history of science, this is a very curious situation, not the 
least in view of the obvious methodological centrality diagrams had. 


lliThe Ancient Mathematical Diagram from a Semiotic 
Model-Theoretic Perspective 


However severe they may seem, the problems connected with the ancient 
mathematical diagram can be solved. The conceptual basis for such a 
solution is to regard diagrams as signs, and specifically as icons, that is 
‘models.’ This opens up the possibility of looking at them from the 
perspective of contemporary semiotic model theory—and this, quite 
surprisingly, in a way very similar to how Plato speaks about them in the 
context of the ‘Divided Line.’207 This suggests that the proposed solution 
may not only be adequate from a philosophy of science, but also from a 
history of science point of view, for it would be (mutatis mutandis) 
compatible with (at least some of) the ancients’ views on the practice of 
mathematics itself. This being said, such a convergence of ancient and 
modern views is, in principle, not a necessary precondition for the 
historical validity of the following analysis. Even if it were the case that the 
ancient mathematicians had a different understanding of diagrams and their 
use, whether in theory or in practice, it is, in principle, the case that ancient 
diagrams can be investigated via semiotics. The only precondition for 
doing so is to accept that diagrams can be regarded as signs. That this is 
possible, and arguably even appropriate, is evident. Therefore, semiotics, as 
the theory of signs in general, is also a fortiori the theory of diagrams in 
particular. 

This methodological clarification leads to the introduction of the 
model-theoretic approach itself: every diagram is a representation, for it 
stands for something other than itself. For example, the lines making up a 


triangle in a diagram are not only lines that are combined in a specific 
spatial configuration, but they also represent (and, thus, stand for) the sides 
of a mathematical ‘triangle.’ Every representation, in turn, is by definition a 
sign, at least from a semiotic perspective, and in particular from the point 
of view of Charles S. Peirce’s theory of signs. Qua sign a diagram therefore 
is “something which stands to somebody for something in some respect or 
capacity,”’20s implying (inter alia) that it has an ‘object’ (which it 
represents) and a ‘meaning’ (more or less what Peirce calls the 
“interpretant’). 

A diagram, however, is not simply a sign. Given Peirce’s general 
exhaustive classification of all signs into symbols, indices, and icons, it 
necessarily follows that diagrams must belong to the class of icons.209 A 
symbol, first, is a sign that represents its object on the basis of habituation 
or convention, such as ordinary words. An index, second, is a sign that 
represents its object on the basis of an existential, that is actual relation to 
its object; an example is a weather vane, insofar as it represents the 
direction of the wind in a given moment in time by being made to point in a 
certain direction by the wind itself. Finally, an icon is a sign that represents 
its object on the basis of a similarity between its own perceivable properties 
and the properties of its object, such as portraits or photographs—where 
‘similarity,’ nota bene, does not imply a relation of identity or 
isomorphism. It suffices that the relevant properties of sign and object may 
(at least potentially) be regarded as similar, in whatever (in principle, 
subjective) way someone deems appropriate. In the framework of this 
exhaustive classification, it is evident that diagrams are to be classified as 
icons, for a diagram (qua diagram) neither represents primarily on the basis 
of habituation (such as a symbol), nor on the basis of an existential relation 
(such as an index). Therefore, diagrams must be icons and, thus, they 
represent on the basis and by way of a similarity to the object they 
represent. 

The insight that diagrams are icons can be further refined. First, it has 
to be recognized that icons are nothing but models, for the two notions are 
identical. As will be discussed below in detail, the recognition of this 
identity will allow us to understand the specific manner of representation 
diagrams exhibit, including the nature of their characteristic iconic 
similarity. Second, it is possible to determine the specific kind of icon 
diagrams are if one takes into account Peirce’s further exhaustive 
classification of all icons into (as he calls them) images, diagrams, and 
metaphors.21\0 An image exhibits a direct, simple similarity to its object, 
such as a portrait when it is interpreted as some form of ‘copy’ of the 


human being it represents; a diagram exhibits a similarity to its object with 
regard to its inner structure, which is given by the direct, pairwise relations 
among its constitutive elements; and a metaphor implies a similarity 
between the habitual object of one sign to the object of another sign by 
representing a corresponding semiotic quality connected to the first 
subordinated sign.211 Obviously, Peirce’s notion of icon allows for more 
sophisticated and complex forms of similarity than those commonly termed 
‘iconic’ (which, in turn, would pertain only to the class of images). 

In the framework of this exhaustive classification, ancient mathematical 
diagrams must be assigned to that class of icons which Peirce calls 
‘diagrams,’ for they evidently possess a directly relational quality; that is, a 
quality that is expressible by way of one or many two-term relations. The 
core of the capability of these signs to represent is that they, gua diagram, 
exhibit an inner structure that consists of the mathematical relations 
connected with their constitutive elements. Our example proposition from 
Euclid’s Elements (1.1) makes clear what this means. In this proposition, 
the ‘diagram’ represents specific direct relations among the points A, B, the 
lines AB, AC, BC, the circles ACE, BCD, and the triangle ABC, and this it 
does within the framework of an encompassing holistic structure, that is, 
itself.212 Thus, the diagram is a representation based on, and by way of, 
specific relations it possesses qua diagram, and its perceivable qualitative 
character with regard to these relations corresponds to certain 
‘mathematical’ relations that are supposed to be the semantic core of what 
the diagram expresses. 

Accordingly, ancient mathematical diagrams are to be classified as 
‘diagrammatical icons.’ However, the very same holds true for the 
individual parts of the diagram, too, that is, for the points, lines, circles etc. 
that make up the whole diagrammatical structure. On the one hand, they 
represent the basic notions of mathematical theory, as defined, for example, 
by the definitions at the beginning of Euclid’s Elements.213 On the other 
hand, they do not represent these basic notions in the form of words (that 
is, semiotically, symbols), such as ‘circle’ in English or K6KAoc in Greek, 
but, evidently, as signs that directly exhibit the essential mathematical 
relations that are characteristic of these basic notions. For example, Euclid 
defines a circle as “a plane figure contained by one line such that all the 
straight lines falling upon it from one point among those lying within the 
figure are equal to one another,”’214 and it is primarily mathematical 
relations such as these that the diagram of a circle is meant to exhibit and, 
thus, make accessible to perception. 

In view of this, the individual parts of the whole diagram are iconic 


‘diagrams,’ too. They can be regarded as the basic building blocks, or 
‘atoms,’ of any given ancient mathematical diagram—which, accordingly, 
is nothing but the combination of such atoms into a specific structure. This 
structure, in turn, is a specific mathematical situation that is intentionally 
generated for the purpose of proving a mathematical assertion or the 
possibility of a mathematical task, as expressed by the protasis of a 
proposition (that is, the former in the case of a so-called theorema, the 
latter in the case of a so-called problema: cf. section IV below). 

However, from the general definition of a sign it follows that the 
perceivable diagram is not identical to its semiotic object, for the thing that 
represents, in principle, is not the same as the thing that is represented. In 
consequence, one has to further distinguish between the printed diagram— 
that is, the perceivable sign itself—and its semiotic object.215 Given this, it 
is primarily not the (printed) representamen (‘sign’), but only its object that 
possesses the universal mathematical properties that are represented by the 
sign. This it does without possessing additional non-mathematical 
properties, which would not be relevant in the context of mathematics, in 
general, or any given mathematical proposition, in particular. Therefore it is 
this semiotic object that serves as the mathematical diagram proper, 
whereas the printed diagram, though qua icon by definition being similar to 
the abstract diagram in all the mathematically relevant aspects, displays 
certain additional properties that are not relevant from a mathematical point 
of view and might even interfere with the mathematical properties proper. 
For example, the printed diagram also possesses attributes that relate to its 
locatedness in space and time, such as a specific width and a specific color, 
and, even worse, its points have an extension and its straight lines are not 
mathematically straight. Actually, the printed diagram can depart very far 
from (so-to-speak) exactly ‘copying’ the ‘mathematical’ diagram. 
However, there is, in principle, a mapping between each other’s attributes 
and relations, irrespective of how different they are; and it is exactly this 
mapping that defines iconic similarity in general and, thus, forms the 
semantic core of any iconic representational relation.216 

Therefore, only the abstract diagram the printed diagram stands for has 
to be regarded as the mathematical diagram proper.217 This is in general 
accordance, as mentioned above, with the interpretation of the ancient 
mathematical diagram given by as eminent an ancient philosopher as Plato, 
at least in the ‘Divided Line’ (esp. at Resp. 510c1—511b2). In this passage, 
Plato distinguishes between the diagram seen with the eyes and the diagram 
seen with the faculty of dianoia, or, put another way, between a (visually) 
perceivable and an intelligible, but in all the relevant respects equivalent, 


diagram.21s Of course, some of the shortcomings of the perceivable 
(printed) diagram had probably already been noted before Plato, most 
notoriously by Protagoras (cf. DK80 B7). Plato, however, was the first to 
posit the existence of an intelligible representational object of the visible 
diagram and, in the framework of his theory of Forms, to thus attempt to 
propose a novel and original solution to this fundamental problem. 

To sum up, the preceding analysis has argued for an interpretation of 
ancient mathematical diagrams as_ signs and, specifically, as 
diagrammatical icons as defined by Charles S. Peirce’s theory of signs. 
This has led to the following insights: diagrams represent a holistic 
relational structure consisting of simple diagrammatical icons, which 
represent the basic notions of mathematical theory, which themselves are 
(constituted by) nothing but (direct) relations; accordingly, the whole 
diagram represents a specific mathematical situation consisting of 
mathematical relations; and, finally, the printed diagram is not identical to 
its abstract semiotic object, the mathematical diagram proper, though, in 
principle and by definition, the one is similar to the other with regard to at 
least the mathematically relevant relations. 


IVThe Diagram and the Parts of a Proposition 


The semiotic philosophy of science analysis given in the preceding section 
has yielded valuable insights into the ontological nature of the ancient 
mathematical diagram. A subsequent step will use these insights to 
investigate its epistemic dimension. In this vein, our example proposition 
(Euclid, Elem. 1.1) will be analyzed with a view on how the diagram and 
the text relate to each other.219 

Following the, at least according to Proclus, traditional ancient view, a 
mathematical proposition has, at most, six parts: the protasis (mpOtaotc, 
‘enunciation’), the ekthesis (&kOEoc, ‘setting-out’), the dihorismos 
(dtoplopidc, ‘definition’), the kataskeue (kataoKevn, ‘preparation’), the 
apodeixis (dm0dE1éic, ‘proof’), and, finally, the symperasma (ovunépaoua, 
‘conclusion’).220 The model-theoretic framework put forward here can 
show that each of these parts has a specific function that relates in a unique 
way to the diagram of the proposition. Interestingly enough, the following 
results have, mutatis mutandis, a surprising similarity to the description 
given by Proclus himself. In view of this convergence, the analysis 
explicated here, though originating from a decidedly modern perspective, 
may make a claim of being historically adequate and, thus, of contributing 


to a better understanding of the ancient perspective on mathematics, 

namely by making transparent what the factual basis of Proclus’s 

assessment of the mathematical situation might have been. 

(1)The protasis states the mathematical claim the whole proposition is 
going to prove in general terms. In the given example (“On a given 
finite straight line to construct an equilateral triangle”), the goal is to 
prove the possibility of constructing a specific mathematical object, 
that is an isosceles triangle, in such a way that it has a specific 
relation to a certain given mathematical object, here a straight line of 
finite length. 

(2)In the example proposition, the ekthesis consists of the sentence "Eota 
do8eion ev0eia mexepacuévy 7 AB. Contrary to the traditional view— 
compare Heath’s translation “Let AB be the given finite straight 
line’—, this sentence should be translated as “Let there be the given 
finite straight line, that is, AB”; that is, the predicate ot should not 
be understood as a copula connecting the subject ‘AB’ with the 
predicate noun ‘the given finite straight line’ (or vice versa), but as 
having an existential meaning relating to the subject ‘the given finite 
straight light,’ which is supplemented by the specifying apposition 
‘AB.’221 Given this, the ekthesis does nothing but produce a finite 
straight line and, in the process of doing this, assigns the name ‘AB’ 
to it. In effect, the ekthesis generates something that instantiates the 
mathematical object ‘(finite) straight line’ and, thus, has the character 
of an iconic model that represents this peculiar mathematical object, 
the mathematically relevant properties of which inhere in it. In 
addition, we can see that, as this finite straight line is the only 
mathematical object referred to in the protasis as being given, the goal 
of the ekthesis is to produce the material starting-point, and thus 
‘model’ the basis, for proving the protasis. 

(3)As the wording in the example proposition implies (“Thus it is required 
to construct an equilateral triangle on the straight line AB”), the 
dihorismos reformulates the abstract protasis in the terms of the 
concrete diagrammatical atoms that have been produced in the 
ekthesis. 

(4)Following upon the dihorismos, the kataskeue produces additional 
diagrammatical atoms, in the example proposition the circles BCD, 
ACE and the lines CA, CB. In principle, therefore, the kataskeue does 
the same as the ekthesis. However, there is one significant difference. 
The models produced in the kataskeue have not been referred to in the 
protasis and, accordingly, are not regarded as being ‘given’ for the 


whole proposition (that is, in the general sense of being the material 
starting-point for proving the protasis). They rather have the status of 
supplements to the initial configuration of the diagram and ‘prepare’ 
it for the subsequent proof proper, that is, insofar as they are 
necessary for accomplishing it. Taken together, ekthesis and kataskeue 
interdependently produce the sufficient basis (in the form of 
diagrammatical models, which combined are nothing but ‘the’ 
diagram) needed for the apodeixis. 

(5)The apodeixis, the proof proper, proceeds by referring to specific 
relational properties that the whole diagrammatical model possesses 
with regard to its parts, that is, the diagrammatical atoms. It is, thus, 
aiming at laying the basis for recognizing that the mathematical task 
formulated in the protasis is actually possible (or, in the case of a 
theorema, that the mathematical assertion formulated in the protasis is 
true). In consequence, the apodeixis is not some sort of logical 
deduction (at least in the common sense), but a ‘demonstration’; 
namely, a quasideictic demonstration that certain relations hold true in 
a specific mathematical setting that has been deliberately created for 
this very purpose.222 Proving, therefore, is ‘showing’ (apodeiknynai 
or, alternatively, the simplex deiknynai) in a very literal sense. In view 
of this, Greek mathematical proof does not have a synthetic, but a 
genuinely analytic character: it is nothing but an explication of 
specific relational properties of a static diagram.223 

(6)Finally, the symperasma reformulates the abstract protasis in terms of 
the model (that is, diagram) that has been produced and analyzed up 
to this point. This implies, at least in the example proposition, that 
that subpart of the diagram, the production of which was the goal of 
the proposition, is eventually identified as such—and thus shown to 
have been produced actually. Accordingly, the symperasma states that 
the triangle ABC, which has not been referred to before, is equilateral 
and stands on the given finite straight line AB. In hindsight, the 
triangle ABC is identified as a model of the searched-for 
mathematical object ‘equilateral triangle,’ which turns out to be 
nothing but a not yet recognized emergent relational property of the 
whole diagram. To provide such novel insights in general, however, 
is, to quote Peirce, “a great distinguishing property of the icon,” and 
so a fortiori also of the diagram: “By the direct observation of it other 
truths concerning its object can be discovered than those which 
suffice to determine its construction” (Peirce CP 1.179). In other 
words, ancient mathematical diagrams are deliberately constructed in 


such a way as to possess and display emergent properties that expand 
the body of mathematical knowledge. 


To sum up, the analysis of the relation between the textual part of the 

proposition and its diagram has yielded the following results (which, to be 

sure, hold true not only for problemata, such as Euclid, Elem. 1.1, but 
mutatis mutandis also for theoremata):224 

(1)The possibility of the mathematical task (or the truth of the assertion) 
formulated in the protasis is proved by constructing a specifically 
devised and generated diagrammatical, that is, relational iconic 
model, in the framework of which the mathematical relations 
pertaining to this task (or assertion) are shown to exist (or hold). 

(2)This model is produced in the ekthesis and the kataskeue: in the ekthesis, 
insofar as the respective mathematical entities are supposed to be the 
given material basis for the proof; in the kataskeue, insofar as they are 
not given, but their addition to the diagram is deemed necessary and / 
or helpful for accomplishing the proof. 

(3)The apodeixis operates on the basis of exactly those relations that are 
implied by the diagrammatical atoms and / or their combination, that 
is, the whole diagrammatical structure. The apodeixis has the aim of 
identifying emergent relations (either of, or in the form of, 
mathematical objects) that are relevant for proving that the protasis is 
possible (or true, respectively), but that have not been brought into the 
diagram by way of explicitly and directly constructing them. 

(4)Whereas the text of the proposition produces an abstract diagrammatical 
model, this abstract model is, in its final configuration, represented in 
the form of the printed ‘diagram.’ Evidently, this diagram is a 
concrete diagrammatical model, too (though secondary to and 
ontologically as well as epistemologically dependent on the abstract 
model). 

(5) The whole diagram stands for a specific mathematical situation, which 
is implicitly seen as being capable of providing a solution to the given 
task or assertion; namely, of bringing forth, and to light, additional, 
yet unknown mathematical objects and / or relations that are of 
mathematical interest.225 


VThe Epistemological Status of the Ancient 
Mathematical Proof 


The model-theoretic reading of the ancient mathematical diagram 
explicated in the preceding two sections leads to a new perspective on the 
epistemological status of proofs in ancient mathematics that will help 
answer the question as to why ancient mathematics may have been 
revolutionary in the terms of Thomas S. Kuhn’s theory of scientific 
revolutions. As we have seen in the second section, the validity of ancient 
mathematical proofs has often been called into question, especially with 
regard to the ubiquitous use of diagrams. One of the main problems, it has 
been maintained, is the universal applicability of the proof: 


How can one move from an argument based upon a particular example to a 
general conclusion, from an argument about the straight line AB to a conclusion 
about any straight line? I do not believe that the Greeks ever answered this 
question satisfactorily [...]. [...]. [T]here is no reason to suppose the Greeks to 
have had anything like modern logic to represent actual mathematical argument, 
and the Euclidean style makes it look as though a proof is thought of as being 
carried out with respect to a particular object, but in a way assumed to be 
generalizable. In the absence of something like the rules of logic there is no 
uniform procedure for checking the correctness of this assumption in individual 
cases. Rather one must rely on general mathematical intelligence.226 


Put slightly differently, Greek mathematics supposes that “to prove a 
particular case is to count as proving a general proposition,” where 
“generality is the repeatability of necessity.”227 The validity of the proof, 
therefore, is only insecurely implied, but not in principle guaranteed by the 
application of some specific methodological tool or formalism. 

Against the backdrop of the semiotic approach explicated here, a 
different answer lies at hand. Its basis is to recognize that ancient 
mathematics operated in a way quite distinct from modern mathematics, 
from which it is separated by a fundamental methodological revolution. 
Though seldom spelled out explicitly, it is commonly presupposed that in 
ancient mathematics, diagrams and their parts had (mutatis mutandis) an 
ontological status equivalent to variables in modern mathematics. 
Compare, for example, Heath’s translation of the ekthesis of Euclid, Elem. 
I.1, which reads, evidently after the model of modern mathematics, as “Let 
AB be the given finite straight line.”228 According to the common view, the 
purpose of this sentence is to identify, and thus to single out, the object AB 
as a member of the complete set of ‘finite straight lines’; as such, the line 
AB is a particular mathematical object, which, in principle, is different 
from all the other members of the respective set, such as the natural number 
2 is different from all the other natural numbers. 

The above analysis has shown that ancient mathematics instead used 


abstract diagrammatical models that represent the essential relations that 
are characteristic of the respective mathematical objects they represent, put 
into a specific mathematical structure, that is, the whole diagram. This 
diagram possesses emergent mathematical relations of its own, that is, 
relations that are, on the one hand, implied by the specific nature of the 
diagrammatical atoms it consists of, but that, on the other hand, only come 
to light when these objects are being combined into this specific structure. 
Accordingly, the ultimate goal of each ancient mathematical proposition is 
the analysis of this structure with regard to its relational qualities. Proofs, 
therefore, have a genuinely static character—nota bene in contrast to 
modern mathematics, which is rather interested in investigating the 
(generic) dynamic interaction of particular mathematical objects, for 
example, by way of functions. 

In consequence, ancient mathematics conceives of its objects not as 
particular variables, but as universal models that, unlike variables, fully 
represent the relevant essential relational properties of the respective 
general basic mathematical entities. Given this, ancient mathematics is not 
deficient with regard to the epistemic validity of its proofs, at least not in 
the way it is commonly believed. For example, the triangle in the 
proposition I.1 of Euclid’s Elements is not ‘any’ triangle (equivalently to, 
e.g., n E N), but it is the triangle—that is, at least insofar as, and to the 
extent that, this triangle does not differ from any other triangle with regard 
to any essential property it has gua mathematical triangle.229 Accordingly, 
there is, in principle, no jump from the particular to the universal, at least 
insofar as the mathematically relevant essential properties are concerned 
that ancient mathematics is interested in. This is quite different from an 
approach in terms of variables: such as, e.g., 1 is per definitionem not n + 1, 
so is any particular triangle, when conceived of as a variable, not identical 
with any other particular triangle with regard to an essential part of its 
being a mathematical triangle. Just in this difference, however, lies the 
necessity of having to generalize the results in the context of modern 
mathematics, for example, by way of a formalism such as mathematical 
induction, a requirement that, as we can see now, is not a requirement 
classical Greek mathematics had to (or even could) make.230 

In effect, classical ancient Greek and modern mathematics turn out to 
be incommensurably different with regard to methodology and aims—and 
this holds true also, as can be tentatively suggested, but not discussed here 
in detail, with regard to all earlier ancient mathematical approaches, 
including (1) Egyptian and Babylonian mathematics as well as (2) Greek 
mathematics prior to (roughly) the fourth century BCE. 


(1)Apparently, both Egyptian and Babylonian mathematics, irrespective of 
their sophistication, were only interested in discussing and solving 
specific particular problems. They were not concerned with general 
mathematical models that, in the form of diagrammatical icons, 
represent, and thereby bring to light, the essential universal relations 
inherent in mathematical objects, at least not for their own sake.231 

(2)The same seems to have been the case for early Greek mathematics. 
Though we barely have any authentic firsthand testimonies for Greek 
mathematics prior to the fourth century BCE (i.e., that have not been 
transformed by later, ‘Euclidean’ mathematics), there is, nonetheless, 
sufficient evidence to provide at least some plausibility for such a 
view. 232 Apart from early testimonies coming from practical 
mathematics such as the diagrams in the ‘Tunnel of Eupalinus,’233 
which serve as a mathematical representation of a specific particular 
case, we also have relevant testimonies originating from the time 
when Greek mathematics seems to have taken on its Euclidean shape, 
that is, the first half of the fourth century BCE. 


One of them is the notorious passage in Plato’s Theatetus on Theodorus’s 
attempt to show the incommensurability of some of the square roots of the 
natural numbers up to 17 with the number | (147d—148b). Irrespective of 
the fact that this testimonium evidently has, to a certain degree, a fictional 
setting (which fact does, of course, have a bearing on several aspects of its 
interpretation), it definitely belongs to the very few authentic and firsthand 
testimonies for pre-Euclidean mathematics and, at any rate, it can give 
insights into the mathematics of Plato’s own times. Though there are, in 
part grave, interpretative problems connected with this passage,234 what it 
shows without doubt is that Theodorus did not have a general, universal 
proof of the incommensurability of the square root with the number 1. 
Evidently, Plato represents Theodorus as being concerned with discussing 
only particular cases of square roots, which were, we may suppose, 
represented by diagrams, too, but then only by particular diagrams. If this 
is the case, however, no respective general proof of incommensurability 
could have existed—for if it did, it would have been useless to discuss 
particular cases of square roots separately. All ‘proofs’ would have been 
exactly identical. To be sure, this would square well with what we know of 
the early history of mathematics at large, for the first general theory of 
incommensurability seems to have required Eudoxus’s theory of proportion 
as a necessary precondition; that is, it could only have been put forward at 
some point in the first half of the fourth century BCE.235 


In addition to the Theaetetus passage, there is another interesting 
passage in Plato’s dialogues that is relevant for the given purpose, namely 
the passage on the duplication of the square in Plato’s Meno (82a—85b). Not 
only does this passage, too, reveal the methodological shift from an early 
form of Greek mathematics, which was concerned with particulars, to a 
later form of Greek mathematics, which was concerned with universal 
facts, it is also one of the first authentic attestations (or even the first 
authentic attestation) of a proof by means of a universal diagrammatical 
icon. The approach chosen by ‘Socrates’ not only exactly conforms to the 
Euclidean approach, as it has been explicated above, but at the same time 
also exhibits, on the surface level of the conversation between ‘Socrates’ 
and the slave, the earlier approach of mathematics focused on 
particulars.236 

All this, however, cannot (and need not) be discussed here in detail. It 
suffices to see that the Euclidean approach is separated by a veritable 
scientific revolution at least from Egyptian and Babylonian mathematics— 
and that, if the observations concerning the two Plato passages point in the 
right direction, this scientific revolution must have taken place at some 
point in the first half of the fourth century BCE, when, finally, Greek 
mathematics began a scientific life of its own and became ‘classical,’ 
‘Euclidean’ mathematics. 


ViConclusion 


This paper has taken a fresh look at the ancient mathematical diagram from 
the viewpoint of contemporary semiotic model theory. This has led to new 
insights into, first, the ontological nature and epistemic function of 
diagrams; second, the characteristics of their interrelation and interaction 
with the textual part of the mathematical proposition; third, the question of 
their general epistemic validity; and, fourth, the history of ancient and, in 
particular, Greek mathematics at large. 

It has turned out that the key to an adequate understanding of the 
ancient mathematical diagram is the recognition that it is nothing but a 
‘diagram’ as defined by Charles S. Peirce, that is, a specific sort of iconic 
sign (and thus model) that displays the relational structure of its object by 
way of its own relational quality. This has led to the insight that the 
mathematical diagram has, on the one hand, a concrete manifestation, that 
is, the printed diagram; and, second, an abstract counterpart, that is, the 
semiotic object of the printed diagram—and that it is this abstract semiotic 


object only that is to be regarded as the mathematically relevant ‘diagram’ 
proper. 

Against this backdrop, it could be shown (1) that the diagram stands as 
a holistic model for a general mathematical structure (2) that consists of 
‘diagrammatical atoms’ (3) that represent the general entities of 
mathematical theory; (4) and that this abstract model is being constructed 
and subsequently analyzed in the textual part of the proof, (5) the purpose 
of which is, accordingly, to ‘show’ that this model has the specific sought- 
for, yet unknown mathematical properties. (6) Given this, Greek 
mathematical proof turns out to be an analysis of static general models, 
rather than an either implicit or failed (mathematically) inductive 
argumentation concerned with particular cases. 

In all, the argument this paper makes is primarily a historical one: it 
does not only claim that the interpretation of the ancient mathematical 
diagram it puts forward is an interpretation that explicates its ontological 
nature and epistemic function from a contemporary philosophy of science 
point of view; but it also claims, from a history of science perspective, that 
this interpretation (mutatis mutandis) conforms to, and can explain, how 
ancient mathematics itself interpreted diagrams, at least implicitly as shown 
by its own practice.237 

The most important upshot of this analysis, however, is the insight that 
the classical Greek approach to mathematics is incommensurably opposed 
both to Egyptian and Babylonian mathematics as well as to early Greek 
mathematics, all of which show an orientation toward particular cases; and, 
on the other hand, to the generality of modern mathematics, which is, in a 
vital aspect, tied to the concept of a variable and the use of mathematical 
induction. This insight allows us to recognize that Greek mathematics is a 
paradigm of mathematics set apart from ancient as well as modern 
paradigms of mathematics by two fundamental scientific revolutions.238 
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IIntroduction 


What follows is a long essay on the monolithic inertia of the ancient Greek 
approach to mathematics. One might speculate about the social or cultural 
origins of such a formidable inertia, but what I would like to offer in this 
paper is simply a series of facts and documents attesting to its existence. Of 
course, the only reasonable way to do this is to pick up a specific 
conception or tool, and then check whether its pattern of evolution, from 
Greek antiquity to Byzantine times, is continuous or discontinuous. It so 
happens that concepts or techniques suitable to serve as examples are quite 


difficult to find: to the best of my knowledge, the notion discussed in the 
present paper is the most suitable one—if not the only available one over a 
long time span; in this sense, my analysis is tendentious. Whether from this 
example one may infer that no revolution could take place in the field of 
logistic (or even in Greek mathematics as a whole), and, if so, why, I leave 
it up to the reader to decide. 

To be more precise, the present study has two particular aims: (a) to 
follow the historical path of the operations of ‘composition’239 and 
‘removal’ of ratios from Greek antiquity to Byzantine times; (b) to present 
and briefly describe the extant historical evidence. These operations are 
both first attested in the context of geometric proofs, since they are two 
species of a small constellation of standard manipulations of ratios and 
proportions. In particular, composition of ratios bears a misleading 
resemblance to the operation named ex aequali (dV ioov), whose 
theoretical foundations are laid in Elem. V.20 and 22. After a puzzling first 
appearance in the Elements and a handful of applications in the 
Archimedean corpus, compounded ratios were used quite frequently—and 
apparently with systemic aims—by such authors as Apollonius and Pappus. 

The golden age of composition and removal of ratios came along with 
the proliferation of ‘logistic’ 240 texts that characterized the Late Antiquity 
and the Byzantine period. These texts have the form of computational 
primers to the A/magest. Expositions of composition and removal of ratios 
were included in them because the operation of removal is a crucial step in 
all computations involving the Sector Theorem, which was, in its turn, the 
key mathematical tool of the entire A/magest. 

In order to be transferred from proportion theory to logistic, 
composition and removal of ratios—and, in fact, the notion of ratio itself— 
were adapted and modified, by introducing the crucial notion of mnAikoty¢; 
namely, the ‘value’ or ‘size’ of a ratio, i.e. a numerical object. 

Two historiographic points of some interest result from an analysis of 
the sources I am going to present. First (and this is a unique example in 
ancient Greek mathematics), the evolution of a concept can be followed 
closely from its original, proportion-theoretical context to a strictly 
computational framework—in which, most notably, all ratios are numerical 
objects. Second, a standard procedure of removal of a numerical ratio from 
another did not exist: on the contrary, several procedures are attested, more 
or less markedly different from one another. Such a variety originated from 
three facts: first, all sources insisted on viewing removal as an operation on 
ratios provided in compounded form; second, the applications of the Sector 
Theorem introduce the additional constraint that one of the terms of the 


ratio resulting from the removal is assigned; third, and most importantly, 
the idea that removal may be reduced to taking a suitable fourth 
proportional of three assigned numbers can be implemented in several 
ways. The latter feature shows the extent to which the conception of a ratio 
as a relation—and not as a numerical object—was deeply entrenched in 
mathematical practice, despite the introduction of the anAuodtys. As a 
matter of fact, the idea that the mnAuotntsec can be effectively used in order 
to shortcut and unify all these procedures—the result of a removal of one 
ratio from another being simply the ratio of the ‘values’ of the two ratios— 
is stated and proved only in Barlaam’s treatise, whose brilliant exposition 
remained, however, isolated and unparalleled. 

This study is a first attempt to expound in a compact way some results 
coming from my own editorial work on sources relevant to the issue, in 
particular the A/magest scholia, both vetera and Byzantine, and the Ur-text 
of the Pseudo-Domninus there discovered (cf. Acerbi & Riedlberger 2014); 
the Prolegomena to the Almagest (henceforth ‘Prolegomena’; cf. Acerbi et 
al. 2010); the Isagoge of George of Trebizond;241 the treatises of 
Theodoros Metochites and John Chortasmenos; a short text of George 
Gemistus Plethon (cf. Acerbi et al. 2016). 

The presentation of the material is divided into two broad sections, each 
one dealing, respectively, with the geometric and the logistic approach to 
composition and removal of ratios. The first section contains the evidence 
found in Euclid (third century BC), Archimedes (287—212 BC), Apollonius 
(early second century BC), Ptolemy (ca. 150 AD), Pappus (ca. 320 AD), 
and Theon of Alexandria (ca. 360 AD). I also discuss some relevant 
features of this evidence. The second section deals in detail with general 
expositions and worked-out examples, found in late logistic texts. The 
authors whose contributions are presented and discussed in this section are: 
Nicomachus (second half of the second century AD); again Theon of 
Alexandria; Eutocius (early sixth century AD); the scholiast of the 
Almagest whose text on removal of ratios was anonymously reworked and 
came to be ascribed to Domninus of Larissa (middle fifth century AD, but 
the scholium comes from the same scholarly circles as the Prolegomena); 
the anonymous author of the Prolegomena (early sixth century AD); again 
an anonymous scholiast of the A/magest; Leo the Mathematician (early 
ninth century AD); some scholiasts to the Elements, among whom 
Maximus Planudes (second half of the thirteenth century AD); George 
Pachymeres (second half of the thirteenth century AD); Manuel Bryennios 
(early fourteenth century AD); Theodoros Metochites (early fourteenth 
century AD); Barlaam of Seminara (middle fourteenth century AD); 


Demetrios Cydones (second half of the fourteenth century AD); John 
Chortasmenos (early fifteenth century AD); George Gemistus Plethon 
(early fifteenth century AD); George of Trebizond (middle fifteenth century 
AD). Quite surprisingly, the issue of composition and removal of ratios 
does not at all feature in the computational primer to the A/magest written 
by Theodoros Meliteniotes, a distinguished scholar contemporary with 
Demetrios Cydones (ed. Leurquin 1990). Less surprisingly, the same 
omission appears in an anonymous computational primer that proves to be 
a compilation of extracts from some of the authors just mentioned (ed. Moll 
1965), and in Maximus Planudes’ Great Calculation According to the 
Indians (Allard 1981) and in its anonymous source (Allard 1977): these 
two treatises bear no connections with the A/magest. 

The choice of the presented authors was made on the basis of mere 
linguistic continuity: they all write in ancient Greek. Still, it is worth 
mentioning the sophisticated general exposition of composition of ratios, 
characterized by a markedly combinatorial approach, redacted by Thabit 
ibn Qurra (Lorch 2001). 


liGeometric Approach 


ll.1Euclid’s Elements and the Sectio Canonis 


The standard definition of ‘compounded ratio’ is Elem. VI.df.5: “A ratio is 
said to be compounded of ratios when the values of the ratios, multiplied 
by one another, make some <value of a ratio>”.242 Heiberg, on good 
grounds, though the definition spurious:243 it is never used in the rest of the 
Elements; it is placed after definition 2 in the Theonine manuscripts Bodl. 
Dorv. 301 and Par. gr. 2466; it is only transcribed, with a sign referring to 
the last line of definition 4, in the lower margin of f. 86r of the unique non- 
Theonine manuscript Vat. gr. 190. Some remarks are in order:244 
—The compounding ratios are not ‘multiplied’: what is ‘multiplied’ are their 
mNAUuOTHTES.245 For this reason, when writing a compounded ratio in 
symbolic form, I shall put the standard mathematical sign of 
composition ‘°’ between the two compounding ratios, thus: a:b = 
(c:d)°(e:f).246 As we shall see below, the formula stands for the 
expression “the ratio of a to b is compounded both of the ratio of c to d 
and of that of e to f”. 
—A ratio is said to be ‘compounded’ of two ratios: it neither ‘is’ the two 
compounding ratios, nor it is ‘equal’ or ‘identical’ to them. The sign ‘=’ 


in the above formula is thus misleading and I have introduced it faute 
de mieux. I shall call ‘left-hand side’ and ‘right-hand side’ what appears 
on the left or right side of the sign ‘=’, respectively. 

—Despite the fact that VI.df.5 reduces ‘composition’ to a multiplication, a 
compounded ratio was never conceived of as the result of an operation 
on ratios. With reference to the formula above, the two ratios c:d and e:f 
are not ‘compounded’ to produce a:b; what is ‘compounded’ is a:b 
itself, while c:d and e:f are the ‘compounding’ ratios. In fact, if an 
operation is at issue here, this is not a ‘composition’, but a ‘de- 
composition’ of a:b into component ratios. This conceptualization is 
strictly adhered to in all our sources and had momentous consequences 
from a mathematical point of view. Only in later sources the noun 
‘composition’ came to be used, but only as a convenient shortcut, as I 
have done in the introductory section. 


In the Elements, compounded ratios only feature in propositions VI.23 and 
VIIL.5, whose enunciations and proofs are strictly parallel. These two 
propositions, one must stress, are deductive dead ends. Let us read their 
enunciations:247 


VI.23. Equiangular parallelograms have to one another the <ratio> compounded of 
<those of> their sides. 

VIIL5. Plane numbers have to one another the <ratio> compounded of <those of> 
their sides. 


Before discussing the proofs of these propositions, it is better to have a 
look at the standard designation of a compounded ratio; this will also allow 
us to fix some conventions. Let us read the first occurrence of the formula, 
that I shall call ‘canonical’, in the Elements:248 


0 ths K mpdc M Adyos ovbyxettat Ek TE TOD Tig K mpdc A Adyov Kai Tod Tig A 
Tpog M 
the ratio of K to M is compounded both of the ratio of K to A and of that of A to M. 


This expression has the following, noteworthy features: 

—The predicate is a form of ‘to be compounded’ (ovyxeio#a1), usually used 
as the passive of ovvtiévat. It is often replaced by the synonym ‘to be 
conjoined’ (ovvaatecOat). 

—The correlative structure ‘both ... and’ (te ... «ai) links the two 
compounding ratios more tightly than a simple ‘and’ (kai). 

—The term ‘ratio’ (Adyoc) is often understood, especially in the designations 
of the compounding ratios. 


—The article that determines Adyoc is always present, even if the noun is 
understood. The double article tob, which would precede any of the 
compounding ratios when numbers (masc.) are at issue, is frequently 
simplified. For instance, we read: é«k te tod K apoc A kai tod A mpdc 
M, and not &k te tod tod K ampdc tov A Kai tod tod A mpdc tov M. 
Here, the first tod in both occurrences of tod tod stands for tod Adyov, 
while the second is an integral part of the designation of the first term 
of the ratio.249 

—Quite unexpectedly if one has Elem. VI.df.5 in mind, there is a common 
term A to the two compounding ratios. This common term was called 
‘middle’ (t1é00c). This name is unfortunate since it obviously interferes 
with the standard meaning of ‘mean <proportional>’ ("1é00¢) C of two 
terms A and B, namely, the term that realizes the continuous proportion 
A:C::C:B. Of course, a mean proportional can always be used as the 
middle term in a compounded ratio, but this does not need to always be 
the case: any term homogeneous with the terms of a given ratio can 
serve as a middle in order to write the ratio in compounded form. I shall 
say that a compounded ratio is ‘written in standard form’ when there is 
a common term to the two compounding ratios. 


Anticipating on what we shall see in what follows, here are some further 

terminological points. 

—I shall call ‘replacement of identical ratios’ in a compounded ratio a:b = 
(c:d)°(e:f) any substitution of a ratio with another identical to it: if a:b = 
(c:d)°(e:f) and c:d::m:n, then a:b = (m:n)°e:f). No proof in ancient 
Greek sources validates this inference, that amounts to requiring that 
any definition of ‘compounded ratio’ is well-founded (that is, it only 
depends on equivalence classes of ratios). Note that we cannot apply 
V.11 (transitivity of identity of ratios) in order to validate this inference, 
simply because we do not know what kind of relation is the one (if any) 
holding between a ratio and any rewriting of it in compounded form— 
this is the relation I have written ‘=’. Nor can we apply the ov icov 
proposition V.22, for the same reason as for V.11 and for the additional 
reason that V.22 allows operating on compounded ratios ‘written in 
standard form’ only. 

—If a ratio is in common between two compounded ratios a:b = (c:d)°(e:/) 
and m:n = (c:d)°(p:q), as here c:d, it will be called the ‘shared ratio’. Of 
course, it is impossible for two different ratios a:b and m:n written in 
compounded standard form to have a shared ratio among. their 
compounding ratios. If two identical compounded ratios admit of a 


shared ratio, then the other compounding ratios will also be identical: if 
(c:d)°(e:f) = a:b::im:n = (c:d)°(p:q), then e:f:p:qg. Operationally, this 
amounts to ‘removing’ the shared ratio (see sections H.2—-4). No proof 
in ancient Greek sources validates this inference. 


The proof of Elem. V1.23 runs as follows, where p(a,b) is the parallelogram 

whose sides are a and b: 

1)Setting out and determination: the equiangular parallelograms p(a,b), 
p(x,y) are assigned; to prove that p(a,b):p(x,y) = (a:x)°(b:y). 

2)Construction: set sides a and x adjacent and on a straight line. As a 
consequence, sides b and y are also adjacent and on a straight line; 
complete parallelogram p(6,x). 

3)Construction: introduce auxiliary straight lines K, A, M_ such that 
K:A::a:x and A:M::b:y. Since a, b, x, and y are given, this can be done 
by taking a chance straight line K and by applying twice the 
construction of fourth proportional of two straight lines (VI.12) to find 
A and M. 

4)Proof: Since a:x and b:y are the ratios of the sides of the assigned 
parallelograms, and since K:M = (K:A)°(A:M), it follows that K:M is 
compounded of the ratios of the sides of the parallelograms. This 
involves (1) a replacement of identical ratios applied to the two 
compounding ratios: K:A — a:x and A:M — b:y; (ii) a change of 
designation from denotative letters to a definite description and a 
related shift in the wording of the formula: 6 X Adyoc obyKeEttol éKk TE 
tod Y xai tod Z — X Adyov éyet Tov ovykeipevov ék + {definite 
description of Y&Z}. As we have seen, no proof in ancient Greek 
sources validates either of these inferences. For obvious reasons, I 
shall call the complex of steps (i)-(ii) ‘transfer of denomination’ on the 
right-hand side of a compounded ratio. 

5)Two applications of VI.1 and V.11 give p(a,b):p(b,x)::a:xu:K:A and 
P(b,x):p(x,y):: biy::A:M. 

6)Application of the 6V icov proposition V.22 to K:A::p(a,b):p(6,x) and 
A:M::p(6,x): p@x.y) gives K:M-:p(a,b):p(x,y). 

7)Transfer of denomination on the left-hand side (it involves the 
compounded ratio): since K:M is compounded of the ratios of the sides 
of the parallelograms, also p(a,b):p(x,y) is. Again, nothing validates 
this inference, that amounts to assuming that, if two ratios are 
identical, they can be said to be compounded of identical ratios. This is 
a form of replacement of identical ratios, applied to a discursive 
identification of the compounded ratio. 


Here is a tabular representation of the proof; the numbers correspond to the 
steps just listed. 


(a:x)o(b:y) | = | (K:A)o(A:M) | = K:M | :: | p(a,b):p@y) 
K:Az:a:X :: | p(a,b):p(b,x) 
A:M::b:y :: | p(b,x):p&y) 
3 4 5 6 7 


Proposition VIII.5 is parallel to VI.23. The corresponding steps in the two 
propositions are listed in the following table:250 


completion of a parallelogram |vi.12 |transf. denom. | Vi41 lva1 |v.22 dv ioou |transf. denom. 
multiplication of sides [vin.4 | / |vil.17| / |vil.14 dv ioou |transf. denom. 


VI.23 
VII.5 


The completion of a parallelogram in VI.23 corresponds, in VIII.5, to 
multiplying one side coming from any of the plane numbers by one side 
coming from the other. Taking a fourth proportional of two straight lines— 
VI.12, but note that this step is not explicit in the construction—is made to 
correspond, in VIII.5, to finding the least three numbers containing two 
given ratios (VIII.4). The last proposition even deserves an instantiated 
citation in VHI.5: this shows that VHI.5 fits better the deductive structure 
of Book VIII than its counterpart VI.23 fits the structure of Book VI. 
Transitivity of identity of ratios (proposition V.11) is not proved in the 
arithmetic books of the Elements, but its validity is obvious, given the 
definition of numbers in proportion at VII.df.21.251 It is important to note 
that, in VIII.5, the entities having the same function the straight lines K, A, 
M have in VI.23 come out more ‘naturally’ than in the geometric case, 
since they are the least three numbers containing the ratios of the sides. 

Both propositions were modified by Theon: he completed the setting- 
out of VI.23, in order to make the reference to the names of the sides 
explicit;252 and he completed the proof of VII.5, by adding the transfer of 
denomination that corresponds exactly to step 4 of the proof of VI.23.253 

The drawbacks of VI.23 are obvious: first, the introduction of the 
straight lines K, A, M—and hence the application of the dv ioov—is 
unnecessary; second, the replacement of identical ratios, both on the left 
and right-hand side of the compounded ratio, is, as we have seen, an 
operation that is left unproven. Add to this that VI.df.5 is not applied at all 
in the proof. 

As for the first point, it is enough to note that the proof works equally 
well if one directly introduces parallelogram p(b,x) as a middle term in the 
ratio of parallelograms p(a,b):p(x,y) and then argues by means of VI.1, 


replacement of identical ratios, and transfer of denomination. It suffices to 
read the Euclidean proof backwards to realize this.254 On the other hand, if 
one wants to keep the deductive arrow going from sides to parallelograms, 
and assuming that a compounded ratio must be written in standard form, 
the introduction of K, A, M is necessary. Note that, contrary to what 
happens in all other geometric authors we shall be dealing with, in the 
proofs of VI.23 and VIII.5 no compounded ratio features that is not written 
in standard form:255 Euclid never operates ‘inside’ a compounded ratio; the 
transfer of denomination can be taken as a trick to avoid doing so. 

The second point is more delicate and shows, either that the concept of 
a compounded ratio is not well-defined or that using it is a sheer verbalism. 
The way the subject is handled in the Elements, in fact, hides a trivial 
substratum, that will show up in the purely geometric exposition we shall 
read in Theon: it is simply obvious that any middle term can make a ratio a 
compounded ratio, and there is nothing to prove about this. If, however, 
one wants to perform operations on compounded ratios, like replacing 
identical ratios or removing shared ratios (as Euclid, Archimedes, or 
Apollonius do), the concept of compounded ratio must be grounded more 
firmly compared to how it is treated in the Elements. The introduction of 
mydKotns and of VI.df.5 associated to it, apparently had the function of de- 
trivializing the whole affair. As a by-product—and since two ratios are 
identical if and only if their mnAukotyTEs are equal—, this move will make 
any (misleading) use of 6V ioov unnecessary, as we shall see in Barlaam’s 
exposition (see section III.1.8). On the other hand, VI.df.5 will obviously 
give a decidedly logistic turn to the subject of compounded ratios and of 
the operations on them. Still, the subject will allow being founded on 
purely number-theoretical grounds, as Eutocius will do (see section III.1.2). 

In the Sectio Canonis, a treatise ascribed to Euclid, compounded ratios 
are handled perfunctorily (cf. Document J in the Appendix). The concept is 
involved in almost every proposition of the theoretical part of the treatise. It 
is always assumed that a compounded ratio (which is called ‘interval’ 
(dia4oT HWA) in the language of harmonic theory adhered to in the Sectio 
Canonis) is written in standard form, and such that the middle term is also a 
mean proportional. In proposition 7, it is shown that a triple interval is 
compounded of a double and of a sesquialter interval; namely, 3:1 = 
(2:1)°(3:2). In proposition 8, it is shown that, if one removes a sesquitertian 
interval from a sesquialter, the remainder is a sesquioctave interval, namely, 
the assumed compounded ratio is 3:2 = (9:8)°(4:3). Both proofs argue by 
partition of the antecedent of a ratio once the consequent of the same ratio 
is taken as the unit, and by counting the ‘units’ resulting from taking a 


suitable multiple of both; for instance, in a sesquitertian ratio, the 
antecedent contains the consequent once and a third of it ( 4/3=1+1/3 ), 
4) =441 

C/ a 1+'/ and, therefore, 12 consequents are equal to 9 antecedents. A 
similar argument is used by Theon in his commentary on the A/magest (see 
section HI.1.1). 


ll.2The Archimedean corpus 


Compounded ratios in the Archimedean corpus can be found in a handful 
of propositions.256 In Fluit. II.10, a compounded ratio is first introduced; 
after a replacement of identical ratios, it is reduced to the ratio compounded 
of 2:5 and 5:1, which is stated to be identical to 2:1.257 In Con. sph. 10 (but 
this simply consists in an enunciation), 23, 24, and 31, a property 
analogous to one that follows from combining two theorems proved in the 
Elements is formulated in the language of compounded ratios; any of such 
ratios is subsequently transformed by replacement of identical ratios.258 In 
Sph. cyl. 11.4, a compounded ratio written in standard form is introduced, 
repeatedly transformed by replacement of identical ratios, and finally 
‘simplified’ by ‘removal’ of a ratio shared with another compounded 
ratio.259 Only I.8 aliter, a proposition that, however, is almost certainly 
spurious, depends in a decisive way on a clever application of compounded 
ratios: at the beginning of the proof, a multiple compounded ratio between 
solids, and written in standard form with two middle terms, is introduced 
and subsequently transformed by replacement of identical ratios; one of 
these replacements involves an application of the theorem we read as Elem. 
VI.23.260 In the sequel of the proof, however, in order to express ratios of 
solids as compounded of the ratios of suitable surfaces and linear elements 
of the solids themselves, compounded ratios are replaced by expressions 
involving a ‘multiplication’ of these magnitudes.261 

When Archimedes introduces compounded ratios outside applications 
of previously stated theorems, he does insert a middle term in Sph. cyl. I.4 
and I.8 aliter. He does not do so in Fluit. 11.10. The involved property, 
however, requires a lengthy proof, that Archimedes does not provide—the 
proof suggested by Heiberg262 introduces the compounded ratio written in 
standard form. On the other hand, in Con. sph. 31 Archimedes transforms 
the original compounded ratio in order to obtain one with a middle term, 
which is eliminated in the subsequent step to get a simple ratio between the 
extremes. 

In Sph. cyl. IL4, shared ratios are ‘removed’ from identical 
compounded ratios to produce identical ratios. The removal is expressed by 


the canonical clause Kotwodc a@enpnod@ + ‘object to be removed’ in the 
nominative, a formula that is usually applied to removal of magnitudes 
common to the two sides of an equality.263 Heiberg bracketed this clause 
because Eutocius repeats the entire argument by explicitly stating the 
identity of the compounded ratios and by performing the removal.264 

The occurrence in Sph. cyl. IL.4 triggered Eutocius’ exposition on 
compounded ratios which will be discussed in section III.1.2. 


ll.3Apollonius’ Conica 


In Apollonius’ Conica, compounded ratios appear in 22 propositions, and 
in 5 instances already in the enunciation (with an asterisk *). These are: 
Con. 1.11, 12, 13, 38, 39*, 40* (restatement of 39), 41*, 43 (instantiated 
quotation of 39), 45 (instantiated quotation of 39), 54, 55, 56, 58; II.11, 20; 
1.14 (instantiated quotation of I.40), 15 (instantiated quotation of I.41), 
24, 53, 54*, 55, 56*.265 Propositions I.11, 12, 13, 54, 55, 56, 58; II.11, 20; 
11.24, 53, 54, 55, 56 use—but do not quote—Elem. VI.23, often in 
combination with VI.1, in order to convert ratios of surfaces to ratios of 
straight lines and vice versa. 

When Apollonius introduces compounded ratios outside applications of 
Elem. V1.23 or of previous theorems in the Conica, he always writes them 
in standard form. This happens in Con. 1.55, 58; III.15; IV.54, 56. Inside 
compounded ratios, Apollonius freely replaces ratios with ratios identical 
to them. 

In 1.41, 54, and II.20, shared ratios are ‘removed’ from identical 
compounded ratios to produce identical ratios. In 1.41 and 54, the removal 
is expressed by the canonical clause kowodc denpyo8@ + ‘object to be 
removed’ in the nominative. 

Our data suggest that it is Apollonius who first systematically 
employed compounded rations. Apollonius’ use of this tool is so deeply 
entrenched in crucial features of his approach to the theory of conic 
sections that we may safely assume that it was not introduced by Eutocius, 
when the latter produced the only recension of the Conica we have access 
to. 

The occurrence in Con. I.11 spurred Eutocius himself to reprise the 
exposition on compounded ratios he had previously inserted in his 
commentary on Sph. cyl. U.4. We shall discuss them in section III.1.2. 


11.4Ptolemy’s Almagest 


The most celebrated result of Greek spherical trigonometry is the Sector 
Theorem, also known as ‘Menelaus’ Theorem’ because its being attested in 
the Sphaerica—it appears as proposition III.1 in Abi Nasr’s redaction. The 
Sector Theorem is a powerful mathematical tool, suited to determine arcs 
of a great circle on the surface of a sphere. It is the keystone of some of the 
most important technical results in the Almagest, where it is applied 
seventeen times in total.266 It comes as no surprise then that the Sector 
Theorem is also proved in A/m. I.13 and, with many more cases on offer, in 
Theon, in Alm. I.13, iA, 535.10—-570.12 (see section II.6).267 

The configuration adopted by Ptolemy in his proof is the following: 
From the endpoints B, T° of two mutually intersecting arcs AB, AT of great 
circles on the surface of a sphere, two arcs BE, TA are drawn across, 
meeting at Z and intersecting arcs AI, AB at E, A, respectively. All these 
arcs must be less than a semicircle. Then the following relations hold: 


ch(2TE):ch(2EA) = [ch(2PZ):ch(2ZA)]°[ch(2AB):ch(2BA)] 
ch(2TA):ch(2AE) = [ch(2TA):ch(2AZ)]°[ch(2ZB):ch(2BE)], 


where, for instance, ch(2TE) is the chord subtended by twice the arc TE. 
Ptolemy provides a detailed proof that the first relation holds, leaving the 
proof of the second to the reader. The Sector Theorem is proved by 
Ptolemy last of a series of seven propositions. The first of these 
propositions is a version of the Theorem in the plane, involving 
compounded ratios of line segments.26s The argument runs as follows (see 
Fig. 1): from the endpoints B, I of two mutually intersecting straight lines 
AB, AI, two lines BE, TA are drawn across, meeting at Z and intersecting 
straight lines AI, AB at E, A, respectively. It is required to show that 
TA:AE = (1A:AZ)°(ZB:BE). The proof sets out the ‘obvious’ compounded 
ratio written in standard form TA:HE = (TA:AZ)°(AZ:HE), draws a suitable 
parallel HE to one of the assigned straight lines, and readily argues by 
similar triangles and replacements of identical ratios in a compounded 
ratio. 


In the proof of the plane case of the Theorem, the compounded ratio is 
written in standard form when introduced, and then transformed by 
replacement of identical ratios; the middle term is said to be taken ‘from 
outside’ (EEwOev). In the proof of the spherical case, the compounded ratio 
arising in a suitably related plane case is simply transformed by 
replacement of identical ratios. 

In all applications of the Sector Theorem in the A/magest, the relevant 
compounded ratio features only once, and a relation of the kind written 


above is simply stated to hold; five of the six arcs are numerically given, 
and one must find the sixth. The procedure, which was never worked out in 
detail by Ptolemy, amounts to using the Table of Chords to calculate chords 
from arcs and vice versa, and to performing the operation of d@aipscic 
‘removal’ of a ratio from a ratio.269 

Since Ptolemy never explains how to remove a ratio from a ratio, the 
gap was filled in Pappus’ and Theon’s commentaries on the Almagest, and 
by all subsequent generations of (Late-Antique and Byzantine) scholiasts. 
Filling the gap entailed either producing general expositions that tried to 
unify the several cases of the operation of removal under a unitary 
treatment, or working out the calculations involved in a specific application 
of the Sector Theorem. The major role played by the Sector Theorem in the 
Almagest explains even the mere existence of most of the general 
expositions I will summarize in the following pages. 


ll.5Pappus’ Collectio 


Pappus, in his Collectio, is the first mathematician who uses compounded 
ratios with explicit metamathematical goals: he offers several alternative 
proofs that hinge on compounded ratios, clearly suggesting that the idea of 
a grand-scale exploitation of the method was his own and that he was proud 
of it (with an asterisk * the applications of VI.23): see Coll. VII.37-40*, 
42*, 68*, 74*, 75*, 84*, 86*, 194, 197*, 210, 246*, 253*, 255*, 272*, to 
which one must also add VII.240 (which will be discussed later in this 
section) and VIII.9-10.270 

When Pappus introduces compounded ratios (this may happen several 
times within the same proposition), he rarely writes them in standard form. 
The exceptions are in Coll. VII.68, 84, 86, 197, 210, 240, VII.9-10. In 
VIII.10, the middle term is twice said to be taken ‘from outside’ (€w0ev). 
Inside compounded ratios, Pappus freely replaces ratios with ratios 
identical to them. In VII.194 there is no application of VI.23, nor are the 
compounded ratios written in standard form when introduced. However, 
the passage is obviously corrupt. In VH.210, one finds a unique instance of 
a replacement, within a compounded ratio identical to another, of a 
compounding ratio with a compounded form of it, and the subsequent 
removal of shared ratios is applied, on the one side, to a compounded ratio 
with one middle term and, on the other side, to a multiple compounded 
ratio with two middle terms. 

In VII.194, 210 (bis), shared ratios are ‘removed’ from identical 
compounded ratios to produce identical ratios. The removal is expressed by 


the clause kotw0c éxkekpvo8@ + ‘object to be removed’ in the nominative, 
a totally un-canonical variatio of the standard formula that is usually 
applied to removal of magnitudes common to the two sides of an equality. 

A striking application of the method can be found in Coll. VII.37- 
40,271 where the problem is to provide a generalization of the enunciation 
of the ‘locus on three and four lines’. Pappus first remarks that the 
enunciation immediately generalizes to five or six lines: it is enough to 
replace the rectangles with parallelepipeds. The higher loci of this type 
raise problems, “since there is nothing contained by more than three 
dimensions”.272 Pappus claims that his predecessors did not employ a 
language adequate to the formulation of such general enunciations, since “it 
was possible to enunciate and generally to prove these things by means of 
compounded ratios”.273 Pappus provides an example of an adequate 
formulation: 


EQV GNO Tivos ONLEioD Emi OécEL Sedopévac Evd0Eiag KaTayO@ow evOeiat Ev 
dedSopévaic yoviaic, Kai Sedopévoc  Adyos 6 GvVMEVOS é& od éyer pia 
KATHYPHEVN MPO LWiav Kai ETEPA TPG ETEPAV Kai GAAN Tpdc GAANV Kai | AoW 
mpdc So00eioav (sav Mow C’- é&v Sé 7’, Kai Tf AoW mpdc Aoi), TO oNLEIoV 
cyetat PéoEt SEdOLEVIG YPaLLT<s. 


If straight lines are drawn from some point at given angles onto straight lines 
given in position, and there is given the ratio compounded of that which one 
drawn line has to one, and another to another, and a different one to a different 
one, and the remaining one to a given (if there are seven—but if eight, the 
remaining to the remaining one), the point will touch a curve given in position. 


From a theoretical point of view, the most relevant passage is Coll. 

VII.240, a lemma to Apollonius, Con. 1.39 or 41 (cf. Document 2 in the 

Appendix). The proof does not make use of the anAucoty, and it proves 

that, if a:b = (c:d)°(e:f), then c:d = (a:b)°(fe). The proof runs as follows: 

—Let h be such that d:h::e:f- 

—Since a:b = (c:d)°(e:f) = (c:d)°(d:h) by assumption, and (c:d)°(d:h) = c:h 
by inserting the middle term d in ratio c:h, then a:b::c:h. This amounts 
to assuming that, if two ratios are compounded of identical ratios, they 
are identical. 

—Since c:d = (c:h)°(h:d) by inserting the middle term / in ratio c:d, and 
cth::a:b by the previous deduction, and /A:d::;f'e by inversion of the 
construction for h, then c:d = (a:b)°(fe). 


Thus, the proof argues by replacement of ratios both in the assigned 
compounded ratio and in suitable compounded ratios written in standard 


form. 


ll.6Theon’s Commentary on the Almagest 


In this section, I shall only deal with the long proof of the Sector Theorem 
in in Alm. [.13, iA, 535.10-570.12 (see sections II.1.1 for Theon’s general 
expositions on compounded ratios and removal, and III.2.1 for the 
procedures of removal he employs in the applications). 

Theon’s long proof of the Sector Theorem is just an expansion of that 
provided by Ptolemy in Alm. 1.13. The well-known habit of mathematical 
commentators to imitate the style and lexicon of the model makes Theon’s 
text a poorly significant witness of linguistic changes. At any rate, in the 
proof of the plane case, the compounded ratio is written in standard form 
when introduced, and then transformed by replacement of identical ratios; 
the middle term is said to be taken ‘from outside’ (&&@O@ev).274 In the 
several partial proofs of the spherical case, either the compounded ratio 
arising in a suitable plane case is simply transformed by replacement of 
identical ratios, or compounded ratios arising in other spherical cases are 
transformed by replacement of identical ratios. Theon also provides 
complete enunciations of all the theorems that Ptolemy had instead 
enunciated in instantiated form. In the first of these enunciations, Theon 
implicitly introduces the reader, by means of the disjunction “is conjoined, 
that is, is compounded” (ovvfator tt01 obyKettar), to the major verbal 
variatio in the canonical formula of a compounded ratio.275 


lIILogistic Approach 


The data collected in section II have already given prominence to the two 
actors that will play a prime role in what follows: the Sector Theorem and 
Elem. V1.df.5. In principle, logistic is only involved in explanations of the 
former, but we shall see that extensive register-crossing took place. For this 
reason, and because of their context, I have included in this section the 
expositions ‘in geometric style’ (ypapiucds)—that is, in deductive style— 
by Theon and by Eutocius. Also notice—since it belongs to the same 
category—the very short argument formulated in the ‘language of the 
givens’ which appears in section III.1.3. 

Before proceeding, I recall the main terminological conventions 
pertaining to our subject and typical of the logistic domain. 
—A ‘ratio’ (Adyoc) is a relation between two ‘terms’ (6pot), called in the 


order ‘antecedent’ (1pdAoyoc) and ‘consequent’ (bmdA0yoc), and much 
less frequently nyobpEvoc and émOuEvoc. To avoid ambiguities, I shall 
often use the noun ‘extreme’ as a synonym of ‘term’. In specific 
numerical examples, recall that the terms of a ratio are usually given in 
the form ‘greater-to-lesser’. 

—In the operation of ‘removal’ (agaipeoic) of a ratio from a ovyKéipevoc 
Oyo ‘compounded ratio’, the basic elements are the ratio ‘from which 
the removal is going to occur’ (a@’ od 7 dgaipsoic yivetat), the ratio 
‘to be removed’ (aqatpovpEevosc), and ‘the remainder’ (6 Aouds). I shall 
translate the verb xatoAginew by ‘to leave out’, even in the case in 
which participial forms are involved. We shall also see that a type of the 
procedure of removal will require ‘to fit’ (évappdCetv) a ratio to 
another. 

—The adjective ‘paronymous’ (map@vvpoc) is applied to the number that 
expresses the mnAucdtys ‘value’ of a ratio: ‘six’ is the anAucdty¢ of the 
sextuple ratio and is paronymous to it; there cannot be strict 
homonymy.276 Likewise, a part is paronymous to a number if it bears 
the same name as the number, only transformed into an ordinal, like 
‘three’ and ‘<one> third’. 


We have already seen that there is no operation of ‘composition’ of ratios. 
This is quite paradoxical, since Elem. VI.df.5 defines a compounded ratio 
in terms of an operation performed on the values of the ratios themselves. 
Even more paradoxical is the fact that the removal of a ratio from a 
compounded ratio was indeed conceived of as an operation. Moreover, the 
implicit assumption that one most appropriately remove a ratio from a 
compounded ratio, and not simply from a ratio tout court, had as a 
consequence that the operation of removal more or less entirely consisted 
in a prescription for writing an assigned ratio in a suitable compounded 
form. It is such a prescription that quite naturally—that is, according to the 
‘suitable’ compounded form required by the context—branches in a variety 
of cases.277 Accordingly, the operation of removal was almost always 
performed on ratios that were already provided in compounded form. 
Therefore, if from a:b = (a:d)°(d:b) we want to remove ratio d:b, it suffices 
to literally ‘remove’ (Gaipeiv) d:b from the right-hand side; ratio a:d is, in 
a most concrete sense, the ‘remainder’. 

The translation of the verb dgaipsetv by ‘to remove’ and of the 
associated nomen actionis dpaipeois by ‘removal’ calls for a few words of 
justification.278 On the one hand, agaipetv (and the substantives related to 
it) have a well-defined technical meaning in the Greek mathematical 


lexicon: ‘to subtract’, either a magnitude from a magnitude or a number 
from a number. Moreover, as we have already seen, the Greek 
mathematical tradition formulates within the lexicon of adding the 
operations on ratios we express within the lexicon of multiplying. Both 
conceptually and operationally, an a@aipeoic Adywv does not correspond to 
the modern conceptualization of the ‘same’ operation as a division of 
fractions. On the other hand, if Greek mathematical style has two lexical 
families corresponding to what we would call ‘adding’ (namely, the verbs 
mpootWévai and ovvtiWéva1 and the substantives related to them),279 it has 
just one lexical family corresponding to what we would call ‘subtracting’ 
(namely, &@aipeiv and the substantives related to it). Such considerations 
lead to regard as a priori perfectly legitimate to translate dgaipeiv by ‘to 
subtract’. Still, employing ‘to subtract’ would call for ‘to add’ as a natural 
correlative, and not ‘to compound’, which is currently used for ovvtévat. 
Further, such renderings would clash with well-entrenched modem 
mathematical habits, since the clause ‘to subtract a ratio from another’ has 
a well-defined and technical meaning also in modern mathematics, and this 
meaning is at variance with the meaning of the Greek technical expression 
the above clause is intended to translate. 


lll.1General Expositions 
Il1.1.0Nicomachus’ Introductio Arithmetica 


In Ar. 1.2.5, Nicomachus briefly deals with compounded ratios. He 
introduces and perfunctorily employs the lexicon of ‘compounding’ and 
‘composition’ (substantive ovvOeoIc, adjective ovv8etog ‘compound’, 
compounding ratios that are said to be ‘compounded’ to give a ratio), but 
does not explain what such an ‘operation’ might amount to. Moreover, his 
lexicon is far from fixed, as he also uses the verbs ovAAapBdveo8a1 ‘to be 
taken together’, dvaAveo8a1 and di0AvEoBa1 ‘to be analyzed’, ovviotaca1 
‘to be constructed’, and the noun ovotnpa ‘complex’ to denote the same 
operation or its results, either from the viewpoint of the compounded ratio, 
or from the viewpoint of the compounding ratios. In particular, the lexicon 
of ‘analysis’ is employed when a given ratio is shown, by inserting a 
middle term, to be compounded of two ratios. In this way—and these are 
Nicomachus’ examples—, a double ratio is shown to be analyzed into a 
sesquialter and a sesquitertian ratio (terms 4 3 2 and 6 4 3). Conversely, 
from a sesquialter and a sesquitertian ratio, if compounded, a double ratio 
is in any case constructed. Nicomachus then applies the lexicon of 


composition to reformulate a property expounded in Ar. H.2.3-4; namely, 
that any generic multiple ratio, compounded with a suitable superparticular 
ratio, gives the immediately subsequent multiple ratio (or, conversely, that 
the latter can be analyzed into the former two). For instance, a double ratio, 
compounded with a sesquialter ratio, gives a triple ratio (terms 18 12 6 and 
18 9 6, and again 6 3 2); a triple ratio, compounded with a sesquitertian 
ratio, gives a quadruple ratio, and so on. 


lll.1.1Theon on Compounded Ratios in his Commentary on 
the Almagest 


Theon has two general expositions that can be summarized as follows (cf. 

Document 3 in the Appendix):280 

1)The opening passage of in Alm. [.13, iA, 532.1-535.9, which appears just 
before Theon’s extended proof of the Sector Theorem. 


The argument is of the kind later deemed ‘inductive’ by Eutocius (see 
section II.1.2). After a transcription of Elem. VI.df.5 (notice that Theon is 
the only independent source in the Late Antiquity who completes the final 
twa with mnAiwKdotnta AOyouv), Theon claims that a ratio can be written in a 
compounded form using any possible middle term. This means that the 
middle terms can be either (a) lesser that the greater extreme of the ratio 
but greater than the lesser extreme, or (b) greater than the two extremes, or 
(c) lesser than the two extremes. Theon gives two different ‘proofs’ of his 
claim. The first proof operates by multiplication of the denominations of 
the ratios. It is a circular argument, as Theon himself implicitly admits by 
resorting to the ‘composition’ of multiple ratios in order to justify the 
assertion that double times triple gives sextuple.2s1 The second proof 
argues by partition of the antecedent of a ratio once the consequent of the 
same ratio is taken as unit, and by counting the ‘units’ resulting from taking 
a suitable multiple of both. The argument is similar to the one used in the 
proof of Sectio can. 7 and 8 (see section II.1). Theon’s examples do not 
identify the ratios by setting out their terms, as Eutocius does, but their 
denominations: double, triple, sextuple; triple, half, sesquialter; subdouble 
(sic), sesquitertian, subsesquialter. The presence of the middle term in 
Theon’s exposition—and, as we shall see, in Eutocius’—shows that the 
goal of his arguments, that seemingly deal with compounded ratios, is, in 
fact, to set the stage for operating a removal. Theon ends his exposition by 
pointing out that (i4, 535.7—9) “it is obvious that, if from a compounded 
ratio one whatever of the compounding <ratios> is removed, one of the 


extremes being made to disappear, the remaining compounding <ratio> will 
be left out”. 


2) In Alm. IL. 11, iA, 759.8-762.2. 


This is a sketchy justification of the operation of removal in deductive 
style, only applied to a case of the Sector Theorem that can be deduced, by 
simple inversion of a ratio, from a case that had been treated in the 
commentary on Book I of the Almagest: if a:c = (a:b)°(b:c), then a:b = 
(a:c)°(c:b). The proof is said to be immediately evident and simply 
amounts to point out that it is enough to ‘deplace’ the term 5.282 Theon’s 
trivial proof is, in fact, all that is needed if one limits itself to compounded 
ratios written in standard form. We have seen a proof in deductive style of 
the same statement, but applied to compounded ratios not written in 
standard form, in Pappus, Coll. VII.240 (cf. section II.5 and Document 2 in 
the Appendix). It is thus possible that Theon compiles here an analogous 
argument in Pappus in Alm. II. 11, now lost. 


lll.1.2Eutocius on Compounded Ratios in his Commentaries 
on Archimedes’ De Sphaera et Cylindro and on 
Apollonius’ Conica. 


The early sixth-century Neoplatonic philosopher Eutocius redacted two 
expositions on compounded ratios.283 These are, as Eutocius himself says 
and as the following parallel examination will confirm, the one a 
(summary) reprise of the other. I shall refer to the two expositions in their 
order of redaction: in Sph. cyl. first, in Con. second; references to the texts 
are separated by the sign ‘/’. 

Eutocius starts with an historico-doctinal excursus, which justifies the 
introduction of his digression, and boasts about his own contribution; 
namely, that this is the first abstract exposition ever written (in Sph. cyl., 
AOO Ill, 120.3—11: he complains about the fact that only ‘inductive’ 
(€nay@yf) expositions can be found, among others, in Pappus, Theon, 
Arcadius / in Con., AGE II, 218.6-15: he mentions his own previous 
exposition in the commentary in Sph. cyl., and another in oy0A1c to the first 
book of the A/magest).284 

The definition of compounded ratio as appears in Elem. VI.df.5 is then 
transcribed, accompanied by remarks on the anAikoty¢ of a ratio, the key 
notion in the abstract proof Eutocius is going to offer (the text at 120.12- 
122.9 is richer: it has in addition a definition of mnAkdty¢, according to 


Nicomachus and his commentator Heronas, as “the number to which the 
given ratio is paronymous [map@vupoc]”; this is stated to be equivalent to 
the definition “the number that, multiplied by the consequent term of a 
ratio, also gives the antecedent’; note also the characterization, at 120.28— 
30, of logistic as the discipline in which one divides the unit / 218.16—26). 

After this, Eutocius provides the non-inductive proof that ratio a:c is 
compounded of a:b and b:c. He does this by showing that, if d and e are the 
mnaAukotntes of a:b and of b:c, respectively, and if de = z, then z is the 
mnAudtys of a:c (122.10-124.7 / 218.27—220.16; they are nearly identical, 
the latter being more concise; cf. Document 7 in the Appendix). 

Only in the commentary in Sph. cyl. (124.8-126.3), we read an 
‘inductive’ proof that a ratio can be written in compounded form using any 
possible middle term, namely, whether this is (a) lesser that the greater 
extreme of the ratio but greater than the lesser extreme, (b) greater than the 
two extremes, or (c) lesser than the two extremes. This is the same 
argument as that outlined in the first passage in Theon, summarized in 
section III.1.1. In his examples, Eutocius identifies the ratios by setting out 
their terms and by providing a middle term that satisfies each of the stated 
conditions: the middle term lies between the two extremes (12, 4, 2), is 
greater than both (9, 12, 6), or is lesser than both (9, 4, 6). 

Again in in Sph. cyl. only (126.4-20), we read an instantiated 
enunciation that generalizes the main result to several ratios and middle 
terms: a:b = (a:c)°(c:d)°(d:b). The proof amounts to taking for granted that, 
within a compounded ratio, one can replace ratios with compounded ratios: 
since a:b = (a:d)°(d:b) and a:d = (a:c)°(c:d), then a:b = (a:c)°(c:d)°(d:b). 

Only in the commentary in Con. (220.17—25), Eutocius adds a final 
remark about the commonalities between logistic and arithmetic (that is, 
number theory, characterized by proofs ypapptk@c); in this way, he intends 
to justify his own choice of using language and methods of arithmetic in 
order to prove a result belonging to logistic. 


l11.1.3A Scholium on Ptolemy’s Almagest and the Treatise on 
Removal of Ratios Ascribed to Domninus of Larissa 


As said in section II.4, in any application of the Sector Theorem in the 
Almagest, a relation involving a compounded ratio whose terms are chords 
of suitable arcs is stated to hold, five of the six arcs are numerically given, 
and one must find the sixth. The procedure, whose details are never worked 
out by Ptolemy and which admits of a very rich combinatorics of cases and 
subcases, requires performing the operation of removal of a ratio from a 


ratio. Since Ptolemy never explains how to perform such a removal, the 
gap was filled by commentators on the entire A/magest, such as Pappus and 
Theon, as well as by a number of well-known or anonymous scholiasts in 
the Late Antiquity and in the Byzantine period. The unitary and general 
exposition, just enriched with a few numerical examples, we find in one of 
the Almagest scholia (cf. Document 4 in the Appendix; see below in this 
section for a summary of the actual content of the scholium) can be 
expounded in a most ‘inductive’ way as follows. 

The problem that has bewildered all commentators is that, in the 
applications, no given compounded ratio is ever written in standard form. 
Two ratios are instead assigned, one of which must be removed from the 
other, the latter being assigned as a compounded ratio not written in 
standard form. As a consequence, the ratio from which the removal is 
going to occur must preliminary be written as a compounded ratio in 
standard form. This is done by operating a ‘fitting’ inside it (the related 
verb is évappoCetv), that automatically takes into account the form of the 
ratio to be removed. A first ratio is ‘fitted’ to a second ratio by 
transforming it into a ratio which is equivalent to it and having the 
antecedent or the consequent equal to the antecedent or to the consequent 
of the second; therefore, one has only to calculate the remaining term of the 
first ratio, and this can be done by taking a suitable fourth proportional. 

For instance, let it be required to remove 4:3 from 12:6. Now, ‘to fit’ 
4:3 to 12:6 amounts to find a ratio equivalent to 4:3 with the following, 
alternative, constraints: 
a.either 12 is the new antecedent; thus one must calculate the new 

consequent as a fourth proportional 4:3::12:x,285 yielding as a result x = 

(12x3)/4 = 9; 
b.or 6 is the new consequent; thus one must calculate the new antecedent as 

a fourth proportional 4:3::x:6, yielding as a result x = (4*6)/3 = 8. 


In case (a), 4:3 ‘fitted’ to 12:6 gives 12:9, which is a ratio equivalent to 4:3 
and whose antecedent is identical to the antecedent of 12:6. In case (b), 
instead, the ratio obtained by ‘fitting’ 4:3 to 12:6 is 8:6, whose consequent 
is identical to that of 12:6. 
Conversely, ‘to fit’ 12:6 to 4:3 amounts to find a ratio equivalent to 
12:6 with the following, alternative, constraints: 
c.either 4 is the new antecedent; thus one must calculate the new 
consequent as a fourth proportional 12:6::4:x, yielding as a result x = 
(6x4)/12 = 2; 
d.or 3 is the new consequent; thus one must calculate the new antecedent as 


a fourth proportional 12:6::x:3, yielding as a result x = (12x3)/6 = 6. 


In case (c), 12:6 ‘fitted’ to 4:3 gives 4:2; in case (d), it gives 6:3. 

If we want to remove 4:3 from 12:6, let us choose for instance 
procedure (a): ‘fit? 4:3 to 12:6 to give 12:9; insert the middle term 9 
between the terms of ratio 12:6 in order to write it as the compounded ratio 
(12:9)°(9:6);286 literally ‘remove’ 12:9 and the remainder is 9:6. Since the 
ratio has been removed that contains the antecedent of the compounded 
ratio 12:6, the operation of removal is said to be performed ‘with respect to 
the antecedent’ (1poc tov mpdA0yov); otherwise, it is said to be performed 
‘with respect to the consequent’ (1pdc tov bxdAOYov). Procedures (a) and 
(c) can only give rise to the first type of removal, (b) and (d) to the second. 

Finally, it always happens that one is interested in calculating one of the 
terms of the remainder, the other being given. This is the reason why a 
‘fitting’ has four cases and not two (a, b or c, d): the position of the term to 
be calculated in the remainder can make it necessary to ‘fit’ either the 
compounded ratio to the ratio to be removed, or vice versa. If the given 
term does not match the homologous term of the remainder calculated by 
any of the above procedures, a further taking of a fourth proportional must 
be performed. Suppose, as above, that we want to remove 4:3 from 12:6 in 
order to calculate the antecedent of the remainder, its consequent being 
given as 8. The operation of removal according to procedure (a) yields 9:6, 
that must be reduced to a ratio with consequent 8. This is done by setting 
out the proportion 9:6::x:8, yielding as a result x = (9x8)/6 = 12. 

This scholium was cut, pasted, and enriched with a complete series of 
examples by some anonymous revisor. The accidents of textual 
transmission made the result to be attributed to Domninus of Larissa, a 
fifth-century Neoplatonic philosopher contemporary of Proclus.287 The text 
ascribed to Domninus is organized as follows (the section numbers are 
canonical since the first edition). 

—Introduction to the problem; definition of compounded ratio (always 
written in standard form) according to Elem. VI.df.5; two examples: 4 
and 40 as middle terms of 2 and 8 (sections 1—5). 

—Explanation of the principles of removal of ratios, the removed ratio being 
always less than the one from which the removal is going to occur: (1) 
‘fitting’ of the lesser ratio to the greater ratio or vice versa; (11) removal 
made with respect to the antecedent or with respect to the consequent of 
the ratio to which the fitting of point (i) is made; as a consequence, 
there are four possible cases (section 6). 

—Examples, always with 12:3 and 6:4 (these correspond to my set of 


examples above). a) The first ratio is written as compounded of 12:8 
and 8:3 (removal performed with respect to the antecedent of the 
greater ratio: 12:8 is identical to the ratio to be removed 6:4; the 
remainder is 8:3) or as compounded of 12:44 and 4’4:3 (removal with 
respect to the consequent of the greater ratio: 4'2:3 is identical to the 
ratio to be removed 6:4; the remainder is 12:44) (sections 7-15). b) 
Either ratio 6:1'4 (that is, 12:3) is written as compounded of 6:4 and 
4:14 (removal with respect to the antecedent of the lesser ratio; the 
remainder is 4:1’2), or ratio 16:4 (that is, again 12:3) is written as 
compounded of 16:6 and 6:4 (removal with respect to the consequent of 
the lesser ratio; the remainder is 16:6) (sections 16-18). 

—Things become simpler if the two ratios have the same antecedent or the 
same consequent. Example: to remove 12:4 from 12:3; the remainder is 
4:3, taken by simply forming the ratio of the extremes that are not 
identical (sections 19-21). 

—Again, the definition of compounded ratio (section 22). 

—Validation of the operation of removal of ratios using the ‘language of the 
givens’: if a given ratio is removed from a given ratio, the remainder is 
also given (section 23). 


The original scholium contains only sections 1—5, 22—23, 6, 19-21, in this 
order. In particular, the presence of sections 22—23 is fully justified only in 
the original position; the revisor that produced the text ascribed to 
Domninus also added the long, central portion featuring the numerical 
examples of removal. Both the reworked text that came to be ascribed to 
Domninus and the original scholium repeatedly make the conceptual 
mistake of multiplying ratios and not the related anAixotntec. 


lll.1.4The Prolegomena ad Almagestum 


The Prolegomena is a computational primer to the A/magest: it contains a 
tightly organized ‘handbook of logistic’, featuring as its main themes: an 
introduction to the sexagesimal system; a description of computational 
algorithms for multiplication, division, and extraction of approximate 
square root; a presentation of interpolation techniques; an exposition about 
compounded ratios and removal of a ratio from an assigned ratio. 
According to the author, no comprehensive previous exposition of this kind 
existed. 

The Prolegomena deals with compounded ratios as a preliminary to 
removal.2ss The author starts by quoting Elem. VI.df.5. He then gives a 
numerical example: the ratio of 100 to 5 makes the twentyfold ratio. This 
can be seen as a compounded ratio by interpolating one or several middle 
terms. No general exposition is provided, since “the geometer Pappus has 
shown that, if there are two magnitudes, and <magnitudes> are set between 
them, the ratio <contained> by the extreme magnitudes is equal to that 
<compounded> of all intermediate ratios”. A numerical example follows: 
20 as a middle term of 100 and 5; therefore, the twentyfold ratio is 
compounded of the quintuple and of the quadruple ratio. The case of three 
ratios with two middle terms is also treated on the basis of the same 
example, inserting 10 as an additional term. That’s all. The exposition is 
not inductive (as, for instance, Theon’s is), for no general result is stated 
and allegedly proved by an example. 

Removal of ratios is treated in the Prolegomena by means of 
paradigmatic examples; in order to summarize the procedure underlying 
them I resort to a general exposition with dummy letters. The similarity of 
this exposition and of the one seen in the previous section is obvious. 

One is required to remove c:d from a:b. To this end, one must (1) write 
the ratio a:b in compounded form in such a way that one of the 
compounding ratios is c:d, say a:b = (x:y)°(c:d), where x:y will obviously 
be the remainder, but (ii) have the compounded ratio written in standard 
form: a:b = (a:m)°(m:b), where m is a middle term. One, then, has to find 
such a middle term m. This can be done in a general way according to two 
procedures: 

—With respect to the antecedent. In a:b = (a:m)°(m:b), one identifies a:m as 
the ratio to be removed (it has the same antecedent as the ratio from 
which the removal is going to occur), and therefore m:b as the 


remainder. But the ratio to be removed was assigned as c:d. Therefore, 
m can be calculated as a fourth proportional: c:d::a:m. By Elem. VII.19, 
m = ad/c 1s the required middle term. 

—With respect to the consequent. In a:b = (a:m)°(m:b), one identifies m:b as 
the ratio to be removed (it has the same consequent as the ratio from 
which the removal is going to occur), and therefore a:m as the 
remainder. But the ratio to be removed was assigned as c:d. Therefore, 
m can be calculated as a fourth proportional: c:d::m:b. By Elem. VII.19, 
m = bc/d is the required middle term. 


It is obvious that the conditions identifying the two procedures are 
exhaustive and exclusive. These can be summarized by means of one single 
prescription: ‘find the fourth proportional of the two extremes of the ratio 
to be removed and of the extreme of the ratio from which the removal is 
going to occur not featuring in the name of the procedure, each keeping its 
original position as antecedent or as consequent; this fourth proportional 
replaces, in the ratio from which the removal is going to occur, the extreme 
not featuring in the name of the procedure’. The Prolegomena, and other 
sources as we shall see, make the game more complicated by introducing a 
further parameter. This comes from the fact, in principle without relevance, 
that one of the extremes of the ratio to be removed might be identical to 
one of the extremes of the ratio from which the removal is going to occur. 
If one excludes, as the author of the Prolegomena does, the case in which 
each of the terms of the ratio to be removed is identical to one or the other 
of the extremes of the ratio from which the removal is going to occur, five 
possibilities remain, whose full list is provided: 1) c = a (and therefore d # 
b); 2) c = b (and therefore d # a); 3) d= a (and therefore c # 5); 4) d= b 
(and therefore c # a); 5) c#.a and d ¢ b. For no apparent reasons, in the 
sequel the author only works out the details of cases 1, 3 and 5, always in 
the order ‘with respect to the antecedent’ / ‘with respect to the consequent’. 
He adds at the end of the exposition, as a ‘postponed case’, the one in 
which the ratio to be removed is the inverse of the ratio from which the 
removal is going to occur (c = b and d = a)—a case that had just been 
excluded at the beginning. 

Finally, if the consequent or the antecedent of the remainder do not 
coincide with the given consequent or the given antecedent, the author of 
the Prolegomena shows, on the basis of an example, how to transform the 
remainder to a ratio having the given term; this is done, as we have seen in 
the previous section, by means of a further taking of a fourth proportional. 
We shall see that a number of commentators will consider this final 


transformation of the remainder as an integral part of the operation of 
removal. 


lll.1.5Leo the Mathematician on Composition and Removal of 
Ratios 


A long scholium on Elem. VI, entitled bmduvypa oYOAlov sic Tas TOV 
Loyov obvOEoiv TE Kai GMaipeotv, Aéovtos, is ascribed to the early ninth- 
century scholar Leo the Mathematician. The scholium is transcribed by the 
hand of the main copyist at the end of Book VI, and together with other 
exegetic material, at ff. 120-121 of Bodl. Dorv. 301.289 

As the title suggests, the scholium deals with ‘composition and removal 

of ratios’. As we have seen, this subject is only marginally dealt with in 
Elem. V1, even if df.5 provides a definition of compounded ratio. It is, 
therefore, misleading to assert, as it is commonly done, that the scholium is 
related to Elem. VI.df.5.290 The structure of this text is as follows: a series 
of four arithmetic ‘lemmas’, followed by the proof of the main result on 
composition of ratios. Lemma 2 is followed by an ‘arithmetical 
clarification’ of both lemmas 1 and 2; the proof of the main result is 
followed by an ‘example’ (numerical b26detyua), in which it is shown that 
ratio 7:5 is compounded of ratios 7:11 and 11:5, by resorting to the 
mnyAuotytes of the ratios. The scholium concludes with a short prescription 
on how to remove a ratio from another. Let us read the enunciations of the 
lemmas and of the main result, and see the numerical examples following 
them: 

—<Lemma 1>: “Let there be numbers A, B, I, and let A be the <number 
contained> by A, B, and E by B, J; and again Z by A, I; and once more 
let H be the <number contained> by A, E, and © by B, Z and again K 
by I, A. I say that numbers H, ©, K are equal to one another”. In short, 
the product of three numbers is the same, whichever is the order of the 
factors (recall that multiplication is a binary operator, and that its 
commutativity is proved in Elem. VII.16; the proof of the lemma is a 
straightforward adaptation of that of VII.16). 

—Lemma 2: “Let a number A be multiple of B according to I’. I say that B is 
also multiple of A according to the part homonymous to I”. 
Arithmetical clarification of lemma 1: 4x5x6 is equal to 5x6x4, that is, 
to 120. Clarification of lemma 2: 100 is multiple of 20 according to 5, 
while 20 is multiple of 100 according to !/s. 

—Lemma 3: “Let A be superparticular of B according to I. I say that, 
alternately, B is also superparticular of A according to the part 


homonymous to I”. Example: the superparticular ratio 4:3 and the 
superparticular (in fact, subparticular) ratio 3:4. 

—Lemma 4: “The same also happens with epimeric <ratios> [...] one must 
also conceive the same for compound ratios, such as multiple- 
superparticular and multiple-superpartient’”.291 Examples: 7:5 and 5:7; 
7:3 and 3:7; 13:5 and 5:13. 

—Main result: “Let there be a magnitude A having a ratio to B, let the value 
of this ratio be I, and between A, B let a chance magnitude A fall. I say 
that the ratio of A to B is conjoined both of that which A has to A and A 
to B”. The proof presents the mistake of compounding mynduKotnTE¢, 
that by definition can only be multiplied. (For this and the subsequent 
example, cf. Document 8 in the Appendix.) 

—Example of removal of ratios by means the procedure ‘with respect to the 
antecedent’ (see sections III.1.3 and III.1.4; the connection is not made 
explicit by Leo). 


Only the proofs of lemma 1 and of the main result are fully-fledged 
demonstrations (the main result ends with a sentence that can be read as a 
hint as to how to iterate the proof in order to include nested compounded 
ratios). The proofs of lemmas 2—4 and of the final prescription are nothing 
but explanations carried out on paradigmatic examples; in particular, the 
procedure of removal of ratios remains quite obscure. Only lemmas 2-4 are 
identified as such in the text, which begins directly with the enunciation of 
lemma |. Lemma | is expressly referred to (expression ‘by the first lemma’ 
(61a TO a’ Atupa)) within the arithmetical clarification of lemma 2 and 
within the main proof; lemma 2 is expressly referred to again within its 
own arithmetical clarification. 

As is clear from the enunciations listed above, the scholium displays a 
deductive problem: lemmas 2—4 have nothing to do with the rest of the text, 
and in fact they are not used in the proof of the main result. If we were 
presented with such a state of affairs in a more structured exposition, there 
is no doubt that we would regard lemmas 2-4 as interpolated. 

If we skip lemmas 2-4, the combination ‘lemma | + main result’ adopts 
a deductive progression that is found, exactly in this form, nowhere in 
ancient sources, even if it can be seen as a rewriting (longer and more 
cumbersome) of the proof presented by Eutocius in his two expositions (see 
section III.1.2). The terminology of ratios adopted in lemmas 2-4 is at best 
misleading, owing to the fact that the standard prefix bao—for ratios lesser 
than unit is systematically omitted: see the example above, where it is said 
that ‘20 is multiple of 100’ instead of ‘20 is submultiple of 100’. 


There is no doubt, then, that the scholium is badly organized, and 
sometimes inappropriately worded. My impression is that it is the result of 
the stratification of at least two layers: a core text comprising lemma | and 
the proof of the main result—maybe extracted from an ancient exposition 
to which we have no longer access—and the rest: lemmas 2-4, all 
numerical examples and the final prescription. Add to this that lemmas 1 
and 2 are in their turn annotated (recall that the text is written on the full 
page in the manuscript) by three references to appropriate propositions of 
Elem. VII, which amounts to a logical hysteron proteron once the scholium 
is appended to Elem. VI; a short comment scholium to the effect of 
clarifying the notion of ‘homonymous part’ is instead contained in an 
indentation of the text at the beginning of lemma 2. The two- or multi- 
layered structure of the resulting text could explain its seemingly bizarre 
designation as D1OLVYLA GYOALOV.292 

The hypothesis about the composition of Leo’s scholium is confirmed 
by what precedes it at ff. 118v—119v of Bodl. Dorv. 301, and edited by 
Heiberg at FOO V, 711.6—714.16. Here is a synopsis. 

—At 711.6-12. Abbreviated quotation of the definition of compounded 
ratio; example: the twelvefold ratio is compound both of the triple ratio 
and the quadruple, or of the double and the sextuple. 

—At 711.12-18. Quotation of the enunciation of Elem. VI.19, with 
numerical example (if sides are in a triple ratio, triangles are in a 
ninefold ratio). 

—At 711.19-24. List of the standard names of numerical ratios: multiple, 
superparticular, superpartient, etc. 

—At 712.1—713.7. (Wrong) examples of anAucotntec: 3:1 is the mnAucdtnys 
of the triple ratio, 4:1 that of the quadruple ratio, 3:2 that of the 
sesquialter ratio (712.1-3; these are ratios, not values, indeed). 
Examples of composition, with associated diagrams: the text appears to 
be a description of the diagrams (712.4—9). Example of removal, with 
two associated diagrams: the remainder of the removal of a triple ratio 
from a double is sesquialter (712.9-713.7). 

—At 713.8—-11. Statement that “whenever the three terms of the proportion 
are not in identity of ratios, then we do not say that the first has to the 
third a duplicate ratio than to the second”. 

—At 713.12—714.16. Texts that coincide almost verbatim with Leo’s lemma 
1 and main proof. The main proof of this scholium contains the 
reference to the previous result in the form ‘by the lemma before itself? 
(dia TO TPO EavTOdD ATA). A quick glance at the texts is enough to 
show that Leo’s scholium is beyond doubt a reworking of the 


anonymous scholium. In particular, the references to appropriate 
propositions or principles of E/em. VII one read in the margin of Leo’s 
lemma | are a subset of those annotated in the margin of the first proof 
in the anonymous scholium. 


The typical diagrams associated with compounded ratios consist of three 
numbers arranged in a row, connected by arcs to which the denominations 
of the ratios are attached; we shall see an example of them in section 
II.2.2. 


l1l.1.6Some Elements Scholia on Compounded Ratios 


Scanty information comes from the scholia n. 2-11 on Book VI of the 
Elements (EOO V, 320.6—331.4), all referring to df.5. Scholium 4 (ibid., 
324.10-326.7) is identical to the first exposition by Theon, summarized in 
section III.1.1. The other scholia mainly insist on providing long series of 
numerical examples, sometimes within the sexagesimal system in order to 
ease calculations (n. 3), thereby showing the dependency on a logistic 
context. One also finds short clarifications of the concept of mnAukoty (n. 2 
—with mention of Diophantus and a lexicon coming directly from the 
Platonic Apologia Socratis (verb taAaimmpeiv)—3, 6 and 10), including a 
short discussion of the extension of this concept to non-exprimable ratios 
(again n. 2). The most articulated exposition is ascribed to Maximus 
Planudes (n. 6, cf. Document 10 in the Appendix). It contains: examples; 
(implicit) distinction between the number paronymous to a ratio and the 
ratio itself; assertion that “once the <numbers> paronymous to the 
compounded ratios (ovvtiWEpEévotc AOyols) are taken and multiplied by one 
another, it results a number paronymous to the compounded ratio”; 
examples. Finally, scholium n. 9 (ibid., 330.6—8) is worth a transcription: 
ONLEiM@oal TO Adyos EK AdywvV: EV TH AEUATH Tod Oyddov 1 GvVOEOIG 
etipytat Kai 1 diaipEeoic év Th apyt tod 8’ (“nota bene ‘ratio from ratios’: 
the composition can be found in the fifth of the eight, the division at the 
beginning of the ninth”). These indications are exact, even if the subject of 
interpolation of middle proportionals is one of the /eitmotive of the entire 
books VIII-IX of the Elements. 


lll.1.7George Pachymeres’ Quadrivium 


The first Byzantine treatise containing some elements of logistic is George 
Pachymeres’ Quadrivium. These elements can be found in the first six 
chapters of Book IV, devoted to astronomy. Compounded ratios and 


removal of a ratio from another are expounded in chapters IV.3 and 4, 
respectively (cf. Tannery 1940, 352.14—357.30). 

Pachymeres’ rule for compounding ratios is simple: take the 
myAuotytes of the ratios to be compounded and multiply them by one 
another; the result is a number, that can always be taken to be the 
mnyAuotys of a ratio in lowest terms; this is the ratio compounded of the 
given ratios. As a consequence, to Pachymeres ‘composition’ is an 
operation. A series of numerical examples follows. 

Things become more complicated with removal. Pachymeres first gives 
a series of instructions for removing a given ratio from a given ratio, the 
lesser from the greater, by means of a diagrammatic set-up. The removal 
may take place either with respect to the antecedent or with respect to the 
consequent of the ratio from which the removal is going to occur. 
Pachymeres introduces three unnecessary complications: First, the choice 
of removing with respect to the antecedent or to the consequent is made to 
depend from the ‘position’, in the compounded ratio from which the 
removal is going to occur, of the ratio to be removed (that is, a double ratio 
can be compounded either from a sesquitertian and a sequialter or from a 
sesquialter and a sesquitertian, in this order; numerical examples: sequialter 
3:2 to be removed from double 8:4 or 12:6, which give the series of terms 8 
6 4 and 12 8 6, respectively). Second, Pachymeres gives his instructions 
twice, the first exposition requiring in fact that the removal occurs from a 
ratio already provided in compounded form, the second expounding “by 
means of a certain rule which ratio is left out after the removal of the lesser 
ratio from the greater”, so that the remainder is not known a priori but must 
be calculated (numerical examples in the second exposition: again 
sequialter 3:2 to be removed from double 8:4; sesquiquintum 6:5 to be 
removed from double 20:10; Pachymeres also provides a rule for 
calculating the mnAiKkotns of the remainder). Third, he requires, as many 
authors did before him and will do after him, that the ratio to be removed is 
less than the ratio from which the removal is going to occur. 

When formulating his general rules, Pachymeres always uses the 
denominations of the ratios (that is, he refers to whole equivalence classes 
of ratios); he sets out specific terms of them only in the examples. For this 
reason, his exposition could not be devised to fit the practice of the 
Almagest, in which specific ratios are always set out—and in fact, 
Pachymeres offers no applications to this effect of the rules he states: his 
treatise is a compilation intended to remain on a theoretical level, not a 
computational primer to the Al/magest. For Pachymeres’ rule and 
instructions, cf. Document 9 in the Appendix. 


The distinguished Byzantine scholar Theodoros Metochites wrote a 
computational primer on the A/magest in the lines of the Prolegomena. He 
included three chapters on compounded ratios and removal of a ratio from 
another (chapters 8-10 of Book I of his Abridged Astronomical Elements; 
we read them in Vat. gr. 181, ff. 26r—35r): this is nothing but a plagiarism, 
with enormous expansions (Metochites’ verbosity is legendary), of what 
we read in Pachymeres’ Quadrivium. 


lll.1.8Barlaam of Seminara’s Treatise of Logistic 


The distinguished Middle-Palaiologan theologian and polemicist Barlaam 
of Seminara was actively engaged in the study of astronomy and 
harmonics, and redacted a high-level compendium of number theory, the 
Treatise of Logistic. 

Here 1s a list of the definitions and of the enunciations of Book V (see 
Carelos 1996, 69-93). 


1. A value of a ratio is a number that, multiplied by the consequent term of the 
ratio, makes the antecedent. 

2. A ratio is said to be compounded of ratios when the values of the ratios, 
multiplied by one another, make the value of the ratio. 

3. When I remove a ratio from a ratio, I call ‘antecedent [1yobpevov] ratio’ 
that from which I make the removal, ‘consequent’ [Ea6pevov] that <ratio> 
which I remove. The <ratio> that with the consequent <ratio> makes the 
antecedent <ratio>, this is said ‘remainder’ or ‘left out’ ratio. 

4. When I prescribe to remove a ratio from a ratio, then I prescribe to find the 
remainder. 

5. When someone, being prescribed to remove a ratio from a ratio, finds the 
<ratio> left out, the prescription turns out to be accomplished. 


. To find the value of a given ratio. 

. To find the mean proportional of two given numbers. 

. To find the third proportional of two given numbers. 

. To find the fourth proportional of three given numbers. 

. If there be three numbers in continued <proportion>, the ratio of the 
first to the third is compounded both of the ratio which the first has 
to the second and of the ratio which the second has to the third. 

6. If there be several numbers in continued <proportion>, the ratio of 
the first to the last is compounded of the ratios of the numbers lying 
in continued <proportion>, from the first as far as the last. 

7. If a ratio be compounded of several ratios, the inverse <ratio> is also 

compounded of the inverse ratios. 


nA BWN 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


. Ifa ratio be compounded of two ratios and their values be taken, the 


same ratio is also compounded of the two ratios which its [scil. of 
the compounded ratio] value has to each of the remaining values. 


. The values of identical ratios are equal, and the ratios whose values 


are equal are identical. 

If a ratio be compounded of two ratios, this same <ratio> is also 
compounded of two ratios, both the one that the antecedent of either 
ratio has to the consequent of the other, and the one that the 
antecedent of the latter has to the consequent of the former. 

If a ratio be compounded of two ratios, any of these is compounded 
of two ratios, both the one that the antecedent of the compounded 
<ratio> has to the antecedent of the other ratio, and the one that the 
consequent of the latter has to the consequent of the compounded 
<ratio>. 

If a ratio be compounded of two ratios and again of two other 
<ratios>, and either of the former two be identical to either of the 
latter two, the remainder will also be identical to the remainder. 

If a ratio be compounded of several ratios, each of the compounding 
ratios is compounded both of the ratio that turned out to be 
compounded and of the inverse of all the remaining ones. 

If the values of two ratios are taken, any of them is compounded 
both of the other and of the ratio which its value has to the value of 
the former. 

As many ratios as one pleases and a number being given, to find 
which is the ratio compounded of them whose antecedent will be the 
given number. 

As many ratios as one pleases and a number being given, to find 
which is the ratio compounded of them whose consequent will be 
the given number. 

A given <ratio> being removed from a given ratio, to find which is 
the ratio left out. 

To remove from a given ratio the inverse ratio in the same terms, so 
that the <ratio> left out is left out with respect to a given term. 

To remove from a given ratio a given <ratio> having the same 
antecedent, so that the <ratio> left out is left out with respect to a 
given term. 

To remove from a given ratio a given <ratio> having the same 
consequent, so that the <ratio> left out is left out with respect to a 
given term. 

To remove from a given ratio a given <ratio> having the antecedent 


of the antecedent ratio as consequent, so that the <ratio> left out is 
left out with respect to a given term. 

22. To remove from a given ratio a given <ratio> having the consequent 
of the antecedent ratio as antecedent, so that the <ratio> left out is 
left out with respect to a given term. 

23. To remove from a given ratio a given <ratio> in specific terms, so 
that the <ratio> left out is left out with respect to a given term. 


A few remarks are in order. 

—Barlaam regards the compounded ratios written in standard form just as a 
species of the genus ‘compounded ratio’. He never speaks of an 
operation of ‘composition’ of ratios. He only deals with numerical 
ratios. He never uses the numerical 6v’ ioov Elem. VII.14 in his proofs. 
He introduces a lexicon which is unique with his exposition (the 
‘antecedent’ and ‘consequent’ ratio). 

—Proposition | is a problem and explains how to find the ayAikotys of a 
given ratio: just divide the antecedent by the consequent. 

-The proof of proposition 5 is identical to Eutocius’ corresponding 
proposition. Barlaam also provides an alternative proof. 

—In proposition 6, and very much like Eutocius in his exposition at in Sph. 
cyl. 1.4, Barlaam takes for granted that, within a compounded ratio, 
one can replace ratios with compounded ratios: if a:b = (a:d)°(d:b) and 
a:d = (a:c)°(c:d), then a:b = (a:c)°(c:d)°(d:b). 

—Proposition 8 shows that a compounded ratio can be written in a canonical 
form that involves only the anAuodtntes of the compounded and of the 
compounding ratios, and hence puts the operation of ‘replacement of 
identical ratios’ on safe grounds. 

—Proposition 9 shows that ratios with the same anAuotns form an 
equivalence class. 

—Proposition 10 shows that the antecedents or the consequents of the 
compounding ratios can be interchanged. 

—Propositions 11 and 13 show that any ratio compounding a compounded 
ratio can be written as a ratio compounded of the original compounded 
ratio and of the inverses of the other compounding ratios, possibly with 
antecedents or consequents of different ratios interchanged. 

—Proposition 12 shows that the remainder of a removal of a ratio from a 
compounded ratio only depends on the anAixotnes of the removed ratio, 
that is, in modern parlance, on its equivalence class. 

—Proposition 14 shows that either of any two ratios can be written as the 
ratio compounded of the other and of the ratio of their mnAiKotnTE<. 


—Propositions 15-23 are problems: 15—16 explains how to find the ratio 
compounded of a number of given ratios, whose antecedent or 
consequent is a given number; 17 shows, as an immediate consequence 
of proposition 14, that the result of a removal of one ratio from another 
is simply the ratio of the mnAtkotntEc of the two ratios. Propositions 
18—23 require to find, in a plurality of cases of removal, a remainder 
having a given extreme; they operate first the removal and then, by 
taking a suitable fourth proportional, transform the remainder to a ratio 
having the given extreme. 


For Propositions 1, 8, 9, 14, and 17 cf. Document 12 in the Appendix. 

The distinguished Byzantine scholar John Chortasmenos wrote a tract 
on compounded ratios and removal of a ratio from another (we read it in 
the autograph Vindob. suppl. gr. 75, ff. 2341r-256v, a copy of which is 
Ambros. C 263 inf., ff. 195r-212r): this is nothing but a plagiarism of a part 
of Book V of Barlaam’s treatise, in particular propositions 18-23. 


lll.1.9Demetrios Cydones on Removal of Ratios 


The Middle-Palaiologan scholar Demetrios Cydones was actively engaged 
in the study of astronomy. He personally owned an important manuscript of 
Ptolemy’s Almagest, Laur. Plut. 28.1, in which we read many scholia 
penned by his own hand,293 as well as Manuel Bryennios’ scholia we shall 
deal with in section III.2.3. In one of his own scholia, Cydones asserts that 
Ptolemy did not prove all cases of removal he actually uses in his treatise, 
and sets out to prove all of them. He does so by considering the 
compounded ratios arising in a plane case of the Sector Theorem actually 
proved by Ptolemy (see sections II.4 and III.1.3). He refers to the actual 
configuration of such a plane case, that provides many instances of 
identical ratios between line segments, in order to replace identical ratios in 
compounded ratios written in standard form. Cydones treats in this way 
most of the combinatorics allowed by the Sector Theorem. 

Cydones states some of his results in general terms, and calls them 
‘porisms’ (zopiopata); cf. Document 13 in the Appendix. Since his 
arguments refer to an actual configuration of the plane case of the Sector 
Theorem, they cannot be considered as valid proofs of the general 
statements he sets out. For instance, the proof leading to his first result has 
the following argument scheme. 

—In a suitable plane case of the Sector Theorem, Ptolemy proves that a:b = 


(c:d)"(e:f). 


—To show that b:a = (d:c)°(fe). 

—In fact, the actual configuration of the plane case envisaged by Ptolemy 
gives that, for a suitable line segment h, b:a::h:c and h:d::fe. 

—Therefore, b:a::h:c = (h:d)°(d:c) = (fe)°(d:c). 

—Therefore, b:a = (d:c)°(fie). 

—Therefore, if a ratio be compounded of two ratios, the inverse is also 
compounded of the inverse ratios. 


lll.1.10George Gemistus Plethon on Composition and 
Removal of Ratios and on Taking a Fourth 
Proportional 


The short text of the distinguished Renaissance philosopher George 
Gemistus Plethon (cf. Document 14 in the Appendix) was edited by 
Heiberg as an anonymous scholium to the Elements.204 Only very recently 
the autograph, allowing the ascription to Plethon, has been discovered and 
published (Acerbi et a/. 2016). The text contains concise descriptions of the 
operations of composition of ratios, of removal of a ratio from another, and 
of taking of a fourth proportional in the most generic case. The most 
interesting feature of Plethon’s approach is that he introduces composition 
as an operation that removes the middle term between two extremes, all of 
them as a whole being conceived as a triad of terms: (a,m,b) = (a:m)°(m:b) 
— a:b. Removal is described along the same lines, the aim to keep the 
parallel between the two descriptions being evident: (a,b,c) = a:b A c:b > 
(a:c)°(c:b) — a:c. Finally, the operation of taking of a fourth proportional is 
described as follows (note that Plethon’s formulation in natural language is 
far clearer): 


(a,b,c) — [ac/b A (a:b::mic V a:m::b:c V c:biim:a V c:m::b:a)] V 
V [ab/e A (c:a::b:m V mia:b:c V c:b::a:m V m:b::a:c)| V 
V [bcla A (a:b::c:m V m:b::c:a V a:c::b:m V m:c::b:a)]. 


Ill.2Worked-out Examples of Removal of Ratios: Tabular Set- 
ups 


I11.2.1Pappus’ and Theon’s Commentaries on the Almagest 


Pappus, in the portion of his commentary on the A/magest that has been 
transmitted (namely, Books V—VI), applies the Sector Theorem and 
performs a removal of ratio from a ratio a number of times. This happens in 
iA, 81.15-83.3 and 83.4-19 (Alm. V.13), 101.16-102.15 (Alm. V.14), 


185.7-16 (Alm. V1.5), 228.5—21 (Alm. V1.6), 243.14-244.5 (Alm. V1.7) (I 

will refer to these passages as numbers from | to 6). Surprisingly enough, 

an application of the Sector Theorem does not correspond in the A/magest 

to any of these passages. Pappus applies three different procedures: it is 

always required to remove c:d from a:b, where a:b is a compounded ratio 

not written in standard form, and to find one of the terms of the remainder 

the other being given (cf. section III.1.4). Of course, a, b, c, d are dummy 

letters standing for the specific numbers set out by Pappus. 

a)Passages 3 and 4. Case d# a and c  B. In passage 3, Pappus computes m 
= (bc)/d—that is, he takes a fourth proportional m according to the 
proportion m:b::c:d—stating that “we reduce [vz0BGA@pEv] ratio c:d to 
term b by multiplying the second by the third and taking one ath of the 
result” (iA, 102.12—14). He then directly gives a:m as the remainder. 
The intended procedure (see Theon’s item i just below) inserts m as a 
middle term between a and b: a:b = (a:m)°(m:b), removes m:b::c:d and 
gets the remainder a:m. No explanatory calculation at all is provided in 
passage 4: Pappus just gives a:m as the remainder. 

b)Passages 1, 2, and 6. Case d # a and c # b, with the exception of 2, in 
which c = 6 and d# a. Pappus computes m = (ad)/b—that is, he takes a 
fourth proportional m according to the proportion a:b::m:d. He then 
sets (the verb is a passive participial form of tacos) c as a middle 
term between m and d: a:b::m:d = (m:c)°(c:d), so that m:c obviously is 
the result of the removal of c:d from a:b. In passage 1, the ratio m:c is 
immediately stated to be identical to a suitable one having the given 
consequent of 120 degrees; in passage 2, c = 120 degrees and no such 
additional step is required. No explanatory calculation at all is 
provided in passage 6: Pappus just gives the ratio transformed of m:c 
to the given consequent of 120 degrees as the remainder. 

c)Passage 5. Case d = b and c # a. Without stating it as a general rule, 
Pappus directly gives a:c (namely, the ratio of the homologous terms 
which are not identical) as the remainder. 


In the portion of his commentary on the A/magest that has been edited by 
Rome, namely, Books I-IV, Theon repeatedly has the occasion of working 
out the details of the removals of ratio from a ratio that Ptolemy only 
alludes to in his treatise. This happens in iA, 575.8-578.5 (Alm. 1.14), 
578.17-579.10 (Alm. 1.14), 591.5-594.7 (Alm. 1.16), 595.18-596.4 (Alm. 
1.16), 619.14-620.7 (Alm. II.2), 622.5-623.7 (Alm. 11.3), 624.3-13 (Alm. 
II.3) (1 will refer to these passages as numbers from | to 7). Theon applies 
three different procedures; it is always required to remove c:d from a:b, 


where a:b is a compounded ratio not written in standard form, and to find 

one of the terms of the remainder the other being given (cf. again section 

11.1.4). 

i)Passages | and 2. Case d= a and c  b. Theon takes a fourth proportional 
m according to the proportion d:c::b:m. He then takes (in all passages, 
the verb is a passive participial form of AauBdavetv) m as a middle 
term between a and b: a:b = (a:m)°(m:b), removes m:b::c:d and gets 
the remainder a:m. In passage 1, he also provides a recipe to identify 
which is the remainder and which is the ratio to be removed between 
the two compounding ratios that result from inserting m as a middle 
term: one must always remove the second compounding ratio, that is, 
the one containing the consequent of the ratio from which the removal 
is going to occur (iA, 577.1-4). 

ii)Passages 3 to 6. Case d# a and c ¢ b, with the exception of 5, in which c 
= b and d # a. Theon computes a fourth proportional m according to 
the proportion a:b::m:d, but takes c as a middle term between x and d: 
a:b::m:d = (m:c)°(c:d), so that m:c obviously is the result of the 
removal of c:d from a:b. Passage 3 is enriched by a remark to the 
effect of introducing an alternative procedure, identical to that which 
we have called ‘with respect to the antecedent’ (cf. again section 
I1.1.4). Theon also points out that, in this case, the middle term does 
not yield the result with respect to the antecedent of the ratio from 
which the removal is going to occur, but with respect to the 
consequent. Therefore one must always remove the first 
compounding ratio, and keep the second as the remainder. At the end 
of this very passage, he comments on the variety of cases involved in 
the operation of removal of ratios (iA, 592.19-594.6). 

ili)Passage 7. Again case d # a and c # Bb. Theon takes a fourth proportional 
m according to the proportion c:d::a:m. He then takes m as a middle 
term between a and b: a:b = (a:m)°(m:b), removes a:m::c:d and gets 
the remainder m:b. Without stating it as a general rule, he removes the 
first compounding ratio, that is, the one containing the antecedent of 
the ratio from which the removal is going to occur. 


If the consequent or the antecedent of the remainder do not coincide with 
the given consequent or the given antecedent (passages 3, 4, 6, 7: the given 
value is always 120 degrees), Theon shows how to transform the remainder 
to a ratio having the given term; this is done by means of a further taking of 
a fourth proportional. We have seen (and we shall see again) that a number 
of commentators will consider this final ‘fitting’ as an integral part of the 


operation of removal. 
I11.2.2Two Ancient Scholia to Ptolemy’s Almagest 


The context is the same as that outlined in section III.1.3. The scholia 
described here (cf. Document 5 in the Appendix) almost immediately 
follow, in the margins of our manuscripts of the Almagest, the scholium 
described in section III.1.3 (cf. Document 4 in the Appendix). 

The first scholium presented in this section works out the details of the 
procedure of removal of ratios.295 It does so by outlining first a general 
prescription. A tabular set-up allowing to perform the removal in an orderly 
way is then described. The tabular set-up so described coincides with a 
second scholium, to be seen below. In the general prescription, the case in 
which the antecedent (consequent) of the compounded ratio coincides with 
the antecedent (consequent) of the removed ratio is treated first: the terms 
different from those which coincide will form the ratio resulting from the 
removal. This case is exemplified by setting out two triples of numbers, 12 
6 4 and 12 4 3, joined by suitable arcs, so as to make clear that the 
compounded ratio coincides with 12:4 or 12:3, respectively, the removed 
ratio with 12:6 or 4:3, respectively (that is: no arc joins 6 and 4 in the 
sequence 12 6 4, no arc joins 12 and 4 in the sequence 12 4 3). The triple 
12 4 3 coincides with the one set out to the same effect in the scholium 
described in section IIJ.1.3, but there the removed ratio is 12:4. 

The general case is dealt with by taking a suitable fourth proportional; 
the numerical examples, set out in a standard chi-shaped scheme of 
calculation, are heavily corrupt and cannot be reconstructed without 
introducing arbitrary corrections. The general prescription runs as follows, 
taking again a:b = (c:d)°(e:f) as a reference: (i) if you want to remove the 
first compounding ratio, make c:d::a:m and the remainder is m:b; (ii) if you 
want to remove the second compounding ratio, make d:c::b:m and the 
remainder is a:m. 

After this, the scholium describes the tabular set-up associated to the 
removal alluded to in the A/magest passage to which the scholium itself 
refers. This amounts to a modification of the standard chi-shaped scheme 
of calculation of a fourth proportional; the gist of the description resides in 
the general indications about the places to be assigned, in the tabular set- 
up, to the relevant terms of the given ratios, namely, the compounded ratio 
and the removed ratio. After performing the calculation and identifying its 
result with the relevant chord, the scholiast points out that the case at issue 
is particular, since the antecedent of the remainder (that is, of the 


compounded ratio: the removal is made according to procedure (ii) above) 
is equal to the given antecedent of the sought ratio. If they were different, 
one simply would have to take again a fourth proportional between the 
terms of the remainder and the given antecedent of the sought ratio (note 
that the scholiast does not state this in general terms). On the other hand, 
the scholiast rightly omits the case in which the removed ratio comes first 
in order: as he himself claims, one has to “operate in a similar way”, the 
only difference being that one has to put the first number in order of the 
removed ratio under the first number in order of the compounded ratio. All 
in all, this is the simplest and most concise exposition of the operation of 
removal of a ratio. 

The tabular set-up described by the main scholium, and attested as a 
further scholium, can be summarized as follows: one has to remove the 
compounding ratio 60:120 from the compounded ratio 120:48;31,55. One 
sets first in a row the terms of the compounded ratio, then (in case the 
assigned compounding ratio comes second in order) the consequent 120 of 
the ratio to be removed under the consequent of the compounded ratio, and 
its antecedent on the side of the former consequent, ‘in the intermediate 
space’. A standard chi-shaped scheme of calculation of a fourth 
proportional gives the result 24;15,57, to be written between the terms of 
the compounded ratio, with ‘4th’ marked above. Now there are three terms 
in a row: 120 and 24;15,57 and 48;31,55; in order to find the remainder of 
the removal of ratio 24;15,57:48;31,55 (which is identical to ratio 60:120) 
form ratio 120:48;31,55, it is enough to look at the first two terms in the 
row. Here is the tabular scholium, where arcs also connect the terms of the 
compounded ratio and the terms of the remainder. 


The ratio of that under the double of ZA 
to that under the double of AB 


ie 


120 24 1557 48 31 55 


The ratio of that under 
the double of Z 
© to that under the 6 120 


double of © H a ee 


The ratio of that under 
the double of HE 
to that under the double of EB 


I11.2.3Manuel Bryennios’ Scholia to Ptolemy’s Almagest 


Manuel Bryennios’ autograph scholia on Ptolemy’s A/magest have been 
edited and studied only very recently (Acerbi & Pérez Martin 2015). Four 
of the five scholia perform in all details some removals only alluded to by 
Ptolemy. The fifth scholium (cf. Document 1] in the Appendix) describes a 
tabular set-up of the calculations involved in the related removal. The 
procedures at work in the first four scholia can be summarized as follows. 

The compounded ratio a:b = (c:d)°(e:f) is given and it is required to 
find e. Take a fourth proportional m such that a:b::m:d. Write a ‘fictitious’ 
compounded ratio (m:c)°(c:d) = m:d::a:b = (c:d)°(e:f). This entails that 
e:f::m:c. Now, if c =f, one immediately has m = e (first and third scholium). 
If, however, c #f, by taking again a fourth proportional e of antecedent and 
consequent of the remainder m:c of the ‘fictitious’ compounded ratio and of 
term f—that is, by identifying the two remainders above—namely, m:c::e:/, 
one gets the required term as e (second and fourth scholium). Bryennios’ 
procedure, which is an elaboration (with obvious lexical loans) of Theon’s 
prescriptions seen in section [IJI.2.1, can be viewed as an application of the 
method of simple false position. 

The fifth scholium runs as follows.296 The Sector Theorem gives rise to 
the relation a:b = (c:d)°(e:f), where a = 70;32,3, b = 97;4,56, c = 117;31,15, 
d = 24;15,57, f= 120; to find e. Ratio a:b is given and we have first to find 
e:f by removal of c:d. Let us trace a diagram in form of letter chi and place 
(1) at its two upper extremes from left to right, the consequent and the 
antecedent of the compounded ratio, respectively; (ii) at its lower left 
extreme, the consequent of the removed ratio. Write at the lower right 
extreme of the chi the result m = 17;37,45 of taking the fourth proportional 
of the terms set out according to this very diagram, namely, by multiplying 
the two terms coupled by a stroke of the chi and by dividing the result by 
the uncoupled term: b:a::d:m. By the side of this result, between the two 
lower extremes of the chi, place the antecedent of the removed ratio. As 
explained above, if one writes a ‘fictitious’ compounded ratio (c:d)°(e:f/) = 
a:b::m:d = (m:c)°(c:d), and if one has that c =f; one immediately gets e =m 
= 17;37,45. But c # f, and by taking again a fourth proportional by means 
of a chi-diagram, applied to antecedent and consequent of the remainder 
m:c of the ‘fictitious’ compounded ratio and to the term f= 120 that had not 
yet been employed—that is, by identifying the two remainders above— 
namely, by setting m:c::e:f, one gets e = 18;0,15. 


I11.2.4George of Trebizond’s Isagoge to the Almagest 


The renowned Cretan scholar and translator George of Trebizond operated 


in early-Renaissance Italy. Among his several activities, in 1451 he both 
translated Ptolemy’s Almagest from Greek into Latin and redacted a 
monumental commentary thereon, still lying unedited. He had a complex 
personality which eventually drove him to quarrel with almost all scholars 
of his time. His controversy with cardinal Bessarion, whom he also thought 
to be the Antichrist, had as a consequence that Regiomontanus, an associate 
of Bessarion, wrote an even more monumental counter-commentary on the 
Almagest, explaining in detail where his rival was wrong, and where Theon 
of Alexandria, in his turn attacked by George of Trebizond, was right.297 
Since George of Trebizond’s skills as a translator of scientific texts were 
also questioned by Jacobus of Cremona, a translator of Archimedes from 
Greek into Latin, the fate of George of Trebizond’s scientific translations 
was decided already at the end of the fifteenth century. 

The first section of George of Trebizond’s commentary is the so-called 
Isagoge, a computational primer on the Al/magest, very much in the style of 
the Prolegomena and of its Byzantine avatars. I have studied this text in 
detail in view of a forthcoming edition. Here is a summary of the sections 
on compounded ratios and removal. 

The operation of composition of ratios is first introduced: “a 
composition of ratios is that obtained from two ratios, and a compound 
ratio is that composed of two ratios, either rational or irrational” (obvOEo1c 
Loyov éotiv 7 &k S00 Ady@V ODVAYOLEVH, Kai ODVOETOS AGYOS O EK SbO 
OVVLOTOPEVOG AOYOV PYTHOV 7 appytav).298 After a long series of examples, 
partly intended to clarify the difficulties involved in compounding 
irrational ratios, George of Trebizond shows, again by means of examples, 
that “the denomination of compound ratios can be found [...] once the 
numbers denominating the compounding ratios are multiplied” (yj dé 
Tapovonacia TaV GvVOETOV AGyav ebpytat [...] TOAAATAGOLACOMEVOV TOV 
MAPOVOLACOVTOV TOUS OvvTLBEVTAS AOyOUG dpLOudv). After a further series 
of examples, a final remark points out that any numerical ratio can be 
thought of as compounded of the ratios of the square roots of its terms. 

As for removal, it is defined as follows: “a removal of a ratio from a 
ratio is that by means of which, one of the compounding <ratios> being 
thrown away, the other is left over” (4paipsoic AOyou And AGyov éoTi SV’ Hc 
TOD ETEPOD TOV ODLVTLOEVT@V ATOppIPVEVTOG O EtEpOG AnOoAEinetal). The 
computational tool of ‘chiasmus’ (yiao0p6c), or ‘crosswise arrangement’ 
(cf. sections HI.2.2 and III.2.3) is introduced, in order to perform the 
removal (cf. Document 15 in the Appendix). If you are given a 
compounded ratio written in standard form, for instance 2:8 = (2:4)°(4:8), 
whose terms are usually written as the sequence 2 4 8, put the terms of the 


compounded ratio 2 and 8 at the upper extremes of a chi-shaped scheme, 
the terms of one of the compounding ratios, say 2 and 4, at the lower 
extremes of the same chi-shaped scheme, perform crosswise multiplication 
and write the results below the corresponding term of the compounded 
ratio, thus: 


2 8 


8 16 


The ratio of the results is the remainder, as is easy to check: if a:b = 
(a:c)°(c:b), the operation performed on the chi-shaped scheme amounts to 
taking the ratio of ac to ab, which is obviously identical to c:b. If we put 
the terms of the other compounding ratio, namely, c and b, below the terms 
a and b of the compounded ratio, we get ab to cb, which give rise to the 
other compounding ratio a:c. 

If the given compounded ratio is not written in standard form, the same 
chi-shaped scheme provides again the two terms of the reminder, according 
to the following set-up: 


a b 


ae 


c d 
ad be 


Since ad:bc is the remainder of the removal of ratio c:d from ratio a:b, 
George of Trebizond’s prescription is correct and a most general one. He 
backs up his prescription by a further rule, allegedly conforming to 
Ptolemy’s practice: put the four terms of the compounded and of the 
removed ratio in a row, in such a way that those of the compounded ratio 
are the first and the third term, thus: a c b d. Then the remainder can be 
found in four different ways. Form the product of the middle terms c, b or 
that of the extremes a, d; divide by either of the extremes or of the middle 
terms, respectively; form the ratio which has the result of the division as 
the consequent (resp. antecedent) and the term not yet employed among a c 
b d as the antecedent (resp. consequent): this ratio is the remainder. This 
amounts to write the remainder ad:bc in one of the following four ways: d: 
(a/bc), a:(d/bc), (ad/b):c, (ad/c):b. 


IVConclusion 


The evidence collected above shows that compounded ratios and removal, 
as a theoretical theme and not as a tool, were exegetical topoi, related to 
two very specific loci of the Greek mathematical corpus: the Sector 
Theorem in the A/magest (more specifically related to removal) and VI.df.5 
of the Elements (more specifically related to compounded ratios). Still, the 
expositions of the topic did not organize in exegetic chains. On the 
contrary, the slight variations in the actual procedures adopted to 
implement an algorithm that involves just a couple of basic arithmetic 
operations show that, with some exceptions, our sources worked 
independently. One of the reasons must have been that, on the logistic side, 
no general recipe for removing ratios was provided in Theon’s commentary 
on the Almagest, and that, on the number-theoretic side, no general 
exposition was provided before the Late Antiquity—at least if we are to 
believe what Eutocius says, and if we concede that he had access to all 
relevant sources. 

As for the exceptions, we may safely assert: that the exposition of 
removal in the A/magest scholium that eventually came to be ascribed to 
Domninus (section III.1.3) and the one in the Prolegomena (section III.1.4) 
have the same origin, whereas a different, and simpler approach is 
suggested in another A/magest scholium (section III.2.2); that Leo (section 
11.1.5) simply appropriated an anonymous scholium that provided a proof, 
different from the one we read in Eutocius (section II.1.2), of the basic 
result about compounded ratios written in standard form; that Bryennios 
(section HI.2.3) obviously followed Theon (sections III.1.1 and III.2.1). 
Two authors stand in isolation: Barlaam (section III.1.8), whose treatise on 
the number-theoretical foundations of logistic I regard as the solitary 
achievement of brilliant mind; George of Trebizond (section III.2.4), whose 
approach may however depend on medieval Latin sources to an extent that 
future researches will determine. Other authors either contributed trivial 
material to the issue (this is the case of Maximus Planudes: section III.1.6), 
stated general rules supported however by non-general proofs (Demetrios 
Cydones: section III.1.9) or by no proofs at all (George Pachymeres: 
section III.1.7), or just jotted down a few lines trying to catch the gist of the 
operations of composition and removal (George Gemistus Plethon: section 
IiI.1.10). 

Compounded ratios were used perfunctorily in the geometric tradition 
(sections II.1—6), from the Elements to Pappus; they allowed Apollonius to 
treat a number of properties of conic sections in a compact way; they 


allowed to formulate mathematical problems that would otherwise have 
been beyond reach of the Greek mathematical lexicon (the loci on more 
than four lines). 

The logistic tradition dealt with the issues of compounded ratios and, 
more specifically, of removal of ratios in the context of the applications of 
the Sector Theorem—that is, one must stress, in a numerical context. In 
any such application, a compounded ratio is provided not written in 
standard form and it is required to find one of the terms, say e in a:b = 
(c:d)°(e:f), the others being given. Is this trivial?—After all, it is enough to 
calculate e = adf/bc: three multiplications and one division. It was not. 

There are two facets to the issue. First, the basic operational unit of 
what we formulate as a sequence of two multiplications and one division 
was almost invariably conceptualized as a taking of a suitable fourth 
proportional: three numbers a, b, c being given in this order, the associated 
fourth proportional m(abc) satisfies the proportion a:b::c:m and, as a 
consequence, can be calculated as m = bc/a. A first complication came 
from the fact that, on the one hand, in order for m to be a fourth 
proportional, its position in the above proportion is immaterial: it is not a 
fourth proportional because it is placed in the fourth position—but, on the 
other hand, changing the position of the fourth proportional in the above 
proportion amounts to calculating a different number. Was this problem 
settled once and for all by adopting a convention?—It was not. 

Second facet of the issue, the calculations leading to the value of e in 
a:b = (c:d)°(e:f) were almost invariably split in two operations: first, to 
remove ratio c:d from the compounded ratio a:b in order to single out a 
ratio x:y corresponding to e:f; second, since both f and the ratio 
corresponding to e:f are given, to determine e, which is given by Data 2. 
The point is that the ratio corresponding to e:fis given as the remainder of a 
removal, so that in general its consequent y is not equal to f again, one has 
to take a fourth proportional m(yx/) in order to finally find e. Since removal 
of ratios almost uniquely occurred in the applications of the Sector 
Theorem, were these two operations unified under one single standard 
prescription, possibly admitting branchings in its formulation?—They were 
not. 

Still, the general procedure for solving the above compounded ratio for 
e would simply entail no more than two nested takings of a fourth 
proportional: e = m(cm(bad)f)—‘Simply’? 


Appendix 


Document 1: Extracts from Euclid, Sectio Canonisz299 


1. If a multiple interval compounded twice [dic ovvte#év] make some 
interval, it will also be multiple. 

Let there be an interval BI; and let B be a multiple of I, and let, as I is 
to B, B be made to A. Then, I assert that A is a multiple of T. 

In fact, since B is a multiple of I, therefore [ measures B; and, as I is 
to B, B was to A, so that I also measures A; therefore A is a multiple of T° 
3. If an interval compounded twice make the whole multiple, it will also be 
multiple. 

4. If a non-multiple interval be compounded twice, the whole will neither 
be multiple nor superparticular. 

5. If an interval compounded do not make the whole multiple, it will not be 
multiple either. 

6. A double interval turns out to be composed [ovvéotnkev] of the two 
greatest superparticular intervals, both the sesquialter and the sesquitertian. 
7. From a double interval and a sesquialter, a triple interval results. 

In fact, let A be double of B and B sesquialter of I. I say that A is triple 
of [. 

In fact, since A is double of B, therefore A is equal to two B. Again, 
since B is sesquialter of I, therefore B contains I and half of it; therefore 
two B are equal to three I’; and two B are equal to A; therefore A is also 
equal to three I: therefore A is triple of [. 

8. If from a sesquialter interval a sesquitertian interval be removed, the 
remainder is left out as sesquioctave. 

In fact, let A be sesquialter of B and let I be sesquitertian of B. I say 
that A is sesquioctave of I. 

In fact, since A is sesquialter of B, therefore A contains B and half of it; 
therefore eight A are equal to twelve B. Again, since I is sesquitertian of 
B, therefore [ contains B and a third of it; therefore nine I are equal to 
twelve B; and twelve B are equal to eight A; therefore eight A are equal to 
nine T; therefore A is equal to T and an eighth of it; therefore A is 
sesquioctave of I° 


Document 2: Pappus, Collectio VII.240300 


Let A to B have the ratio conjoined both of that which T has to A and of 
that which E has to Z. That F also has to A the ratio conjoined both of that 
which A has to B and Z to E. 

In fact, let the <ratio> of A to H be made identical to that of E to Z. 

Now, since <the ratio> of A to B is conjoined both of that of T to A and 
of that of E to Z, that is, of A to H, but the <ratio> conjoined both of that 
which [ has to A and of that which A has to H is that of I to H, therefore, 
<as> A is to B, so Tis to H. And since I has to A the ratio conjoined both 
of that which I has to H and of that which H has to A, but the <ratio> of T 
to H has been proved identical to that of A to B, and by inversion the 
<ratio> of H to A is identical to that of Z to E, therefore I also has to A the 
ratio conjoined both of that which A has to B and of that which Z has to E. 


Document 3: Theon’s Main Arguments301 


In fact, let AB to TA and IA to EZ have a given ratio. I say that the ratio of 
AB to EZ is compounded both of AB to TA and of IA to EZ, that is, that, if 
the value of the ratio AB to IA be multiplied by that of TA to EZ, it makes 
that of AB to EZ as a value of ratio. 

In fact, let first AB be greater than AT and TA than EZ, and let AB be 
double of TA and IA triple of EZ. Now, since IA is triple of EZ and AB 
double of TA, therefore AB is sextuple of EZ—since, if we double the triple 
of something, the sextuple of it also results, for this is a ‘composition’ in 
strict sense. 

Or in this way here. Since AB is double of TA, let AB be divided into 
AH, HB equal to TA. And since IA is triple of EZ, exactly for the same 
reasons HB is also triple of EZ; therefore AB as a whole is sextuple of EZ; 
therefore, through the middle term TA, the ratio of AB to EZ turns out to be 
deduced to be compounded both of that of AB to TA and of TA to EZ. 

And similarly, even if TA be less than any of AB, EZ, the same will be 
deduced. In fact, let again AB be triple of TA and TA half of EZ. And since 
TA is half of EZ and AB triple of TA, therefore AB is sesquialter of EZ— 
for, if we triple the half of something, it will contain it once and one half 
time. 

Or also in this way. Since AB is triple of TA and TA half of EZ, EZ is so 
many two of which AB is three equal to TA, so that AB will be sesquialter 


of EZ; therefore, through the middle term TA, the ratio of AB to EZ turns 
out to be deduced to be compounded both of that of AB to TA and of TA to 
EZ. 

But now, again, let TA be greater than any of AB, EZ, and let AB be 
half of [A and TA sesquitertian of EZ. Now, since TA is so many four of 
which AB is two and EZ is so many three of which IA is four, therefore EZ 
is also so many three of which AB is two; therefore, through the middle 
term TA, the ratio of AB to EZ—the one of two to three, subsesquialter— 
turns out to be deduced again to be compounded both of the subdouble and 
of the sesquitertian. Exactly in a similar way also for several <terms> and 
in the other cases. [...] 

We shall prove that if[, inversely,] a ratio be compounded of two ratios, 
one of the compounding <ratios> is compounded both of the remaining 
compounding <ratio> inversed and of the compounded one. 

In fact, let the ratio of A to I, once B is taken as a middle, be 
compounded both of that of A to B and of B to I. I say that the ratio of A to 
B is also compounded of that of A to and of T to B. 

And it is immediately evident: for, if we place B after I, the ratio of A 
to B, once [ is taken as a middle, will be compounded both of that of A to 
T and of F to B. 


Document 4: The Almagest Scholium at the Origin of the 
Treatise Ascribed to Domninus of Larissa302 


When we undertake to remove a ratio from a ratio, it is clear that this is 
nothing other than to resolve [610Aboa1] the ratio from which the removal is 
going to occur into the removed <ratio> and the remaining <ratio> after 
this. And in fact that from which the removal is going to occur is 
compounded of the removed <ratio> and the remainder after this—for the 
lesser <ratio> is removed from the greater. Now, how will the resolution 
come to occur? Or is it clear that <it will> conversely to composition. A 
ratio is said to be compounded of ratios when the values of the ratios, 
multiplied by one another, make some. If, in fact, another term is set 
between two terms, the ratio of the first to the second, multiplied by that of 
the second to the third, makes the ratio of the extremes, whatever the 
middle <term> might be. For instance, let 4 be a middle of 2 and 8. Now, 
since 2 has to 4 the ratio of a half, and likewise 4 to 8, I multiply a half by a 
half and I make 4, and I find that 2 is a fourth part of 8. Yet even if I set 40 
instead of 4 as a middle term, the <ratio> of 2 to 8 is, again, compounded 
both of that of 2 to 40 and of 40 to 8, for 2 is a 20 part of 40, 40 is 


quintuple of 8, and 9 times 5 makes 44. 

Now, since a ratio is said to be compounded of ratios exactly when the 
values of the ratios, multiplied by one another, make some, it is clear that, 
if a given ratio be removed from a given ratio, the remainder will also be 
given. For if we have both the value of the ratio from which the removal is 
going to occur and the <value> of the removed <ratio>, we will also have 
the remaining value, which, when it is multiplied by the value of the 
removed <ratio>, makes the one of the compound <ratio>, /%,. 

Now, if one removes the value of the lesser of the given ratios from the 
one of the greater, this will come about in two ways, either by the lesser 
ratio being transposed to the greater and fitted to it, or by the greater being 
transformed into the lesser and made to contain it; and each of these cases 
will be accomplished in two ways. For, each of the ratios having an 
antecedent and a consequent, if the least is going to be fitted into the 
greater ratio, the removal will occur either with respect to the antecedent 
(as for 12 4 8) or with respect to the consequent of the greater ratio (as for 
12 414 3) from which the removal is going to occur; if the greater <ratio> 
has been transformed into the lesser, again, the removal will occur either 
with respect to the antecedent or with respect to the consequent of the 
lesser. 

Now, this is the way it should be done in general. But if we should 
happen to find in the greater and the lesser ratio the same term in either the 
antecedent or the consequent, finding <the ratio> will be easier for us, for 
these <terms> other than the identical terms will contain the remaining 
ratio. For instance, from the ratio of twelve to 3, let it be required to 
remove that of 12 to 4; 12 being fitted to 12 and 4 being set as a middle 
<term>, the ratio of 12 to 4 turns out to be removed, and that of 4 to 3 
remains, which is sesquitertian, for sesquitertian multiplied by triple makes 
quadruple. Here, too, it is similarly possible to carry out the transition from 
the greater to the lesser or from the lesser to the greater, and the removal 
can occur with respect to either the antecedent or the consequent. 


Document 5: The Tabular Set-up Described in an Almagest 
Scholium303 


If, removing a given ratio from a given ratio, we want to find the remaining 
«ratio», if the antecedent of the removed <ratio> is found to be identical to 
the antecedent of the ratio from which one removes, or the consequent 
identical to the consequent, the terms in the ratios that are different 
immediately contain the remaining ratio (as for 12 6 4 or 12 4 3), for the 


remaining term of the removed ratio will come to be a middle <term> of 
the <terms> containing the ratio from which one removes. If, instead, there 
is no such relationship among the <terms>, one must make, either (namely, 
when the removed ratio is first among the compounding <ratios>) as the 
antecedent of the removed <ratio> to its consequent, so the antecedent of 
the ratio from which the removal is going to occur to some other 
<number>, or (namely, when the removed ratio is second among the 
compounding <ratios>) as the consequent to the antecedent <of the 
removed ratio>, so the consequent of the ratio from which the removal <is 
going to occur> to some other <number>—for the fourth proportional, 
together with the remaining <term> that contains the ratio from which the 
removal is going to occur, will make the remaining ratio. 


16 8h 4 16 Bith 4 
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In which way must these things be carried out, and in which way must we 
arrange the numbers, we shall learn as follows. We first arrange those of 
the compounded ratio, and we take first the first in the ratio, and second the 
second (namely, first 120 and second 48;31,55). Next, since we have 3 
numbers given and one single ratio given among the compounding 
<ratios>, we arrange next underneath the ratio which is given among the 2 
compounding ratios. And, if the given ratio comes last in order (as in the 
theorem at issue), we arrange the last number in order of the given ratio 
under the the last number in order of the compounded ratio (namely, 120 
under 48;31,55), and we arrange the first <number> of the given ratio 
(namely, 60) in between, and so to speak in the intermediate space, and 
multiplying 60 by 48;31,55 and dividing by 120 we find 24;15,57, and we 
arrange it above 60, and, clearly, we have removed from the ratio of 120 to 
48;31,55 the given ratio of 24;15,57 to 48;31,55 (for it is identical to that of 
60 to 120) and we have the ratio of 120 to 24;15,57—-which we also seek— 
given as a remainder. 

Now, since we have found the sought ratio as that of 120 to 24;15,57, 
and the sought ratio was that of the <chord> under the double of <arc> ZO 
to that under the double of @H, therefore we have the ratio of the <chord> 
under the double of <arc> Z© to that under the double of @H, namely, that 
of 120 to 24;15,57; and that under the double of ZO is 120 (which is also 
that under the double of ZA); therefore that under the double of OH is 
24;15,57. And in this way we may find how much is it that under the 
double of OH. If instead that under the double of Z© had not been 120, but 
by hypothesis 40, we would have made, as 120 is to 24;15,57, so 40 to 


some other <number>, and in this way we may find how much is it that 
under the double of OH. We shall operate in a similar way even if the 
sought ratio happens to be the last in order. 


Document 6: Eutocius on Sph. Cyl. 1.8304 


Let there be four terms A, I, A, B. I say that the ratio compounded of that 
of the <rectangle contained> by A, B to the <square> on I with [peta] the 
ratio of B to A is identical to that of the <rectangle contained> by A, B 
times [€zi] B to the <square> on T times A. 

In fact, let K be equal to the <rectangle contained> by A, B, and A to 
the <square> on I; and let, as B is to A, so A come to be to M; therefore the 
ratio of K to M is compounded of that of K to A, that is, of that of the 
<rectangle contained> by A, B to the <square> on J; and of A to M, that is, 
of B to A. 

Then, let K multiplying B make N, and A multiplying B make &, 
multiplying A make O. 

Now, since the <rectangle contained> by A, B is K, and K multiplying 
B turns out to make N, therefore N is that by A, B times B. Again, since the 
<square> on I is A, and A multiplying A turns out to make O, therefore O 
is that on I’ times A, so that the ratio of that by A, B times B to that on I 
times A is identical to that of N to O. Therefore one has to prove that the 
ratio of K to M is identical to that of N to O. 

Now, since each of K, A multiplying B turns out to make each of N, &, 
therefore, as K is to A, so N is to &. Again, since A multiplying each of B, 
A turns out to make each of ©, O, therefore, as B is to A, = is to O; but as B 
is to A, A is to M; therefore, also, as A is to M, = is to O; therefore K, A, M 
are in the same ratio as N, ©, O taken two and two; therefore, also, ex 
aequali [dv’ icov], as K is to M, so N is to O. 


Document 7: Eutocius’ Main Proof 305 


Let there be two given numbers A, B and let a certain middle I be taken of 
them. Then one must prove that the ratio of A to B is conjoined of that 
which A has to [ and TI to B. 

In fact, let the value A of ratio A, T and E of <ratio> IT, B, be taken[; 
therefore [ multiplying A makes A and B multiplying E makes I]. Then, 
let A multiplying E make Z. I say that Z is the value of the ratio of A to B, 
that is, that Z multiplying B makes A. 


In fact, let B multiplying Z make H. 

Now, since B multiplying Z turns out to make H and multiplying E 
<turns out to make> [5 therefore, as Z is to E, H is to I. Again, since A 
multiplying E turns out to make Z and multiplying I turns out to make A, 
therefore, as E is to I, Z is to A; alternately, as E is to Z, Tis to A; and 
inversely, as Z is to E, so A is to T; but as Z is to E, H was proved to IT; 
therefore, also, as H is to I, A is to [; therefore A is equal to H; [but B 
multiplying Z turns out to make H;] therefore B multiplying Z also makes 
A; therefore Z is the value of the ratio of A to B; and Z is A multiplied by 
E, that is, the value of ratio A, I by the value of ratio I, B; therefore the 
ratio of A to B is compounded both of that which A has to T and T to B]. 


The proof at in Con. argues more effectively, replacing the underlined text 
with 


Now, since A multiplying E turns out to make Z and multiplying I turns 
out to make A, therefore, as E is to Ij Z is to A. Again, since B multiplying 
E turns out to make I’ and multiplying Z turns out to make H, therefore, as 
E is to Z, I is to H; alternately, as E is to I, Z is to H; and, as E is to I, Z 
was to A; 


Document 8: Leo’s Main Proof and Example of Removal3o6 


This being established as a preliminary, let there be a magnitude A having a 
ratio to B, let the value of this ratio be I, and between A, B let a chance 
magnitude A fall. I say that the ratio of A to B is conjoined both of that 
which A has to A and A to B. 

In fact, it is clear that B, multiplying the value I’ of the ratio, made A. 
But again, since magnitude B, multiplying the value Z of the ratio of A, B, 
turns out to make A, but, also, magnitude A, multiplying the value E of the 
ratio of A, A, turns out to make A, therefore by the first lemma, since B, 
multiplying the <number resulting> from B, Z, exactly turns out to make 
A, therefore B, multiplying the <number resulting> from E, Z, also turns 
out to make A. But indeed, both the <number contained> by B, I is A, and 
again that <contained> by B, Z, E is A; therefore that <contained> by B, I 
is equal to that <contained> by B, Z, E; therefore the value I of the ratio of 
magnitudes A, B is equal to that resulting from the values E, Z; therefore 
the value I is compounded of <value> E multiplied by Z. We shall say the 
same also if a magnitude fall between A, A, and again if another fall 
between B, A, for it is the same procedure. 


But now, thus, let it be supposed A having to B the ratio that number 17 
has to 13, and <let it be supposed> to remove that which has the ratio of 19 
to 11 from it. Now, as 19 is to 11, so I do 17 to 187 nineteenths; therefore 
the ratio of 1875 to 13 units stands as a remainder, that is, if we make 13 
nineteen times, in smallest numbers, those of 187 to 247. 


Document 9: George Pachymeres’ Rules307 


When we want to find which ratio is compounded of any given different 
ratios, we first take their values and multiply them by one another, and we 
write down the number resulting from their multiplication (whether it is 
integer or it also has a part or parts). Then we search which ratio is 
denominated by such a number, and, whatever it is, that is the <ratio> 
compounded from the composition of the given ratios. 

One must know that, whenever we set out to remove a ratio from a ratio 
—in any case the lesser from the greater—we first take the two terms of the 
greater ratio (the antecedent and the consequent), from which we set out to 
do the removal, and write them down. Then we take the lowest 
[mv0pEviKovc] terms of the lesser ratio, which we also set out to remove, 
and similarly also write them down on a straight line with the said terms of 
the greater ratio. Then we multiply the consequent term of the greater by 
the antecedent of the lesser, and write down separately the number resulting 
from the multiplication of such terms. Then we take it and and we divide it 
by the consequent term of the lesser ratio, and, taking the number resulting 
from its division, we write it down between the two terms of the greater 
ratio: for this will also necessarily have, to the consequent term of it, the 
ratio itself that we also set out to remove from it. Then we remove such a 
term [scil. the said consequent]—which, clearly, also serves as a 
consequent of the ratio taken by proportion, that we also set out, as we have 
said above, to remove from it [sci/. the greater ratio]—so that such a ratio 
[scil. the lesser ratio] would also have been removed at the same time with 
it: and in fact, once whatever term is removed of those that are considered 
to one another in some ratio, necessarily the ratio itself, of which this 
<term> either is the antecedent or the consequent, is also removed at the 
same time. 


Document 10: Maximus Planudes’ Scholiums30s 


Of the most learned Maximus Planudes, to the definition ‘ratio from ratios’ 


of the sixth, namely, that every ratio can be compounded by two, three, or 
several ratios. For instance, the double <ratio> 12 to 6 is compounded of 
two ratios: sesquitertian and sesquialter (both 8 to 6 and 12 to 8), but is also 
compounded of three: sesquitertian 8 to 6, sesquiquartum 10 to 8, and 
sesquiquintum 12 to 10. Similarly also from several <ratios>. Now, once 
the <numbers> paronymous to the compounded ratios are taken and 
multiplied by one another, it results a number paronymous to the 
compounded ratio. For instance, since, as said, the double is compounded 
of sesquitertian and sesquialter, and the sesquitertian has once and a third 
of the whole under it, I take one unit instead of once and |; instead of a 
third. Again, since the sesquialter has once and a half of the whole under it, 
I similarly take one unit instead of once and 4 instead of a half. Now, I 
multiply these numbers—of course, one unit and a third by the other one 
unit and a half, and it results two units, that are paronymous to the double. 
The multiplication can be performed as follows: once one, one: here it is, 
one unit; once a half, a half; and again a-third times the unit, that is, a third 
of the unit, a third; and a-third times the half, namely, a third of the half, a 
sixth. A half and a third and a sixth <give> one unit, that, compounded 
with that before it, gives two. 

In this way, also, from a double and a triple it results a sextuple, for I 
take two units instead of double, three instead of triple, and I multiply these 
by one another, and it results six. 

If instead the double be compounded of three <ratios>, as shown above: 
sesquitertian, sesquiquartum, and sesquiquintum, I take again one unit and 
a third instead of sesquitertian, one unit and a fourth instead of 
sesquiquartum, one unit and a fifth instead of sesquiquintum, and I multiply 
these by one another, and it results two units. The multiplication can be 
performed as follows: in the first place, the unit and 13 by the unit and %4: 
once one, one; once 4, 4; a-third times one, namely, a third of one, a third; 
a-third times 4, namely, /3 of Y%4, Yj2: and here it is, a unit, %4, 3, and Yo. 
Afterward I multiply the unit and Ys by the unit and 4% ¥3 Yj2, and I say: 
once one, one; once a fourth, a fourth; once a third, a third; once a twelfth, 
a twelfth; again, a-fifth times one, namely, a fifth of the unith, a fifth; a fifth 
of a fourth, a twentieth; a fifth of a third, 5; a fifth of a twelfth, a sixtieth. 
All these parts give one unit as a result, that, conjoined with that before it, 
gives two as a result. You shall know in the following way that these parts 
give a unit as a result. One must find the number (let it be taken as one 
unit) having these parts in the first place starting from a unit, and it is sixty. 
Indeed, a fourth of this fifteen, a third twenty, a twelfth five, a fifth twelve, 
a twentieth three, a fiftieth four, a sixtieth one—and fifteen, twenty, five, 


twelve, three, four, and one <give> sixty. 

And in this way, too, from a double, a triple, and a quadruple it results a 
twenty-fourfold, for instance 2 4 12 48. I take two instead of double, three 
instead of triple, four instead of quadruple, and I multiply two by three, and 
it results six. Next, four by six, and it results twenty-four, which is 
paronymous to twenty-fourfold. 


Document 11: Bryennios’ Fifth Scholium309 


Since the ratio of KA to AT, as Ptolemy says, is conjoined of the ratio of 
KA to AM and of that of ME to EI and the ratio of KA to AM is given 
whereas that of ME to EI is not given, yet it is given by means of the 
removal of the said given ratio of KA to AM (as again he himself says), it 
is necessary to biefly expound how we shall exactly remove it. 

So, one must know that, when we are performing the removal of such a 
ratio so as to find the remaining ratio (that is to say, ME), we first draw 
through two straight lines equal to one another and meeting one another in 
the middle, and we make the sign of the letter chi, in order for the 
procedure of removal of such a ratio to result perspicuous and invariable. 
Next, we put, at its upper extremes,310 both the antecedent and the 
consequent of the conjoinded ratio, from which we remove that which has 
to be removed (I mean the antecedent on the left and the consequent on the 
right, as here311 97;4,56 e 70;32,3), and again, at its lower left extreme, the 
consequent of the removed ratio (as here 24;15,57). Next, we multiply the 
consequent of the removed ratio (namely, 24;15,57) by the consequent of 
the conjoined ratio (namely, 70;32,3), and we divide (that is to say we 
apply312) the number resulting from the multiplication by one another of 
both such consequents by the antecedent of the conjoined ratio (namely, 
97;4,56), and we put, at its lower right extreme, the fourth proportional 
resulting from such a division (as here 17;37,45, for, as 70;32,3 is to 
97;4,56, so 17;37,45 is also to 24;15,57). Netx, we take the antecedent of 
the removed ratio (as here 117;31,15) and we put it between its313 two 
lower extremes. 

And since the ratio of 17;37,45 to 24;15,57 is identical to the ratio of 
KA to ATI and the ratio of 17;37,45 to 117;31,15 is again314 identical to the 
ratio of ME to EF, and the ratio of 117;31,15 to 24;15,57 is again identical 
to the ratio of KA to AM, we remove the ratio of 17;37,45 to 24;15,57 
(namely, its consequent 24;15,57315) and the ratio of 117;31,15 to 17;37,45 
(namely, of ME to EI) is left out (that is to say, it is given). 

Now if straight line KA were equal to EI, immediately we would also 


exactly have ME, which would be 17;37,45 parts. Since instead it is 
unequal (for this one is 117;31,15, that one is 120), we necessarily 
transform the ratio of 117;31,15 to 17;37,45 into that <having> 120 <as 
antecedent> and we also have in this way of how many parts exactly is ME. 
We transform it handily as follows: we again form first, as above, the 
analogous sign of chi and we put at its two upper extremes both the 
antecedent and the consequent of the ratio left out (I mean the antecedent 
on the left and the consequent on the right, namely, 117;31,15 and 
17;37,45) and 120 at its lower left extreme. Next, we multiply 120 itself by 
the said consequent of the ratio left out (namely, 17;37,45) and we divide 
the number resulting from the multiplication by one another of both such 
<numbers> by the antecedent of the ratio left out (namely, 117;31,15), and 
taking the number resulting from such a division (as here 18;0,15), which is 
the fourth proportional (and in fact, as 17;37,45 is to 117;31,15, so 18;0,15 
is to 120) we also exactly have ME, of 18;0,15 parts. Such a 
transmogrification and manipulation is called transformation of similar 
ratio starting from a proportion. 


Document 12: Some propositions of Barlaam’s Treatise of 
Logistic316 


1. To find the value of a given ratio. 

Let there be a given ratio A to B. Then one has to find the value of the 
ratio which A has to B. 

Let A be divided by B and let I result. 

Now then, I multiplying B will make A; but indeed, we call value of 
ratio a number that, multiplied by the consequent, makes the antecedent; 
and the antecedent of the ratio which A has to B is A, the consequent is B; 
therefore I’ is the value of the ratio which A has to B. 

8. If a ratio be compounded of two ratios and their values be taken, the 
same ratio is also compounded of the two ratios which its [sci/. of the 
compounded ratio] value has to each of the remaining values. 

In fact, the ratio of A, B be compounded both of the ratio of I, A and of 
that of E, Z, and let the value of the ratio of A to B be H and that of the 
<ratio> of I to A be © and that of the <ratio> of E to Z be K. I say that the 
ratio of A to B is also compounded of two ratios, both that which H has to 
© and that which H has to K. 

In fact, since the ratio of A, B is compounded both of that of I, A and of 
that of E, Z, and the value of the ratio of A, B is H and that of the <ratio> 
of I, A is © and that of the <ratio> of E, Z is K, therefore K multiplying © 


makes H. Similarly, also, © multiplying K makes H; therefore K is the 
value of the ratio which H has to © and © the value of the ratio which H 
has to K; therefore the value of the ratio which H has to ©, multiplying the 
value of the ratio which H has to K, makes the value of the ratio which A 
has to B; therefore the ratio of A to B is compounded both of that of H to © 
and of that of H to K. 

9. The values of identical ratios are equal, and the ratios whose values are 
equal are identical. 

In fact, let the ratio of A to B be identical to that of [ to A, and let the 
value of the ratio of A, B be E, that of the <ratio> of I, A be Z. I say that E 
is equal to Z. 

In fact, since E multiplying B makes A, therefore, as E is to the unit, so 
A is to B. Exactly for the same reasons, as Z is to the unit, so I is also to A; 
but indeed, the ratio of A, B has also been supposed identical to that of I, 
A; therefore, as E is to the unit, so Z is to the unit; and those having 
identical ratios to the same are equal to one another; therefore E is equal to 
Z. 

Again, let E be supposed equal to Z. I say that, as A is to B, so I is to 
A. 

In fact, since, as A is to B, so E is to the unit, and, as E is to the unit, so 
Z is to the unit—because E has been supposed equal to Z—and, as Z is to 
the unit, so I is to A, therefore, as A is to B, soT is to A. 

14. If the values of two ratios be taken, any of them is compounded both of 
the other and of the ratio which its value has to the value of the former. 

In fact, let the values of two ratios—both that which A has to B and that 
which I has to A—be taken, and let them be E, Z. I say that the ratio of A 
to B is compounded both of that which I has to A and of that which E has 
to Z. 

[J translate the alternative proof] 

In fact, let the value of the ratio of E, Z be H. 

Therefore H multiplying Z turns out to make E; and H is the value of 
the ratio which E has to Z and Z the value of the ratio of I, A and E that of 
A, B; therefore the value of the ratio of E, Z, multiplying the value of the 
ratio of I, A, made the value of the ratio of A, B, so that the ratio of A to B 
is compounded both of the ratio of I, A and of that of E, Z. Again, let the 
value of the ratio of Z, E be ©. Therefore © multiplying E turns out to 
make Z, so that the value of the ratio of Z, E, multiplying the value of the 
ratio of A, B, turns out to make the value of the ratio of I, A; therefore the 
ratio of T to A is compounded both of the ratio of A, B and of that of E, Z. 
17. A given <ratio> being removed from a given ratio, to find which is the 


ratio left out. 

Let the given ratio, from which one has to remove, be that of A, B, the 
<ratio> that one has to remove be that of I, A. Then, once the ratio of I, A 
is removed from that of A, B, one has to investigate which ratio is left out. 

Let the value of the ratio of A, B, be E and that of the <ratio> of I, A be 
Zi: 

And since the ratio of A to B is compounded both of that of to A and 
of that of E to Z, therefore, if from the ratio of A to B we subtract the ratio 
of I to A, the ratio of E to Z will be left out for us. 


Document 13: Demetrios Cydones’ General Rules317 


Since Ptolemy—even if, in the mathematical theory of what moves 
spherically, he sets out lemmas for the removals of ratios—does not quite 
seem to refer there to all removals he appears to employ in the subsequent 
books, it is necessary to preliminarily set out them, too, so that nothing can 
stand against those who approach such a theory with research aims. 
Accordingly, let the diagram of the first rectilinear lemma be set out. 

Then it is manifest from this that, if a ratio be compounded of 2 ratios, 
the inverse is also compounded of the inverse ratios; [Ptolemy] turns out to 
employ this removal in the second theorem of the second book, and 
elsewhere. 

Then it is manifest from this that, if a ratio be compounded of 2 ratios, 
one of the compounding <ratios> is also compounded both of the 
compounded <ratio> and of the remaining among the compounding 
<ratios>, taken in the inverse. 

{in the margin: this is the inverse of the first porism, for the inverse is 
compounded of the inverses} Then it is manifest from this that, if a ratio be 
compounded of 2 ratios, one of the compounding <ratios> taken in the 
inverse is also compounded both of the remaining among the compounding 
<ratios> and of the compounded <ratio>, taken in the inverse. [Ptolemy] 
employs this removal in the theorem in which he seeks the setting angle 
<contained> by the beginning of Taurus and the horizon. 


Document 14: The Definitions of George Gemistus 
Plethonsis 


A composition of ratios occurs in three terms, once a middle term is taken 
(either less than one of the extremes and greater than the other, or even 


greater than both, or even less than both) and this is removed away 
[vzeCaipovpévov | in the composition of ratios. 

A removal of a ratio from a ratio (once three terms have been set out, 
one of which is shared by the removed ratio and by that <ratio> from which 
this removed ratio has to be removed, and next a fourth proportional has 
been found in addition) leaves out the remaining term between the shared 
one among those previously set out and this fourth <proportional> found in 
addition, taken as a middle of the terms that contain the ratio from which 
the removed <ratio> has to be removed (and next either of the extremes has 
been removed away [basénpnpévov]). 

The fourth proportional term is found in addition once two terms have 
been multiplied by one another and what turns out to result from the 
multiplication has been divided by the remaining <term>; the <number> 
that turns out to result from such a division is in fact the fourth proportional 
term, which—whenever the extremes among the original terms (that is, the 
greatest and the least) multiply one another and the division occur by the 
middle—will be taken as a middle of either of the extremes and of the 
middle among the original terms—but whenever the middle among the 
original terms multiply either of the extremes and the division occur by the 
remaining <extreme>—the <terms> multiplying one another will be the 
middle <terms>, the one by which the division occurs and this one that 
turns out to result from the division, will be the extremes. 


Document 15: George of Trebizond’s ‘Chiasmus Rule’319 


I say chiasmus when we get the ratio left out by multiplying the first 
<term> by the fourth and the second by the third. For instance, in the case 
of the continuous <compounded ratio>320 2 4 8, writing down the 
compound <ratio> first, I write underneath one of the compounding 
<ratios>, thus [diagram], and multiplying by chiasmus I get 8 16; therefore 
the <ratio> left out is double, and once either of the extremes is removed, 
say 8, a double <ratio> is left out. We must always use the chiasmus in this 
way, whenever the proportion is from three terms, namely, by doubling one 
of the extremes and by writing underneath one of the compounding 
<ratios> after writing down the compound <ratio>. 

The procedure is as follows. Four numbers being given, if we divide by 
the first the result of the multiplication of the second by the third, we put it 
after the fourth and the ratio of the fourth to the result of this division is the 
<ratio> left out; if, instead, we divide by the fourth, we put it after the first 
and the sought <ratio> is that of the first to it. And if the multiplication 


occur to us the first being made by the fourth, if we divide by the second 
the result of such a multiplication, the result of the division is put before the 
third; if, instead, the division occur by the third, the result of the division is 
put before the second. 

If one likes to operate by chiasmus, one must know that the compound 
<ratio>, once the terms are written down in a row, is the first to the third. 
Let four numbers be given in a row 4 6 8 20; by chiasmus [diagram]. And 
the left out <ratio> is two-thirds-more [émmepifov dvo tpita], 80 to 48, and 
this itself is found in four ways according to Ptolemy’s practice. In fact, 
multiplying the second (namely, 6) by 8 (namely, the third) I get 48, and if I 
divide it by the first (namely, 4), I get 12, and, as 80 is to 48, the fourth 
(namely, 20) is to 12. If, instead, I divide by the fourth (namely, 20), I get 
2;24, and, once I have put it after the first, I get 4 to 2;24, identical to 20 to 
12. Again, I multiply the first by the fourth (namely, 4 by 20), and it results 
80; if I divide this by the second (namely, 6), it results 13;20, which is to 8 
(for one must put it before the third) as 20 is to 12; if, instead, <I divide> 
by the third (namely, 8), I get 10; once I have put this before the second 
(namely, 6), the ratio of 10 to 6 is as that of 20 to 12. 
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Henry Mendell 
Why Did the Greeks Develop Proportion 
Theory? A Conjecture 


Abstract: Greek mathematicians in the late fifth and fourth centuries BC 
developed number theory based in whole numbers and proportion theory. 
Their neighbors, Egyptians and Babylonians, did not. We cannot know 
why, but one significant difference is that the Greeks had no representation 
system for expressing and calculating with fractions, although they had no 
difficulty speaking of them as multiple parts. Greek mathematicians would 
have worked with the acrophonic system, which lacked a system of 
fractions, and even if they had used Ionic (alphabetic) numerals, there is no 
evidence of the Ionic fractional system before the end of the fourth century 
BC. On the other hand, ratios are conceptually a part of Greek thinking, 
while employment of sub-units and super-units was foundational to 
arithmetic calculations and puzzles. My suggestion is Greeks worked with 
what they had, so that these form the foundation for the theory of numbers 
that we find in Elements VII-IX.20. The evidence for this picture is, 
admittedly, weak. I consider evidence from Plato’s Republic VII for a 
playing with number puzzles, the Archimedes’ Cattle Problem for a class 
of false position puzzles, and the Anthologia Palatina for Euclid’s Elements 
as providing a foundation for such puzzles, and Euclid’s Sectio Canonis 
and Ptolemy’s Harmonica for working from fractions to sub-units. 


Keywords: Number Theory; Ratio; Proportion; Sub-Unit; Fraction; 
Acrophonic Numerals; Ionic Numerals; Alphabetic Numerals; Harmonics; 
Sexagesimal Numerals in Greece; Nuptial Number; Euclid; Plato; Ptolemy; 
Anthologia Palatina; Archimedes Cattle Problem. 


IIntroduction321 


The number theory that we find in Euclid’s Elements represents the 
culmination of one of several revolutions in mathematics that took place in 
the fifth and fourth centuries BC and was certainly fundamental to the 
development of a general theory of proportion and irrationals. It has two 


foundations and conceptual parts, one built on a theory of proportion 
(VIL.1-IX.20, 34-5) and the other a brief account of odd and even ([X.21— 
33). The most basic question for the modern reader is why did Greek 
mathematicians develop theories of either, without there being any 
precedent in older, neighboring cultures? Of course, we do not really know, 
and it is probably because we cannot know and so desperately want to 
know that we fashion stories that we believe in because we find them 
plausible. In this paper, I shall construct a story about why ratios became 
important to Greek mathematicians. At the beginning of the last century, 
there was a popular myth, which no one believes today, about a foundation 
crisis with the discovery of incommensurables, so that ratios became the 
method of distinguishing numbers from magnitudes.322 The foundation 
crisis, as Wilbur Knorr argued,323 was more the crisis of the late nineteenth 
century than of the fifth century BC. Perhaps, my story will be just as 
anachronistic, and based on as little evidence. More recently, David Fowler 
argued that Greek number theory was built on the Egyptian conception of 
fractions.324 On the contrary, I shall argue that the mark of fifth to fourth 
century treatment of numbers was the lack of any general way of 
representing fractions and calculating with them. Thinking about units and 
sub-units and ratios between numbers and how to calculate with them was 
natural because they were the best way of thinking generally about 
measures. From there, they could develop harmonic theory, treatments of 
irrationals, even odd views about the numbers of the cosmos. On this view, 
the revolution of fifth and fourth century BC arithmetic emerged out of 
conceptions and strategies that were part of Greek conceptions and 
techniques. 

Even if we think that the theory of ratios was developed, for example, 
to build a rich harmonic theory,325 we can still ask, ‘Why ratios?’ For 
example, the fourth, fifth, and octave, can easily be conceived as fractions 
from a low string, 1: 1 1/3, 1 1/2, and 2; or as a sequence of units from 6: 8, 
9, 12; or as a ratio; 4 to 3, 3 to 2, 2 to 1, or even verbally as a third-again 
(€nitpitoc), half-again (npWAtoc), double. Why ratios? In fact, all but the 
first appear in Classical Greek fragments of harmonic theory. 

I shall first argue that the principal way of representing numbers would 
have been what I shall call the ‘Greco-Italian’ system (of which the so- 
called ‘Acrophonic’ system is the most common). However, even if people 
had used the ‘Ionic’ system (sometimes known as the ‘Alphabetic’ system), 
it is unlikely, even implausible, that they had the system of fractions that 
later was associated with Ionic numerals. So, here is a major difference 
between Babylonian and Egyptian mathematicians and Greek 


mathematicians. Whereas their neighbors had sophisticated ways of 
speaking about and calculating with fractions, Greek mathematicians had 
only a very limited vocabulary of fractions and so were restricted to two 
related techniques: the one involves introducing and working with subunits, 
while the other involves ratios. It is important to keep in mind that the issue 
here is not conceptual. If they needed a fraction, they could write it out, just 
as they could also write out ordinal numbers. It is also implausible to think 
that no Greek had ever met sexagesimal numerals or Egyptian parts. 
However, the technical limitation on a Greek treatment of fractions left 
them with two possibilities, to invent a new system or adapt one from their 
neighbors, or to work within the methods available. Early Greek 
mathematicians chose to work with what they had; later ones chose to 
adapt, eventually both the Egyptian and Babylonian systems. There may 
even be a trace of Egyptian fractions in Euclid’s Elements. Anyway, that is 
my suggestion. It also has several negative virtues: it does not involve a 
foundation crisis, religious views of ratios, philosophical numerology, nor 
philosophical views about numbers and magnitudes. However, it is a 
conjecture and could be all wrong. But that’s the way it is. 


liMany Ways of Representing a Number 


Greeks in the fifth and fourth century BC had many ways of representing 
numbers. Numbers could be represented with objects: marks or pebbles 
representing ones, which are simplest and get reflected in the lore of 
Pythagorean arithmetic;326 pebbles arranged on a counting board or 
abacus;327 fingers used in counting and calculating.328 It is not uncommon 
to find running counts of strokes on vases, |||||, sometimes ending in a 
numeral for the last element of the tally.329 That said, Greeks in the fifth 
century BC had two basic systems for representing numbers, the Greco- 
Italic and the Ionian systems.330 

In addition, people could lexically order things according to the 
alphabet, as was occasionally used from the fourth century on.331 This is 
not a number system, if merely because it is not used for calculation, and 
will be merely a secondary concern here. Some people were certainly 
aware of other counting systems in the Persian Empire, the common 
Assyro-Babylonian system, the Phoenician system, and the Demotic 
Egyptian system.332 I shall argue that there would have been some 
awareness additionally of the Babylonian sexagesimal system. Besides all 
these, one could simply write out the words for the number. In this regard, 


there are three sorts of numbers that one might be concerned with 
representing: cardinal numbers, fractions, and ordinals. It is a principle of 
my discussion that the modes of representing numbers has a profound 
effect on how people calculate and conceive of what they are doing when 
they calculate. 

By the ‘Greco-Italic’ system,333 I shall mean any decimal system with 
iterated units of the form 10", and employed in the ancient Greek and 
Italian world. They probably emerged, sometime in the early sixth century 
BC, as a Greek version of standard numeral systems prevalent in 
Mediterranean trade (Aramaic and Phoenician), where a sub-base would be 
introduced, e.g., to avoid writing, e.g., |||||| or for 6. Where a sub-base is 
employed in the Greco-Italic version, the system is basically the familiar 
Roman number system with the subtractive option (such as XIIX instead of 
XVII in Republican Rome or Etruscan XIX=19 or XIIXXX=38)334 as a 
dialectical variation. In Chrisomalis’s classification,335 the most common 
version, then, is a cumulative-additive decimal system with a sub-base of 5. 
That is, there are separate symbols for 10" and 5x10", written in descending 
order of the values of the signs (whether from left to right or right to 
left).336 In all cases, there is a maximum number that can be directly 
represented, as determined by the largest 10" and 5x10" in the system. 
Numbers are the sum of the values of the symbols, while all numbers no 
greater than the maximum representable are achieved by iterating symbols 
for 10".337 For emphasis or clarity, the numerals are often separated from 
the rest of the text by punctuation ‘:’. 

Acrophonic338 dialects of the Greco-Italic system are the most common 
in the Greek world, namely taking as a symbol for a digit the first letter of 
its name, a natural practice that is somewhat older than Greek culture.339 
The Greek acrophonic systems involve taking the first letter of the name of 
the word for 5 and each 10">1 and a ligature of the symbols for 5 and 102 
to form a symbol for 5x10", That is, with «as ENTE (5) and A a AEKA 
(10), 50 will become -as Priscian suggests,340 mEevtaKt d&Ka. (five-times ten). 

For most Greeks, the basic symbols in the most common Greco-Italian 
acrophonic system are 1 (|), 5(7,10 (A), 50.100 (A), 01000 (X), s000m.10000 
(M), :0»«.with 1, 10, 1000, 10000 repeated to get to the next level. So 68369 
would be written mexuuemAn important feature of the system, however, is 
that symbols may differ, depending on what is being counted. For example, 
- F is two drachmas, where | will then be one obol. Two talents will be 
TT, two minae MM, and two choae XX (with the possibility of ambiguities 
arising), etc. 

The acrophonic system is never used to represent ordinals.341 More 


important for our purposes, there is no general system for representing 
fractions other than special cases, e.g., (1/2), which is similar to the Ionic 
form (see below), and °or T (1/4). 

In addition to representing numbers in this way, ordinary Greeks used 
abaci or counting tables. The tables involved using pebbles to represent 
symbols from the Greco-Italic sub-base 5 system, that is, 1’s, 5, 10’s, etc., 
placed at different places on a board appropriately divided up. So, it would 
be easy to read off of a numeral to pebbles on the abacus board, and back 
again from pebbles to write the resulting numeral. In this way, the number 
system and the abacus together form a calculating system.342 We need not 
here be concerned with the details of this.343 

It is but one step between the abacus and Pythagorean pebbles, where 
each number 7 is simply marked by 7 pebbles. Indeed, the most primitive 
form of representing 1 is by so many n strokes. However, in the hands of 
ancient arithmeticians, at least so it has been supposed, it becomes a 
powerful too for working out relations by rearranging pebbles into different 
shapes.344 

The other principal system for representing numbers is the more 
familiar Ionic system (more often called the ‘alphabetic system’ because it 
is based on an extended form of the Ionian alphabet), where 1, .., 9 are: A, 
B, I, A, E, =Z, H, ©, respectively; 10, ..., 90 are: I, K, A, M, N, &, O, II, Q, 
respectively; and 100, ..., 900 are: P, &, T, Y, ®, X, ¥, Q, "respectively. It 
is characteristic of the system that numerals are non-iterative. That is, 
numerals are never repeated. In the system of Chrisomalis, this is ciphered 
additive decimal (that is each numeral within the base 10 has its own 
symbol). 

So far, the highest number representable is 999. However, one could 
add a vertical line under digits for 1, ..., 9 to get 1000 to 9000, that is Aor 
_A is 1000. This gets us to 9999. Still higher numbers could be written by 
writing the number over an M for myriad (10000), e.g.,' M ao M will be 
1200,0000, which will get us up to 9999.9999, For the myriad is seen as a 
sort of super-unit. Later, Archimedes and Apollonius developed 
multiplicative systems based on these for writing unlimitedly large 
numbers, for Archimedes the base 1,0000,0000 system and for Apollonius 
the simpler 1,0000 base. But this is all outside our concern.345 

Later on, numbers are typically, but not always, written with a line over 
them. For 1000 to 9000, one writes a dot or line under the numeral for 1, 
..., 9. For example, 8369 could be written HTZO — _HTE@.As with letters 


in geometry, the line above will avoid confusion between, say, MH MH 
(47) and MH (‘not’). Ionian numerals could be used for ordinals, e.g., in 


dates, and also come to be used to represent Egyptian style fractions and 
even fractions in a style akin to how we do it. 

It is uncontroversial that the Ionic system of fractions derives from the 
Egyptian system,346 where the basic idea behind Egyptian fractions is that 
every division of two numbers that is less than a whole number is the sum 
of a non-iterative sequence, 1/n;+...+1/nm, where n; < nj). Here, each 
representation of a (fractional) part will have vertical or slanted lines above 
each digit. Let us contrast this with an iterative system of conceiving of 
fractions, as a sum of 1/n+...+1/n, e.g. m n’th parts, which I shall introduce 
later.347 In addition, following Egyptian practice, there are two special 
symbols, 

for 2/3 and z for 1/2. Following custom, we can write these nth’s as n’, 
with 2’ for 2/3 and keeping 2.348 For example, in P. Hibeh I 27 (line 55), we 
find I.1/B/M/E/ {6ME£.One knows that this is 13 12~ 457, and not, 
say, 13 10’ 2’ 40’ 5’, because the numbers increase towards the right, or at 
least that is the rule, so that we would represent this as 13 12’ 45’, Le., 13 
19/180. Since numerals will not iterate, 2/5 will not normally be written E / 


E/. if f. This is not to say that errors and violations will not occur.349 There 
is also a ligature for 3/4, as well as other variations, which need not 


concern us here.350 I shall call such combined parts, non-iterative. Later, we 
also find instances of a non-standard form, ae common fractions (n/ 


m) but with the denominator on top,351 ¢. § E/B os 2/5352 
In addition to using the supplemented Ionian alphabet for numerals, in 


limited circumstances one could identify objects sequentially by the 
alphabet. There are several examples of this in Athens and in the 
Hellenistic period. Aristotle tells us that law courts in Athens were ordered 
by the alphabet,353 while there are lists of groups of items so indexed in 
warehouses, theater seats (much as we do),354 and groups of lines in a text 
being counted to ensure completeness (where the totals are all normally 
acrophonic).355 We do not know when most of Aristotle’s longer books 
were ordered in this way, but it is likely that Sappho and Homer were 
arranged into alphabetically ordered books in the Hellenistic Age.356 I 
suspect that all of these alphabetical indices would, if required, be matched 
with ordinals. For example, people in a later period can refer to “book H’ of 
an Aristotelian treatise, but also to ‘the seventh book’, which can also be 
written out with an Ionic numeral as 10 C BiBAtov, a practice that readily 
causes confusion. It is reasonable to suppose, however, that this manuscript 
practice follows an ancient one. Obviously, if one is looking at an 
inscription, it is impossible to tell whether it is a numeral or a letter unless 


it either has one of the three supplementary letters, «<Q, or "or has an 
otherwise meaningless sequence of symbols, e.g., KB. For example, if one 
sees on a vase a A, and one suspects that it is a count of something, there is 
no more reason to think that it is part of an alphabet sequence than a 
numerical one. In fact, only the writer probably knew what they were up to. 
This difficulty is important for determining the frequency of Ionic numerals 
in the fourth century. 

Obviously, the easiest thing a Greek could do in representing numbers 
would be to write out their names.357 We find this in manuscripts, just as 
we find it in early inscriptions. Writing out a number seems to us 
cumbersome, but we often do it anyway, for whatever reasons. However, 
written out numbers do not play well into calculations. Nonetheless, it is 
important to remember even in Archimedes’ Arenarius, a treatise on a 
system for writing out large numbers, after he has done several calculations 
in chapter 1, the only Ionic numerals that appear (cf. 2-4) are 1 (10), p 
(100), and a (1000). 

In addition to these systems, some people have wondered when Greeks 
came to know the Babylonian sexagesimal place system, where digits 1, 
..., 59 are written decimally, iterations of %(1) and <(10), but then are 
grouped in a base 60 arrangement, where the relative value of the numeral 
is based on position relative to other sexagesimal units. The more 
minimalist will then argue that we can only say that it was known in the 
first century BC, as it appears in Hypsicles, Anaphoricus, or in the second, 
according to our reports of Hipparchus. The question is misstated. We need 
to distinguish between what people are aware of and what they use. To 
draw a modern analogy, most Americans know of the metric system and 
many can convert from American (avoirdupois) measures to metric 
measures. However, few can think with the metric system without 
translating back or have a feel for it. From the traces of sexagesimal 
numbers in Greek literature and practice, it is very likely that there was the 
sort of awareness that one would expect in a culture abutting, trading with, 
and often ruled by the sexagesimal culture, even if the sexagesimal 
numerals were in a modified form. These include plethora of measure units 
dividing into sixty or thirty subunits: for distance, one parasang (Persian, 
anyway) into 30 stadia and one stadium into 600 feet, or one parasang into 
18000 feet = 5,0,0 feet in sexagesimal; for weight, 1 talent = 60 mina (a 
Semitic word, anyway), and if we include 100 drachmas per mina and 6 
obols per drachma, we wind up with 36000 obols = 10,0,0 obols in 
sexagesimal. Perhaps, this is all accident and can easily be accounted for by 
the prevalence of the Assyro-Babylonian system, which is cumulative 


additive with base 100 with sub-bases of 60 and 10. However, it is not at all 
likely that every merchant in the Persian Empire working with these units 
failed to understand the basic idea behind them. 

The tribute list for the Persian Empire at Herodotus 3.89—95 mostly is 
not rounded sexagesimal numbers of talents, as one might expect, but a 
significant number are multiples of 60, namely 7 out of 20, i.e. where the 
expectation would presumably be 3 or 4, given that all are multiples of 10. 
Of course, this means little since Herodotus is reporting what may well 
have been the case. But, in his travels through the Persian Empire, he 
would have come across, at the very least, someone translating from 
numbers represented in sexagesimal. However, this would reflect the fact 
that the dominant numeral systems were base 100 with sub-bases of 60 and 
10. 

The strongest evidence comes from JG [3 1387, two separated 
fragments of a single stele from the Acropolis in Athens, ca. 450-440 
BC.358 This is a list of pairs of letters, each column of pairs separated by a 
vertical line. The only reasonable suggestion, to my mind, for the meaning 
of the text is that it consists of sexagesimal numbers with digits written 
with a variant of the Ionic system.359 On the reasonable assumption that 
every occurrence of O is a scribal error for ©, which does occur,360 all the 
first letters are A,..., I, including Swhile all the second letters are A, I, ... 
N. Next, we need to deal with the single occurrence of AA and the 
occurrences of IN and IM. Koehler suggested that in the case of, e.g., IA, 
IN, IM, we understand I as an indicator of 10’s only, so that these would be 
30, 40, 50, respectively.361 Although Keil thought AA a scribal error for AA 
(34),362 given that we otherwise have no indication on the stele of a number 
less than 10, it is more probable that A indicates, as with A and the case of 
10’s, that there are only units, so that AA is 4. So I is a sort of Ionic tens 
marker to indicate absence of ones and A a sort of Ionic ones marker to 
indicate absence of tens. In any case, with these assumptions, every pair 
represents a number less than 60, but written, ones-tens, in reverse order 
from later practice, something not unknown in sixth-century practice.363 
So, it is very reasonable to that we have lists of sexagesimal numbers, 
whose purpose remains mysterious. Another is that the list is of minae, but 
why have a long list of minae less than a talent? 

Perhaps, the most charming evidence of all comes from what I hazard is 
a joke in Plato. The Nuptial number in Republic VII 546BC is 
(3°4-5)4=604=1296,0000, a number well beyond either Greek system before 
the notation of Archimedes, athough Plato could write: MXXTAAAATIUI 
ua yriads, that is changing the unit. However, he might well have in mind 


how a Babylonian, lacking place markers, might write this, as ‘i.e. 1. If so, 
his choice of number is very amusing, in a discussion that might, in fact, be 
something of an amusement.364 

Given that sexagesimal numerals are the language of Babylonian 
mathematics even in the Persian period, but not the language of commerce, 
it is unclear how widespread knowledge of them would be. My point is, 
however, that it is extremely likely that some Greeks dealing with the 
Persian Empire understood the origin and structure of the numeral system. 
The ancient world is not that large. However, awareness does not entail 
common usage. /G I3 1387 aside, we do not know of Greeks systematically 
using sexagesimal numbers before Hipparchus, and there, of course, only 
for fractions. 

As to other numeral systems, Egyptian, Phoenician, and other 
representation systems that traders, soldiers, ambassadors, refugees, and the 
occasional tourist might come across in their dealings with locals of the 
Persian Empire, from Ionia to Babylon, to Susa, to Naucratis, to Heliopolis, 
to Tyre, we can presume that some Greeks were aware of them. Would they 
know about Egyptian fractions? We have to presume that some would. 
Would they have used them? That is a different question. 

In sum, Greeks had many ways of representing cardinal numbers, 
pebbles and scratches, acrophonic numerals, Ionic numerals, as well as 
foreign systems. It remains to be seen which they would or could have 
used. 


liiThe Number System of the Fifth and Fourth 
Century 


My strategy will be first to argue that any mathematician involved in the 
early stages of number theory would have employed the Greco-Italic 
system which lacked a system of fractions. However, even though a system 
of fractions was adapted to the Ionic system, any such adaptation did not 
exist until the late fourth century BC and would have been unavailable to 
early developers of number theory. 

It is ironic that students studying Classical Greek today learn the Ionic 
system, as it is the dominant system for most of antiquity but not for the 
classical age. I shall argue that neither the Ionic system and, especially, its 
system of fractions has anything to do with the development of early Greek 
arithmetic. The dominant system for Classical mathematicians was the 
acrophonic system, so that, most significantly, any system of representation 


of fractions would have to have been based on its poor treatment of 
fractions. 

Although the Ionic system first appears in the early sixth century BC 
Tonia,365 it seems to have fallen into disuse around 475 BC, albeit with two 
striking exceptions, IG I3 1387 and SGDJ 5727 (=Halikarnassos 31). The 
first, I discussed above; the other is from Halicarnassus (last quarter fifth to 
first quarter fourth century BC).366 This is a stele on land purchases that is 
inscribed on four sides, one with acrophonic numerals, and the other three 
with Ionic numerals indicating drachmas, with iterated |’s for obols and 
—,=,=--=as fractions of obols. Other than these, Ionic numerals appear but 
rarely and trivially, that is as tabulations of measures on pots.367 One might 
suspect that, as they seem to occur in mostly tallying ..they were actually 
conceived as ordinals, where, despite their rarity, a tally ending in an Ionic 
numeral might be clearer than an acrophonic.36s In any case, their use is not 
significant except as witnesses to the survival of the notation. 

The next known significant occurrence is in markings on five silver 
vessels found in Macedonian royal Tomb II at Vergina, where a sixth uses 
acrophonic numerals.369 Given that the vessels are likely to be of 
Macedonian manufacture, so that the graphiti would be local,370 they point 
to a Macedonian revival of the Ionic system. Obviously, if the tomb is that 
of Philip I], we have a terminus ante quem of 338 BC,371 but even if Philip 
Ill Arrhidaeus, the murdered brother of Alexander the Great, occupies 
Tomb II, as may be more likely, we still get a terminus ante quem of 
316/5,372 earlier than the first non-trivial re-appearance of Jonic numerals 
anywhere else. So, in either case, the only evidence for ordinary fourth- 
century use of Ionic numerals outside Halicarnassus and Egypt lies in the 
royal tombs of Macedon. The fact that one of the vessels uses acrophonic 
numerals is an indication that the use was common but not universal, or 
rather that we may see here a trace of an impending shift from acrophonic 
to Ionic numerals. 

Ionic numerals next appear ca. 311/10 BC on a marriage contract, P. 
Eleph. 1, ca. 311/10 BC, as F (drachmas 1000). It is significant that this 
contract also contains the first occurrence of the mark of 1000s, just as we 
do not have a method for writing myriads until later. We have no reason to 
believe that prior to this time there was any way of writing Ionic numerals 
with values greater than 999. Afterwards, with the exception of 
stichometric counts, that is the line counts used to check that a text has 
been correctly copied and which are written with acrophonic numerals, 
Ionic numerals come to dominate in Egyptian papyri and contemporary 
literary mathematical texts. In early Ptolemaic inscriptions, they become 


the standard form for representing the day and regnal year, with acrophonic 
numerals never appearing. Towards the end of the Hellenistic age, they 
become the standard form for representing numbers in all media 
everywhere. 

Because Ionic numerals are common in papyri, one might suppose that, 
prior to the Macedonian revival, Ionic numerals were standard in papyri 
and acrophonic numerals in inscriptions.373 Since papyri are very rare 
outside Egypt before 300 BC, with numerals non-existent, this hypothesis 
has not a shred of foundation. However, there are, in fact, three papyri (two 
unpublished) that have acrophonic numerals. Partly on the basis of their 
being acrophonic numerals, Turner identified them as late fourth century, a 
bad criterion if the periods when acrophonic and Ionic numerals were being 
used is in question. Nonetheless, Turner used other criteria for dating them, 
and precision here is not necessary, so long as they are from the fourth or 
very early third century, in that they testify to a use of acrophonic numerals 
in Egypt in ordinary contexts, a spending list, a scrap of notes.374 

Acrophonic numerals also appear, as already indicated, in the line 
counts of literary papyri to ensure all lines are included.375 Even if they are 
an archaic survival, much as we use Roman numerals,376 this would still 
indicate that at one time they were a standard that survives into Hellenistic 
texts. Again, the only thing that the Hellenistic practice could indicate is an 
earlier use. 

There is not a shred of evidence that, in the fifth and fourth century BC, 
Ionic numerals were numerals of literary and formal texts, and that 
acrophonic were restricted to inscriptions. Of course, there is also barely an 
ounce of evidence against it. However, it does not seem plausible that there 
should be separate notation for inscriptions and for documents and literary 
texts. It is much more plausible that Ionic numerals were revived in 
Macedon and in Egypt under the Macedonian administration. For example, 
in Athens, they do not appear at all in inscriptions until the Augustan 
age,377 while in Egypt the numerals are Ionic. So, the use of Ionic numerals 
in inscriptions parallels their use in literary texts. If one system of 
numerals, with minor exceptions, were standard for all media in Egypt, the 
safer, if uncertain, bet would be that Greeks elsewhere did not normally 
distinguish numeral systems by media. 

In this regard, it is fair to ask what numeral system would be common 
in Greek literary texts. As with many inscriptions, it is plausible that they 
were just written out. The papyrus of Aristotle’s Athenian Constitution does 
use Ionic numerals, but it is easy to see that at least some are not original to 
the text, at least in the way that they appear. For example, at 43.2, the 


hybrid © Kai A huépac (6 and 30 days) and névte Kai A Huépac (five and 30 
days), for the terms of tribes on the council in Athens, would certainly have 
originally been written out & Kai tpidKovta nuépac and aévte Kai 
TPLAKOVTG NuEpac. Similarly, the mixture of written out numbers and Ionic 
numerals in the Problemata XV 3.910b23-6 is likely to have been the result 
of some scribal choice, not necessarily original to the text.37s Manuscripts 
readily give written out ordinals or Ionic numerals for the headers of books, 
sometimes even for alphabetically titled books of Aristotle.379 We have no 
reason to think that this is anything more than a scribal choice as well. 

Finally, the one numerical practice that most probably goes back well 
into the fourth century is the counting of line numbers to check whether a 
line was dropped in copying. Since these numerals remain acrophonic, 
even in the age of codices, if Ionic numerals were the numerals of papyri, 
we might expect something different. 

Even if the employment of Ionic numerals were common in the fifth 
and fourth century, we have even less reason to suppose that the Egyptian 
system of fractions was employed in the Greek world much before 300 BC. 
It is uncontroversial that Ionic fractions derive from Egyptian fractions,3s80 
while it is almost certain that the Ionic system of fractions derives from the 
Egyptian Demotic system.3s1 But when did they derive, with the invention 
of the system or much later? 

Ionic fractions emerge in extant texts like Athena, in full raiment from 
the head of Zeus, namely in the table of additions and subtractions of 45’ 
hour per day for the length of daytime and nighttime in the parapegma, P, 
Hibeh I 27. There must have been a gestation period, but we have no 
reason to think that it was a long one. The author begins by saying that he 
has spent five years in the region of Sais, where he was intimate with a 
wise man who explained about sun dials and the lengths of day and night 
(19-33). He goes on to say (3440), “thus, so that I would collect them as 
precisely and as few as possible so that the complexity of the parts (i.e., 
Ionic fractions) not seem3s2 to you something lengthy and strange to 
understand, we will apportion (only) the required days.”383 While the 
emphasis is on the solar theory, he does suggest that the fractions 
themselves will prove difficult, so that putting them all in will be difficult. 
We may question whether omitting some days, which need to be part of the 
calculation anyway, does in fact make things easier; however, it also 
suggests that the reader might not be an adept at Ionic fractions. That 
would certainly be the case if they are relatively new. Secondly, if they are 
new, they are probably the product of the world of that wise man in Sais, 
the former capital of Egypt. 


I admit that this argument from plausibility is not strong, yet it fits with 
the fact that there are no occurrences of Ionic fractions in earlier extant 
ancient texts,3s4 nor are there any clear occurrences of even written out 
non-iterative fractions.3s5 We can see this when we look at earlier putative 
occurrences of fractions associated with Ionic numerals employed in SGDI 
5727, mentioned above, namely —,=,=,--..which should be 1, 2, and 3 
fourths,386 as in the amphora handle P26070 (Ha7 in Lang 1976), if Lang is 
right that Z E KK expresses 7 1/2 choes, 2 kotyls (E for euyoov), that is, 7 
choes 8 kotyls.387 In effect, both these texts treat fractions no differently 
from their treatment in purely acrophonic texts; indeed, the numerals, as far 
as they represent fractions, are acrophonic.388 

There are two pretty stories that one could concoct. One is that 
Eudoxus, during his trip to Egypt,3s9 both began to use Ionic numerals as 
closer to Demotic numerals and as familiar from his home town, Cnidus, 
and himself also adapted the Demotic fraction system to Ionic numerals. 
These appear in mathematical papyri because of the importance of the 
school of Eudoxus. The other is that in the time of Alexander (or his father 
Philip), Macedonian administrators began, for whatever reason, to use 
Ionic numerals and in Egypt began to use also the fraction system as a way 
of coordinating Egyptian and Greek accounts, or at least some Greek 
scientists saw the virtues of the local systems of fractions. The two stories 
are not completely incompatible, but the only evidence we have for either 
is that by 311 BC the system of Ionic numerals was expanded to handle 
thousands and soon to handle 1,0000’s, and that by 300 BC the adaptation 
of Egyptian fractions was common enough in a quasi-technical group in 
Sais and Hibeh to appear in P. Hibeh I 27. 

If Eudoxus introduced Egyptian fractions, it is conceivable that they 
influenced his own thinking on proportion theory. However, they clearly 
could have had no influence on the development of number theory in Italy 
and Sicily, especially among the Pythagoreans, since there is barely a trace 
of Ionic numerals in their world. Nor is it likely to have influenced 
Theodorus of Cyrene or Theaetetus of Athens, each of whom would have 
worked with acrophonic numerals. 

The numerical system that any Greek mathematician before Eudoxus 
working on ratios would have involved acrophonic and not Ionic numerals. 
Of course, a mathematician could represent fractions meta- 
diagrammatically, as an interpretation of a divided line or a collection of 
pebbles with some marked off. It is not important then to this argument 
whether any Greek mathematician in the fifth or fourth century BC 
represented numbers with an acrophonic system or worked with written out 


numbers. It is enough that the only way mathematicians could speak of 
fractions would be by writing them out. Our next question will be how such 
written out fractions would have been used in calculation and reasoning. 
This will involve the related notion of subunits. 


IVSubunits, Large Numbers, and Fractions 


Ordinary Greeks dealt with fractions and probably large numbers just the 
way we often do in measuring: they switched units. If I have to pay the 
royal debt of 24,0000 drachmas, I do not even try to think of the amount in 
this way, especially given that I do not have a symbol for 24 myriads. 
Instead, I will think of it as the more malleable 2400 mina, still a large 
number, or a mere 40 talents. Alas, even Midas might not need to record 
24,0000 talents, but there are ways of dealing with this too, e.g., by 
constructing an arbitrary unit of 10000 talents. In other words, one can also 
create super-units on the fly.390 In the other direction, I may need to divide 
2 drachmas equally among 5 people. Well, I multiply 2 drachmas by 6 
obols per drachma to get 12 obols, which, in division, gives me 2 obols per 
payee with 2 remainder. But I multiply these by 8 coppers per obol to get 
16 coppers, so that I can disperse 2 obols 3 coppers. The remaining copper 
is not worth much, so I will just give it to anyone. Subunits allow for 
dealing with numbers large and small.391 

One shifts quickly from one sort of unit to another as one sets up 
different parts of the calculation, a task easily handled on abaci whose 
columns could shift values on the basis of need, now a talent, now a 
drachma, now ten drachmas, etc. So the fact that we find ‘half quarter 
obols’, for example, is not more surprising than the other sorts of divisions, 
e.g., the sixther (ktevc) or a unit that is 1/6 medminos (dry volume). The 
difference will be: just as one does not write out more than one five-sign ( 
T ),.one does not normally write out more than one half-sign (often <a 
symbol also of the Ionic system) or one quarter sign (often T), while one 
can write up to five sixthers, or other multiples of halves, i.e., three halves 
or five halves.392 Most fractions in extant texts are really subunits. 

The lack of a rich system of fractions along with the ubiquitous use of 
subunits has a deep effect on Greek thought that we can immediately 
observe. With fractions one can readily represent an amount of any small 
size no matter how small. Yet, we see Aristotle frequently looking to 
establish a smallest unit, something least with respect to sensation.393 He 
regards such a smallest unit as the most precise, as indeed there would 


never be a need to break it up into a smaller unit. Even though he works in 
a world of non-iterative fractions, Archimedes’ choice of a grain of sand as 
a natural least unit with which to measure the world reflects the same idea. 

Units and subunits form the basis of commercial and industrial 
treatments of fractions in the Greek world. One will always start with a 
part. Yet, because the acrophonic system cannot handle more arcane 
fractions, such fractions would have been written out. If Egyptian fractions 
had been normal in the fifth or fourth centuries, we would have expected to 
find complicated non-iterative fractions written, 2/5 as “a third part and a 
fifteenth.” We do not find them. We do find, however, the equivalent 
fraction treated as iterative parts: “two portions of the five (t@v mévte TOG 
dvo pLoipac)” 394 and “the two of five parts (évte wEep@v TH d0O)”.395 In 
each case, the land is divided into five parts, and then two parts are taken. 
Sometimes one does this implicitly, as the Stranger at Plato’s Laws VI 
758D, taking a twelfth part of the year (tO d6wdéKatov ... Lépoc), and then 
the remaining eleven parts of the year (ta EvdsKa GvamavdpLEVoV TOD 
éviavtod pépy). Although rare, it is possible to find other cases of iterated 
parts.396 

This way of conceiving fractions always deals with a determinate 
amount. It says nothing about how we are to conceive of the fraction of an 
indeterminate amount. An Attic inscription, JG II? 1675 Ins. 17-20, from 
337/6, providing specifications for the dowels and dowel receptors of 
column drums for a portico in Eleusis, shows how this conception of 
iterative parts can be conceived abstractly and connected to a general 
conception of subunits:397 


(X)oAKod & Epydoetat Maptéw@s Kexpapévov thv dM@deKkatyny, Ta EvdeKa LEP 
YAAKOD, TO SE SMSEKATOV KATTITEPOD. 


He will work on copper of Marion mixed with regard to the twelfth [portion], the 
eleven parts of copper, the twelfth of tin. 


A twelfth is taken as an indeterminate portion of a unit mixture, with the 
mixture made up of 11 portions of copper and | portion of tin. 

Empedocles (DK 33 B96), likewise, uses the language of parts to 
describe a mixture with an unreduced fraction, where bone is constituted by 
eight parts, two for Nestis (air and water?), four for Hephaestus (fire?) and 
the remaining two of earth.398 Here, the parts are not reduced, i.e., one, two, 
and one parts of four, perhaps because the two for Nestis are one part each 
for air and water. For our purposes, it is enough that the fraction is given in 
the same language of parts and, interestingly, in unreduced parts. 


Whether or not these examples illustrate the common language of 
mixture, it should be obvious that it is much easier to work with than a 
system of Ionic fractions, which might ask the user to take two thirds and a 
fourth of the total, instead of just counting out eleven of twelfths. This 
holds true for any sort of mixture of ingredients, whether in metallurgy, 
pharmacology,399 or cooking,400 and even taxation.401 We can also see the 
system of iterative parts as closely akin to the system of subunits. In the 
example, the twelfth is, in effect, a subunit of the whole. The difficulty is to 
find the appropriate part that constitutes the division one wants to make. 

The system of iterative parts also ties in neatly into the language of 
ratio.402 It is easy to forget, in the hunt for the earliest occurrence of the 
word ‘ratio’ (Adyoc) (Heraclitus, fr. 31), that the language of ratios goes 
back to the beginning of Greek literature (Homer, Odyssey IX 209-10).403 
In fact, were it not for specifying the base portion as a twelfth, we could not 
tell whether JG II? 1675 were specifying the ingredients of the alloy in the 
language of ratios or the language of multiple parts. In this regard, there is 
little difference conceptually between the two prior to the discovery of 
incommensurability and hence in the language of numbers. Yet, it is easy to 
see why Greeks would keep the two notions separate. If a fraction is 
essentially a portion of a whole, the fraction would only be functionally the 
same as a ratio if the second term of the ratio is the whole. So when the 
metallurgist prepares the alloy, the ratio of 11:1 would be conceived as 
relating parts of single unit, which is the sum of the terms of the ratio. 

We can see this connection in yet one more occurance of two-fifths, 
Herodotus (VIII 129), perhaps describing a small tsunami that engulfed a 
Persian army attacking Potidaea through a shallow lagoon during a 
‘flowing back’ of the sea: 


‘Qc 88 tac Sb0 Lev Loipac SiodSomopryKeoav, Ett 5é TpEic DNdAOIMOL Noav Thc 
diekOdvtac ypiv sivar Eom év tH WoAdjvn, éxijrAOe wAnvpic tijc OaAdoonc 
LeyaAn, don OddaLE KO, Hc Ol EAIYMPL01 AEYOVOL, MOAAGKIC yvoLevn. 


As they marched through two portions, while there further remained three needed 
for those crossing to be there on the Pallene (the peninsula of Potidaea), a great 
rise of the sea came up on them, such as had never before, although it is frequent, 
as the inhabitants say. 


One could read this merely as providing a ratio of 2:3 for the amount 
crossed to the amount not crossed, but it is not expressed in that way. The 
fraction is provided by giving portions of the amount and the portions of 
the remainder, which we can then add up to five if we want. 

Given this evidence, the common idiom of taking two parts (obo Lépn) 


with an implicit or explicit third part (tpitov pépoc) should not be seen as 
the exceptional 2/3 in a non-iterative Ionic-Egyptian treatment of fractions. 
It is merely the common way of speaking of a common fraction, two of the 
three parts.404 

In measuring and calculating, Greeks worked primarily with a system 
of units and subunits. The system allowed them to overcome the occasional 
problem that their standard representation of numbers had a relatively low 
upper bound, 9999. More commonly, it allowed them to deal with 
fractional portions of quanties less than their unit, drachmas, choes, etc. For 
more abstract considerations, they could use the same conception. Treating 
the n’th part as a unit, they count up the parts. Our examples are very 
simple, and it may well be there were never employments of fractional 
portions much more complicated. This is marked by the lack of a flexible 
and general notation and the resulting need to write portions out. We have 
also seen that portions can be readily treated as portions, n, m, of a whole 
divided into n+m parts. And so it is but a small step to tie this together with 
the notion of a ratio. Mathematically, this is exactly what we see in the 
earliest, extant Greek mathematical treatises involving numbers. 


VRatios and Fractions 


The treatment of ratios in Euclid’s Elements VII-IX, the books on number, 
supplemented perhaps by some theorems from Elements V, the general 
account of ratios, provides a basis for handling fractions, as well as 
completing a formal treatment of subunits. Even if we all grant that the 
material well antedates Euclid’s composition, it is very difficult to argue for 
this thesis because of the paucity of fifth and fourth-century BC evidence, 
in particular, the types of problems that would illustrate it. So, my primary 
evidence will be Euclid. However, keep in mind that the story is merely a 
conjecture. On my view, Elements VII consists of three major projects. The 
first is establishing part and parts, then ratios, and finally fractions. Of 
course, within this is the wealth of theorems about relative primes, but 
according to the suggestion, these are primarily aimed at establishing the 
series of problems at the end, finding the least ratio, the least common 
multiple, and least number containing given parts (anachronistically, the 
least denominator). Such problems along with finding the greatest common 
measure are basic for solving numerical puzzles of many sorts. In this 
sense, fractions are not avoided in the Elements, but they are, to use Plato’s 
expression, multiplied to avoid splitting units.405 On the assumption that 


Elements VII reflects early work on number theory, say, from the late fifth 
and fourth centuries, the techniques presented should reflect calculations 
with Acrophonic numerals, with their limitations in treating fractions, 
namely the interplay of sub-units, super-units, and ratios. After presenting 
this interpretation, I shall look at six illustrative examples. I acknowledge 
that one is from late antiquity, two are Hellenistic, and only three are from 
the fourth century BC (one, perhaps, the least interesting). 

Elements VII opens with four propositions on finding the greatest 
common measure of two numbers. Elem. VII.1 is a theorem that if the 
anthyphairesis (alternate subtraction) of two numbers ends at a unit, the 
numbers are relatively prime. Then, for non-relatively prime numbers, it 
uses anthyphairesis to the number to find the greatest common measure 
(GCMeas) for two (Elem. VII.2) or three (Elem. VII.3) numbers. The 
fourth proposition, the corollary to Elem. VII.2, is that if a number 
measures the GCMeas then it measures the numbers for which it is the 
GCMeas. Hence, Euclid sets up two cases, where the numbers are 
relatively prime and only measured by a unit, and where they are not, 
where the notion of ‘a measuring b’ is a primitive notion.406 

This fact ameliorates the great peculiarity of Elem. VII.4, that every 
smaller number is a part or parts of any larger number, where, from Elem. 
VIL.df.3, 5, a is a part of b iff a measures b iff b is a multiple of a, and, 
from Elem. VII.df.4, a is parts iff a does not measure J, that is, iff a is not a 
part of b. By these definitions, it should follow that every larger number is 
parts of any smaller number, but that is not the oddity. The oddity is that 
Euclid breaks the proof up into two cases, one where the numbers are 
relatively prime and one where they are not. Let a<b. If a, b are relatively 
prime the units of a will be parts of the units of b. But, by the definition, 
any unit of a will measure 5. I mention this because it shows that Euclid 
has no problem in speaking of the unit as a part and as measuring a number. 
The second case also has two cases, where a measures b, and where it does 
not. For the second case, he finds the GCMeas c of a and b, and shows that 
a breaks up into numbers equal to c, such that each measures b. If the point 
is merely that there is a division of a into aj, ..., a, such that each a; 
measures b, then the proof is prolix. The first case would have done it. 
Even if we say that no part is also parts, it still will be the case that either a 
measures 6 or the units of a measure 5; so, this is clearly not Euclid’s goal 
in the theorem. Unstated, but clearly implicit in the proof, is the notion that 
where a is parts of b (or even a part of 5), those parts are the GCMeas of a 
and 6. Of course, one can argue that this point is internal to the arguments 
of VII.6, 8, 10, where one needs to use the GCMeas, so that where a is the 


same parts of b as c of d, one takes the parts of 5 and d to get the parts of a 
and 6 to be equinumerous. If one takes the unit for non-relatively prime 
numbers, this will obviously not be the case. I shall return to this issue, but 
given that one needs to be able to infer all this without the help of a 
definition, one may well ask why Euclid takes it as obvious that one 
chooses the GCMeas as the requisite part. One reasonably suspects that it is 
part of how one works with numbers, and the reasonable place to go is in 
setting up subunits for working with all sorts of mixtures and measures that 
we have glimpsed at through the dearth of evidence. 

The definition of ‘proportional’ in Elements VII.df.21 goes: Numbers 
are in proportion when the first is equal-times a multiple of the second as 
the third is of the fourth or the same part or the same parts’. The definition 
is slightly inadequate without much explication. Although one can build a 
definition of ‘equal-times a multiple’ from definition 17 of ‘a number 
multiplies another’, yet ‘equal-times a multiple’ plays no role until 
multiplication gets introduced at Elem. VII.16, after the fundamental 
theorems on ratio (Elem. VII.11-14), while there is no definition of ‘same 
part’ nor ‘same parts’ in the Elements. The meaning only becomes clear 
through the first theorems employing the notions, Elem. VII.5-6,407 where, 
in any case, they turn out also to be undefined, primitive notions. In 
particular, a is the same parts of b as c of d, if there is a part m of a and b 
and a part n of c and d (and there always will be since the unit is a part of 
every number), such that m is the same part of a as as n is of c and m is the 
same part of b as n is of d. As we saw above, the part in each case needs to 
be the GCMeas. 

Euclid also introduces the notion of ‘measuring equal-times’ at Elem. 
VII.15 (alternando for a unit measuring a number equal-times as another 
number measures a third number), a theorem notoriously a special case of 
Elem. VIL.9 (alternando for two numbers that are the same part of two other 
numbers) and foundational to the commutivity theorem on multiplication 
(Elem. VII.16) and the theorems on fractions (Elem. VII.37-38). But we see 
from the proofs and dependencies that this too is a primitive notion 
formally equivalent to “same part’, i.e., a is the same part of b as c of d iffa 
measures b equal-times as c does d. For Elem. VII.15 infers 


a measures 5 equal times as c does d 
Hence, as many times as a measures b, so many times does c measure d 
Hence, a:b=c:d 


Now, according to the definiton, this must mean either that b is equal times 
a multiple of a as d of c ora is the same part of b as c of d. It hardly matters 


which.40s Nonetheless, Euclid infers from ‘a measures b equal times as c 
does da’ to ‘a is the same part of b as c is of ad’ in Elem. VII.37 and 
conversely in Elem. VII.38. So, these are equivalent but not thereby 
identical notions (otherwise, the inferences would be superfluous). 

It is important to distinguish arithmoi (numbers as multitudes of units) 
and pléthé (numbers as multitudes of anything), as I shall do for the rest of 
my discussion of Elem. VII. So, in proving the basic theorems, Elem. 
VII.4-15, two arithmoi, for example, will be divided into arithmoi that are 
equal in pléthos, where the arithmoi of one pléthos of arithmoi correspond 
(dare we say 1-1) to the arithmoi in the other pléthos of arithmoi. When 
Euclid starts to talk about multiplication at Elem. VII.16, he will introduce 
the notion that there is a correspondance between arithmoi in the pléthos of 
arithmoi and the units in some arithmos. Only then can he speak of an 
arithmos measuring an arithmos according to some arithmos (or more 
strictly, according to the units in some arithmos). In other words, 3 arithmoi 
are not thereby instances of the arithmos 3. 

Euclid builds the account of ratio in a minimalist way, where the core 
of the theory is in the account of same-part and same parts. It is hardly 
surprising then that the proofs of the three basic theorems on ratios, 
VIL.11-13, are trivial because Euclid prepares them with theorems on part 
and parts: VII.5-6 for VII.12, the sum of first terms to the sum of last 
terms: VII.7-8 for VII.11, separando, VII.9-10 for Elem. VII.13 alternando, 
with Elem. VII.14, ex aequali, based on Elem. VII.13. In each case, the first 
theorem is a determinate case, where one arithmos is a part of another, 
which is then used to prove the second, indeterminate theorem where one 
arithmos is parts of another. The proportion theorem in each case is then 
just an application of the two cases to the definition (ignoring ‘multiples’). 
These conceptions are central to what goes on in Elem. VIL. 

The proof of Elem. VII.15, that if a unit wu measures b as many times as 
c measures d, employs the definition of proportion and the proportion 
theorem Elem. VII.12 (the sum of first terms to the sum of last terms). This 
is unnecessary. The theorem follows directly from Elem. VII.9, that if a is 
the same part of 5 as c is of d, then a is the same part or parts of c as b is of 
d. Let a be a unit. Since the unit is a part of every arithmos (cf. the proof of 
Elem. VIIA), a is a part of c. Therefore, b is a part of d. Hence, it follows 
that a measures c equal-times as b measures d. I do not think that we can 
know why Euclid proves the theorem as he does.409 It is enough to show 
how the edifice is built on the notion of parts, say, in contrast to the 
treatment of proportions in Elements V as based in equi-multiplication. 

Yet a part is also a fractional part, whence parts are iterative-fractional 


parts. To see this, we turn to the end of the book, VII.37-39, where Euclid 
introduces ‘homonymous’ arithmoi, that is, n and n’th. If 1 is a part of m, 
n’th is a fraction of the arithmos, for us 1/n of m.410 Given that, Euclid is 
certainly writing in a period and location where Ionic/Egyptian fractions 
are common, so that these propositions about homonymous parts might be 
tailored for that system. In fact, all three are general to either system of 
fractions.411 More important to our purposes is the nature of the two 
fundamental theorems about fractions (Elem. VII.36-37): ‘n measures m if 
(38) and only if (37) there is an n’th part of m’. The argument for these 
propositions uses the alteration of parts where one term is a unit (VII.15). 
Hence, for Elem. VII.37, there is an n’th, and for Elem. VU.38, some g will 
be a part of m, whence there is an n such that qg is a part of m according to 
the units in n. The theorems concern the relations between parts and 
fractions. Nor are the theorems a claim that if m measures m there is an 
arithmos p according to which n measures m according to the units in p, i.e. 
m p-times. This does follow for sure and is involved in the proof, but it is 
not the present concern. 

The problem that follows, Elem. VII.39, ‘To find a number which is 
least of those having the given parts’, is tailored for a general class of 
arithmetical puzzles, where one wants a least n’th for however many n,’th, 
...5 Mm’ th. It is true that this theorem is almost a trivial variant on Elem. 
VII.36, finding the least common measured arithmos, in that its solution is 
the homonym of the solution for Elem. VII.39. However, it transforms the 
greatest common measured theorems into a theorem about fractional parts. 
As the scholion says (Scholia ad Eucl. El., 237-8), “for example if it 
happens that 2 3’ 4’ 5’ are given, to find the smallest arithmos of all that 
have the same parts as these”. Homonymous parts are not exactly parts as 
defined at the beginning of Elem. VII. This theorem can then be used for 
finding the minimal whole numerical solution to a broad class of puzzles 
involving distributions of fractional parts (I give several examples in the 
next section). In particular, it gives a theoretical foundation to solutions of 
problems employing false position.412 

One way of looking at Elem. VII-IX.20 is as a treatise on primes and 
relative primes. No doubt, Elements VII-IX conceptually serves many 
functions besides providing theorems for Elements X. Elem. 1X.21-34, on 
odd and even, is nigh logically contained,413 while IX.20, on ever larger 
primes, and IX.35-6, on perfect numbers, serve, respectively, as capstones 
to the treatise on primes and relative primes and the entire treatise.414 In 
fact, one good way of thinking of the treatise on primes and relative primes 
is to provide a theoretical and practical foundation for solving numerical 


puzzles. The basic problems and their allied theorems involve finding the 
greatest common measure (E/em. VII.1-3), arithmoi in least ratio (Elem. 
VII.33), least common measured arithmos (Elem. VI.34-36), least 
arithmos having given parts (Elem. VII.39), least numbers in continuous 
but not equal ratios (Elem. VIII.4), and whether there is a third or fourth 
continuous proportional (E/em. [X.17-19). Besides the limited logical role 
they play in VII-IX.20,415 these problems, several being culminations of 
the their discussions, feed into techniques for solving arithmetic puzzles.416 

It is all too easy to see Elements VII-IX.20 as a purely theoretical 
discussion about number, whose main applications lie within the theories of 
irrationals and harmonics, to see the opening gambit on part and parts as 
merely feeding into the accounts of ratio, continuous ratio, and continuous 
ratios involving squares and cubes, with fractions playing little or no role at 
all. However, if part and parts are the Classical way of thinking of 
fractions, then a different notion of fraction lies at the foundation of the 
theory of ratio. The simplest class of true fractions, i.e., n’ths appear briefly 
at the end of Elem. VII, and the fundamental theorems, Elem. VII.37-38, 
depend only incidentally on the theory of ratios, namely in the fact that 
Euclid’s proof of Elem. VII.15 employs Elem. VII.12 instead of Elem. 
VII.9. On the other hand, the basic problem, E/em. VII.39 for working with 
fractions, is of a piece with the other problems of the treatise and is based 
in reduced ratios. 

While the concept of ratio in Elem. VU-IX.20 is that of part and parts, 
and these are a conception of ratio built on a notion of fraction, it is perhaps 
more surprising that Euclid goes on to build another, more standard notion 
of fraction. In this sense, the general treatment of number, in so far as it 
represents an old Greek treatment of ratio, serves as evidence that ratios 
were developed to handle fractions, so that when he introduces fractions, 
n’ths, Euclid is showing how to handle fractional parts through ratios. 


ViEvidence from Computation (Meagre Stuff) 


It is not difficult to show that in late antiquity, some people interpreted the 
Elements as providing practical propositions for handling arithmetic 
puzzles. Despite the paucity of evidence, it is reasonable to suppose that 
such puzzles are also a part of Greek mathematical play in the Classical 
age. I shall briefly point to two examples. It is very difficult to see how 
fractions are worked out without the employment of non-iterative fractions. 
For all our evidence of playing with fractions comes no earlier than the 


Hellenistic age. Nonetheless, it is possible that something like this appears 
in Euclid’s Sectio Canonis. Finally, the tight connection between subunits 
and ratios becomes most clear in the harmonic tradition. Sectio Canonis 9 
and Archytas’ division of the tetrachord, as reported by Ptolemy, 
Harmonica J 13, set up subunits instead of ratios. This alternative way of 
thinking about scales shows that subunits and ratios are two ways of 
thinking about the same thing from the late fifth century BC on. 

The Anthologia Palatina, which survives in one manuscript (tenth 
century, Paris suppl. Gr. 384),417 contains an anthology of puzzles and 
oracles in verse (Anthologia Graeca xiv), including arithmetical puzzles, 
1-13, 48-51, 116-147, many followed by solutions in scholia, though they 
are not separate and are incorprated into the text of the manuscript, so that 
we may presume that they were integral parts of the edition used by 
Cephalas, the anthologist, where it is an ongoing error of all modern 
editions not to present them as they appear in the manuscript.4is The 
manuscript ascribes the group of poems from | on (somewhere up to 62) to 
Socrates419 and 116-146 or 147 to Metrodorus, whoever they are.420 The 
only indication of their dates is that they do not indulge in Christian 
imagery, while Metrodorus provides an encomium of Diophantus (xiv 23) 
and refers to Arithmetica |.2. The sole edition of the poems with scholia is 
Tannery, Diophantus Ul, 43—72.421 He plausibly ascribes the scholia to 
Metrodorus.422 


The puzzles and solutions of the Anthologia Palatina are distinctive of 
later Greek, popular mathematics. They typically employ false position and 
then adjust the answer. 4.G. xiv 116, the first of the group ascribed to 
Metrodorus, divides an unknown whole of nuts, here S, into 8 portions, 2/7 
S (€Bdou0 dod in the poem and written C’ C’, i.e., 7’7’ in the scholion to it 
—iterative fractions are acceptable here), 1/12 S, 1/6 S, 1/3 S, 20 nuts, 12 
nuts, 11 nuts, and 1 nut.423 The scholiast takes the least number that divides 
into the given parts (Elem. VII.39, an application of the numbers coordinate 
with the parts, of 7, 12, 6, 3), a false sum of 84 nuts. Since this divides up 
into 2/7:84 = 24, 1/12-:84=7, 1/6:84=14, 1/3:84=28, the sum of these parts 
will be 73, so that the remainder is 84-73=11. Now the actual remainder 
needs to be 20+12+11+1 = 44 nuts. If we multiply the total and each part 
by 4, we will get the corrected amount, 96 nuts + 28 nuts + 56 nuts + 112 
nuts + (20+12+11+1) nuts = 336 nuts. We can anachronistically describe 
the problem as (x 1\/m,+ ... + x n,/mp) + c = x. By finding the least number 
which has these parts, in effect, the LCM of m1, ..., mp =m = Xtalse, we find 
the sum of (1;/m + ... + np/mp)m=n, a whole number, so that Cfalse = m-n. 
Hence, x=m-(c/(m-n)), which can, if one wishes, be trivially verified 
algebraically. (71/m+ ... + np/mp)-m-c/(m-n)+c=m-cl(m-n). 

The scholia refer to five propositions, four from Euclid and one from 
Diophantus. The Diophantus proposition, Arith. 1.2, (ad xiv 127, 129, 139), 
‘It is required to divide the displayed arithmos into two arithmoi in a ratio 
that’s given.’ The four from Euclid are: Elements VII.39 (ad xiv 2); V.15 
(ad ix 3), a:b=na:nb; Elements VII.19 (ad xiv 130), a:b=c:da-c=b-d; 
Elements VII.11 (ad xiv 138), a:b=c:d—a:b=a-c:b-d. The scholion to xiv 
116 (53.17-19), discussed above, also refers to problems in the Data (ad 
xiv 116, discussed above) which Euclid calls ‘for a given arithmos or in 
ratio (S00évtt apiWud i] év AOyw)’. However, ‘arithmos’ makes no 
appearance in the Data, while ‘in ratio’ is a general classification. The 
scholiast probably has nothing specific in mind. Nonetheless, it is clear that 
the scholiast looks at Euclid VII, especially, as a practical book that 
provides theorems for working out puzzles. Elem. VII.39, in particular, is 
not just cited at the beginning of the collection, it pervades it.424 

Of course, the poems with their scholia are from late antiquity, after 
Diophantus.425 Yet they are witnesses to the importance of Elem. VII (and 
V) as providing techniques for the solutions of mathematical puzzles. It 
may be uncontroversial that a tradition of such problems were not merely 
post-Diophantine number play but are part of a long Greek tradition. 

Yet, we can readily push this into Hellenistic age with ‘The Cattle 


Problem’ of Archimedes, an entertainment of counting up cattle of eight 
sorts (four colors: white, black, dappled, and yellow; each for bulls and 
cows) belonging to the Sun. If we divide the problem into two parts, one 
difficult to solve, the numbers of the eight different groups given certain 
tules, and one nigh impossible without computers, that the sum of two sorts 
of bulls should be square and that the sum of the other two sorts of bulls 
should be triangular, the solvable part also sticks to these methods.426 As 
we would expect in the third century BC, the fractions are non-iterative. 
Using the initial letters of the colors, upper case for females and lower for 
males, the 9 equalities of the easier part are: 


Bulls Cows 
w=2Z3'bty (Ins. 9-11) W = 3'4'(B +b) (Ins. 18-19) 
b=4'5'd+ty (Ins. 12-3) B=4'5'(D +d) (Ins. 20-22) 
d=6'7'wty (Ins. 14-6) D =5'6'(Y + y) (Ins. 23-24) 
Y = zof 3'7' (W + w) = 6' 7’ (W+w) (Ins. 
25—6)427 


The first step to solving the problem is to homogenize the non-iterative 
fractions. After we have done this, the first difficulty is to find the least 
solution to the three equalities involving only bulls. Simplest is to use false 
position to take the number of yellow bulls as 1. One uses Elem. VII.39 to 
find the least arithmos that there can be of the bulls, in this case 891. 


w=5/6b+y w = 2 148/297 2226 

b=9/20d+y b= 179/99 1602 

d=13/42wty d= 1 689/891 1580 
y=1 891 


One can also verify that these four numbers are relatively prime. 

Now we turn to the cows. Use the values you have for the bulls thus far, 
although you will get this nasty result of the second column; however, it is 
now trivial to apply Elem. VII.39 to avoid chopped beef, so that you now 
get the number of whole cows.428 


W = 7/12 (B + 1602) W = 1547 1981/4657 W = 720,6360 
B =9/20 (D + 1580) B = 1050 3396/4657 B = 489,3246 
D = 11/30 (Y + 891) D = 754 4442/4657 D = 351,5820 
Y = 13/42 (W + 2226) Y = 1167 4494/4657 Y = 543,9213 


We also multiply the number of bulls by 4657 to get their number as well. 


W = 2226 - 4657 = 1036,6482 


b = 1602 - 4657 = 746,0514 
d= 1580 - 4657 = 735,8060 
y = 891 - 4657 = 414,9387 


One can readily, but not easily, verify that the groups of the herd are 
relatively prime, so that this is a least solution. One can even go further to 
try to find a multiple such that w + b is a square arithmos and d + y is 
triangular (equal to a sum of arithmoi from 1), although you will not 
succeed without tools from the future. There are several things lacking in 
this presentation. I have not explained how to solve the two sets of 
problems, although conceptually each is a simple matter of substituting 
equal terms on the right until one gets a single answer. It is easy to see how 
errors could arise in trying to clean up the result. Nonetheless, the 
technique I have used is so close to the sorts of techniques we find in late 
antiquity and so evident in the context of a written out presentation of the 
problem, i.e., without the sorts of symbols that we use, that it seems that 
this is how Archimedes would have expected his Alexandrian audience to 
proceed before being stumped. 

In this regard, it is notable that the one known ancient attempt at the 
easier part of the problem, the scholion printed in Heiberg’s text, comes up 
with values 80 times the actual minimal solution.429 The Cattle Problem is 
so similar to problems from late antiquity and so extraordinary in its 
playfulness, that it is hard to believe that it is not an extravagence based on 
a well established tradition of numerical puzzles. This may be partly 
confirmed by the reliqua we have of a treatise of Apollonius on an 
arithemetic puzzle on the supreme power of Artemis, partly preserved as 
Pappus, Collectio ii. 

The first Classical example I have is playful but not so challenging, the 
nuptial number of Plato (Republic VIII 546BC), which I alluded to earlier, 
is of this ilk yet involves no hint of fraction avoided.430 It involves a 
calculation of years and mentions a square of an irrational and so will not 
be separate from perceptibles and hence cannot be an example from the 
expert’s manual of calculation problems. Nonetheless, as worded, albeit 
obscurely, the conditions could be seen as a puzzle, to find the first, ie. 
least, number for certain conditions set down and a second number built on 
it. Now, it is very likely that the resulting number is 1296 myriads 
(1296,0000 or in a Babylonian system, 1, as already noted) and that it is the 
only number that satisfies the conditions. Socrates only expresses these 
through calculation puzzles: the larger is a square of a multiple of 100 (36), 
the product of 100 times the square of the square root of 49 minus | or the 


square of 100 times the square of the square root of 50 minus 2 (4800), by 
100 times the cube of three (2700), perhaps 3-4:5 multiplied by itself three 
times, perhaps the last term of the continuous §satio 
60:3600:21,6000:1296,0000, and perhaps other properties one might cull 
from this text. It is even possible that finding puzzles is part of the exercise. 
One of these seems to be squares of numbers whose double differs by 1 
from a square number. The sequence is familiar ({1, 1}, {3, 2}, {7, 5}, ..., 
or (...,{m, n}, {2 ntm, m+n}), where the actual problem is not quite the 
same as approximating the square root of two.431 My point is that Plato 
presents the puzzle in a way that is consistent with posing a calculation 
problem, even if it is not of the form that requires multiplying to avoid 
dividing. 

There is another place where we can see manipulations avoiding 
fractions that is early enough for us to suppose that it may reflect a 
Classical calculation with fractions evaded, namely Sectio Canonis 6-9. 
Although it is not crucial to my argument, I shall assume that Euclid is the 
author;432 moreover, its relation to the E/ements is obscure, since it seems 
to refer to the Elements, albeit to a text different from the one we have.433 
Just as Elements VIU-IX reflects earlier treatises on number, so the Sectio 
Canonis seems to reflect earlier fifth to fourth century BC work on 
harmonics, and that is all I need. The text has three basic types of 
propositions: propositions 1-5, general propositions about doubly 
composed intervals (in effect, continuous proportions), that depend mostly 
on the definition of ‘same ratio’, transitivity of measuring,434 and Elem. 
VIUI.7; propositions 6-9, theorems on particular intervals; propositions 10— 
20, applications to a system of tones. I shall be concerned with the second 
group, in particular, propositions 6-8, where we can distinguish two 
techniques, where the first proof of two proofs of 6 uses fractions and 
where the second proof of 6 and the proofs of 7, 8 avoid fractions. 

In each case, the three theorems concern combining intervals:435 
6.The double interval is constructed out of the half-again interval and the 

third-again interval. 
7.From the double interval and the half-again a triple interval comes about. 
8.If the third-again interval is taken from the half-again interval, the 

remainder is the eighth-again interval. 


Euclid does not define interval, but treats the interval AB as a ratio of 
numbers A:B in propositions 1—5, and avoids the word ‘ratio’.436 So, the 
interval where A is an eighth-again B will have to be equivalent to a ratio 
A:B=9:8. Nonetheless, in propositions 6-8, one infers from ‘A is an eighth- 


again B’ (interval) to ‘A has B and an eighth of B’ (quantity) to ‘8 A’s are 
equal to 9 B’s’ (quantity) back to ‘A is an eighth-again B’. These cannot all 
be proportions, while the third is explicitly an equation (sic). What we do 
not see anywhere, though, is the fractional statement that we would expect 
if fractional discourse were standard: ‘A is equal to 1 8’ B’. 

Let us then look at the two techniques through proposition 6 in the first 
version and proposition 8, where I use proposition 8 instead of proposition 
6 in the second version because it is less trivial: 
8.If a third-again interval is taken away from a half-again interval, the 

remainder is left over as eighth-again. 


For let A be half-again of B, and G be a third-again of B. I say that A is an 
eighth-again of G. For since A is half-again of B, therefore A has B and the half 
of it. Therefore, eight A’s are equal to twelve B’s. Again since G is a third-again 
of B, therefore G has B and the third of it. Therefore, nine G’s are equal to twelve 
B’s, but twelve B’s are equal to eight A’s. Therefore, eight A’s are equal to nine 
G’s. Therefore, A is also equal to G and the eighth of it. Therefore, A is an 
eighth-again of G. 


A being half-again of B and G being a third again of B are intervals. Euclid 
translates the interval into magnitudes, where A has B and half B. We then 
get the equation. 


8A=12B 


Again, from G has B and a third of it, we get: 


9G=12B 


Euclid sets up two equations where one term is the same in each of the 
three proofs of this sort.437 The obvious question is how Euclid gets the 
common value 12B from A=B+1/2 B, and G=B+1/3B. We might well 
suppose that there is an unmentioned intermediate equation: 2A=3B and 
3G=4B. From this it is obvious that the common value, the least common 
measured, is 12. In other words, Elem. VII 34. 

It is crucial in the argument that however one understands the fraction, 
it is immediately replaced by the equation. In other words, one starts with a 
proportion, turns it into a claim that one value contains wholes-and a - 
fraction, and then converts this into an equation with whole numbers. 
Having done this twice, one works with the two equations to get a new 
equation, that is then converted directly into a proportion. This is very 
much what we would expect where ratios and fractions are conceptually 
tied together, but where one avoids working with fractions. Indeed, all 


fractions are written out.438 
As mentioned, there are two versions of Proposition 6. Here is the first 
version, which is different from the other proofs. 
6.The double interval is constructed from two largest epimoric (intervals), 
from the half-again, and the third-again. 


For let BG be half-again of DZ, and DZ third-again of Q. I say that BG is double 
Q. For I took away an equal to Q, ZK, and to DZ, GL. Accordingly, since BG is 
half-again DZ, therefore BL is a third part of BG, and half of DZ. Again, since 
DZ is a third-again of Q, DK is a fourth-part of DZ, and a third part of Q. 
Accordingly, since DK is a fourth-part of DZ, but BL is a third part of BG, 
therefore, DK is a sixth part of BG. But DK is a third part of Q. Therefore, BG is 
double Q. 


The argument here is surprisingly complex and unnecessarily so. Here, the 
basic idea is, given x is an n’th again y, to subtract the whole of y from x 
and y+n’th y. We start with BG is half-again DZ and DZ is third-again Q, 
where we need to show that BG is double Q. For ease of reading, I shall be 
slightly anachronistic. We subtract from both sides to get these two 
equations. For clarity, a=BG, b=DZ, c=Q, which implies that BL=a-b and 
DK=b-c. 

lLa=b+1/2b>3> (a-b)=1/2b=13a 

2.b=ct+13c>(b-c=13c=146 

3.b-c=1/4 band (a—- 6) 1/2 6)=1/3a>b-c=1/6a 

4.b-c=13candb-c=l/ba>a=2c 


The idea in the proof is to get the two quantities 1/6 a and 1/3 c equal to b — 
c (DK).439 Steps (3) and (4) use inferences: from x = 1/4 y and 1/2 y= 1/3 z 
to x = 1/6 z; and from 1/3 x = 1/6 y to y = 2 x. These steps in the proof are 
trivial if one treats 1/4, 1/3, and 1/2 as ratios, and one can think of the 
fractions in this very way. But one distinctive feature of the proof is its 
initial move, the two subtractions so that one is only working with n’ths. 
That the method is somewhat awkward and is not repeated does not imply 
that this is an earlier clumsy proof technique replaced by something slicker. 
It could well be an elementary exercise in working with fractions that gets 
dropped because once is enough. On the contrary, I think it reasonable to 
suppose that the proofs where fractions are evaded is more representative 
of an earlier technique (I take both versions of proposition 6 to be 
authentic). 

My fifth example, which comes from Euclid’s proof of Sectio Canonis 
9, that six eighth-again intervals are more than a double interval, is very 
different and is a lemma for Proposition 14, that the octave is less than 6 


notes. Behind the proof is taking a subunit, if you like, of 86 = 26,2144, 
which will be the first arithmos in a series of seven. Then one constructs a 
series of the next six eighth-again arithmoi, in modern notation 85 91, ... 8° 
96, to see that 96 = 53,1441 is larger than 2 - 86, than twice the subunit. 
After the statement of the theorem, Euclid does not use the word ‘interval 
(diaot Wa)’ again, so that it is implicit that the seven members of the series 
are terms of the six eighth-again intervals. This is completely consistent 
with what we would expect if the initial unit, a whole number, is calculated 
precisely so as to avoid fractions, especially if the language of fractions is 
inadequate.440 Of course, there might be other reasons why Euclid 
constructs the proof in this way, but this is the most obvious one. 

In fact, such subunits are foundational to the harmonic tradition, 
although the evidence is mostly late. Ptolemy (Harmonics I 13 30.3-31.18) 
discusses Archytas account of the division of the tetrachord441 and presents 
Archytas as giving the components in terms of base points, which taken 
together are least numbers. This is the table that Ptolemy presents, but with 
the means of calculation that he indicates in Harm. I 13. 442 

Base values: the high note is 1512; the tetrachord is 3'4-again; the ratio 
of the second highest note of the chromatic to the second highest note of 
the diatonic (CD) is 256:243. 


Enharmonic Chromatic Diatonic 


calculation calculation 


points | ratio if ratio if points | ratio if 


given given given 


4'h-again | given sth.again | given 


calculation | points 


ratio and 
highest 


from 1701 
(diatonic) 
and CD 


ratio and 1701 


highest 


1890 


35!" not used none 7'*-again | not used 


27% 
again 


It is easy to see that the three progressions form a relatively prime set and 
are least numbers, just as we saw in the Sectio Canonis, in other words, so 


lowest and | 1944 
ratio 27%- 
again 
27'h-again | given and 
same for 
all 


given and 
same for 
all 


highest 2016 
and tetra- 
chord 


lowest and 
ratio 27*- 
again 


highest 
and tetra- 
chord 


1944 


2016 


27'"-again 


lowest and 
ratio 27%- 
again 


given and 
same for 
all 


highest 
and 
tetrachord 


that the extremes of the tetrachord accommodate all three scales with whole 
numbers. It seems that the whole numbers are original to Archytas. 

One can easily object to this suggestion by observing that Ptolemy 
standardly selects units for the ratios. Ptolemy does this in two ways. In the 
theoretical discussion of harmonics, Harmonica I, Ptolemy uses ratios of 
whole numbers. However, in the empirical discussion, Harmonica II (cf. 
esp. the tables of 14 and 15), he presents the kinds mostly in the range 60 to 
120 (perhaps not incidentally his values for the standard radius and 
diameter of a circle), and gives the fractional parts in sexagesimal, also his 
practice in astronomy, but here restricted to one place. So just as Ptolemy 
provides approximations of Archytas’ genera in Harmonica II 14, so in I 13 
he calculates a set of numbers that satisfy the given ratios. 

There is a reply to this objection. Ptolemy actually calculates the 
second highest note from the number for the second highest diatonic, which 
itself is calculated from the interval between the highest and second highest 
(8th-again) and the points for the highest. The two highest intervals for the 
chromatic are never needed. Then, before going on to other objections, at 
the beginning of the next chapter (Harm. I 14.2), Ptolemy points out that 
the ratio of the second highest to the highest and of the third to the second 
fail to be epimoric, though even here he does not actually state the reduced 
ratios of 32:27 and 243:224. In other words, these reduced ratios are not 
part of his account. Of course, it is perfectly possible that Archytas said that 
the second highest chromatic is the interval composed from 8th again and 
256:243, which one can determine to be (via arguments such as we saw in 
Euclid) the interval 32:27, and, for some reason, Ptolemy chose to ignore it. 
It is just that there is nothing in Ptolemy to suggest this. Indeed, one 
probably has to compound the ratios to get the minimum value for the high 
note 1512. Yet, from the way Ptolemy develops his argument, it is 
reasonable to suppose that Ptolemy’s practice in Harm. | is like Sectio 
Canonis 9 and is at least as old. 

We can find very limited affirmation in ps.-Plato, Epinomis 991AB 
(mid 4th cent. BC), where half-again and third-again are said to be the two 
means of the six to twelve, that is the arithmetic and the harmonic (these 
terms are not used). Clearly, six and twelve provide the basis for the 
simplified scale.443 If we find this in the trivial case, it is reasonable that the 
same method was used in the more complicated case. 

My last example lies in the mixing of the concepts of ratios and 
fractional parts in Archytas’ definition of the harmonic mean (DK 47 
B2):444 


And the other (mean) is subalternate, which we call harmonic, those where by the 
part (yépet) of itself that the first term exceeds the second, by this part (uépet) of 
the third the middle exceeds the third. It comes about that in this proportion (év 
TavTa TA AvaAoyia) the interval of the larger terms is larger and that of the 
smaller is smaller. 


We can write this out as: A-B is the same part of A as B-C is of C. This 
echoes part of the definition of ‘same ratio’ for numbers, Elem. VII.df.21, 
and gets described in the next sentence as a proportion. It would also be 
surprising, however, if built into this conception of the subalternate/ 
harmonic mean, every A-B had to measure A, e.g. that 8 should not be the 
harmonic mean between 20 and 5 because 12 does not measure 20. ‘Part’ is 
used more generally than in the Elements and hints at the notion of a 
fraction. 

Let us review what the six examples seem to show. The Palatine 
manuscript shows that at least some mathematicians in late antiquity regard 
Elements V and VI as providing techniques for the solutions of ordinary 
arithmetical puzzles, particularly in the use of VH.39 for finding the least 
arithmos having given fractional parts. Archimedes’ Cattle Problem clearly 
mimics a tradition in the Greek world of such ordinary puzzles. Greek 
mathematicians in the third century BC would have adopted and even 
refined Egyptian methods of working with n’ths, so that perhaps there 
would no need to appeal here to VII.39, but it seems to lie in the 
background of the base solution to the basic Cattle Problem if we take part 
of the method of a solution as false position. In any case, Plato also 
provides in the nuptial number, a tradition of play with ratios of numbers. 
All this does not get us to a way of solving arithmetical puzzles without 
fractions. I suggest that three proofs of Euclid’s Sectio Canonis do exactly 
this, in that they convert an interval/ratio problem to a fraction problem to a 
problem without fractions. The primary proof of proposition 6 draws a 
contrast for us, especially if it represents a newer technique. The proof of 
proposition 9 just is an example where long multiplications use the 
techniques of Elements VII to avoid fractions, something especially 
poignant in a world of bad representations of fractions. However, along 
with Ptolemy’s presentation of Archytas, along with the Epinomis, it shows 
the close relationship between creating subunits and using ratios. The last 
example, also from Archytas, suggests the close relationship between Elem. 
VIL.df.21 and a Greek notion of fraction. 


VIIMildly Sceptical Conclusions 


There are three components to my speculations about why Greeks 
developed a theory of ratio rather than a practice for dealing with fractions. 
The Greeks lacked a symbolic system for calculating with fractions, but 
they could think of fractions as part or parts of a number. At the same time, 
they had a language of ratios and abaci on which they could calculate with 
subunits. Thus, in Euclid’s books on number, we see an account of part and 
parts developed into a theory of ratio. On this view, fractions are at the 
center of the Euclid’s discussion, just treated in two different ways, as part 
or parts and as ratios. This allows for the introduction of fractions as n’ths, 
homonyms of a number. I have intentionally omitted the grand issues of 
fifth and fourth century BC mathematics, the development of 
incommensurability and general theories of proportion, though I touched 
lightly on harmonic theory. I looked to a small issue, but one which, I 
suspect, deserves more prominence. It is curious that Greeks developed a 
rich number theory, while Babylonians and Egyptians, with rich systems of 
fractions and subunits, do not seem to have done so, well, at least in the 
sense of a theory of whole numbers. If Greeks could avail themselves of a 
system of fractions that was primarily a system of subunits with associated 
systems of iterative parts and ratios of numbers, then the development of 
number theory is much more comprehensible, as is the focus on ratio, as is 
the choice in Euclid of building a theory of numerical ratios on an account 
of part and parts. On this view, the revolution in number theory might not 
seem remarkable. Yet, the creation of a demonstrative theory of ratios for 
the purpose of giving a foundation to working arithmetical problems was 
no mean feat, even if it works with available methods . However, this is 
merely a suggestion.445 
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Fig. 1: The Parthenon, 


Athens, 447-432 BC: west facade. Fig. 2: 
The Parthenon: ground plan. 
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Recursive Knowledge Procedures 
Informing the Design of the Parthenon : 
One Instance of Continuity between Greek 
and Near Eastern Mathematical Practices 


Abstract: This paper argues for reconsideration of two generally held 
views in the historiography of Greek mathematics, a narrow one about 
fourth and fifth-century Greek mathematics and a more general one about 
the continuity between Greek and earlier near Eastern mathematics. The 
narrower view called into question, owed to Knorr 1975, holds that two 
mathematical notions crucial for the development of Greek mathematics— 
(1) continuous proportion (and its non-reducible-to-a-unit-or-multiples-of- 
a-unit correlate, anthyphairesis) and (2) the reflective awareness of 
incommensurability owing to a misfit between magnitudes and multitudes 
—were understood for the first time in the mathematics of the first decades 
of the fourth century. Against this view, we propose to show that the 
Parthenon’s construction displays at least a foundational comprehensive 
understanding of both of these mathematical ideas. Building on this 
narrower reconsideration, we further claim that the specific manner, which 
can be called ‘algorithmic-problematic’, of the Parthenon’s engagement 
with these themes gives us reason to believe that the relationship of fifth- 
century Greek mathematics to its near Eastern precedents shows more 
continuity than is generally held. 


Keywords: Greek Miracle, Incommensurability, Knorr, Szabd, 
Anthyphairesis. 


IIntroduction 


In what follows, we shall re-examine two views in the historiography of 
Greek mathematics that have enjoyed relative stability for about a 
generation. First, that the development of a specifically theoretical 
understanding about two mathematical notions of great importance not only 
for Greek mathematics but for the history of mathematics as such—(1) 
continuous proportion (and its non-reducible-to-a-unit-or-multiples-of-a- 
unit correlate, anthyphairesis), and (2) the relationship of the geometric and 
harmonic mean (crucial for the theorization of incommensurability)—can 
be traced to the first decades of the fourth century. We hope to show that 
this dating might unnecessarily rule out genuinely theoretical knowledge at 
least one or two generations older in provenance, arguing that the 
Parthenon’s construction (447-432 BC) entails a properly theoretical (not 
‘merely’ practical) understanding of both notions. On this basis, we shall 
also call into question a more general historiographical standpoint which 
holds that one can find much more discontinuity than continuity between 
Greek mathematics and its near Eastern predecessors. For, we shall see, the 
specific manner in which the mathematical principles of the Parthenon are 
put into practice (we shall call it ‘algorithmic-problematic’, as opposed to 
‘proof-theoretical’) gives us reason to believe that the relationship of fifth 
century Greek mathematics to its near Eastern precedents shows more 
continuity than is generally held. 

Already 50 years ago, Arpad Szabo and Wilbur Knorr debated on when 
Greek mathematics transitioned from a ‘merely’ practical to a properly 
theoretical understanding of the key mathematical notions later enshrined 
in Euclid’s Elements as the basis of mathematical knowledge. If the 
position of Knorr in that debate is right—and there is a relative consensus 
that he was—then the kind of theoretical understanding we believe rests 
beneath the Parthenon’s construction would not have been possible at that 
time. Yet, notwithstanding the scholarly consensus adduced, we will 
suggest that they were known in this reflective way at that time. 

It is crucial to speak tentatively here given the fact that, as Waschkies 
(2004, 16) notes, any “idea concerning the origins of Greek mathematics” 
is effectively a guess—hopefully an educated one—given the lack of 
original sources prior to the time around the turn of the fifth to the fourth 
century. Yet, as Netz (2014, 167-71) recounts, even if definitive statements 
about the pre-Euclidian period are impossible, we can be relatively sure 
that the path toward the consolidation offered by Elements relies on 
knowledge networks that can be read out of Proclus’ summary of the early 


mathematicians. The reconstruction of the earlier historiographical debate 
in section II hopes on this basis to suggest that it is at least not impossible 
that one such network was active in Athens in the mid-fifth century though 
largely unrecorded, Proclus’ mention of Oenopides of Chios (fl. in Athens 
around 450 BC) notwithstanding.446 

Building on this first part, the balance of the present work will suggest 
reading the Parthenon itself as a source that demonstrates the work of this 
network and how it fits into what Netz (2014, 181) calls the “gears” by 
which the knowledge networks generate and transmit the practical 
mathematical knowledge that came to be canonized only a century or more 
later. First, in section III, we identify one potential source of the 
insufficiency of choosing between the views of Szabo and Knorr: namely, 
that both authors understand the relationship between practical 
mathematical knowledge and theoretical reflection on it in an overly 
narrow way. We examine two potential correctives to this failing: (1) 
following Fowler 1999 in paying more attention to the role Jogistike, 
anthyphairesis in particular, plays as part of the theoretical mathematics of 
the early Academy; (2) re-thinking the possible ‘legacies’ of near Eastern 
mathematics in the reflective comprehension (theory) as well as the 
practice of mathematical procedures and their results. 

Finally, the concluding third part (section IV) offers a new reading of 
the mathematical principles of the Parthenon’s design that emerge from, but 
cannot be answered by, the practical application of procedural 
mathematical knowledge. If we begin with the view that such features 
could not have been consciously implemented in the Parthenon’s 
construction absent a rich reflective awareness of these principles, then we 
will find that the designers involved could not but have had a theoretical 
understanding of ‘cutting edge’ mathematics of the kind being developed in 
the networks that Netz 2014 describes, to one of which those responsible 
for the design of the Parthenon would have belonged. Crucially, we will 
discover, such mathematical knowledge was sufficiently advanced to have 
accomplished something that Knorr believes to have only been possible 
only 30-50 years after the period of the Parthenon’s construction, after the 
work of Theaetetus, Archytas and Eudoxus. 


IIThe Szabd/Knorr Debate 


A return to the Szab6/Knorr debate is crucial for telling a story about the 
historical development of the theory of incommensurability, which itself 


seems central to pre-Euclidian mathematical knowledge. There are two 
central components of Szabo’s analysis that are relevant for us. First, is his 
thesis that there was much more of a theoretical development in Greek 
mathematics during the fifth century than is acknowledged by the 
conventional view, which holds that theoretically advanced mathematics 
began only in the early fourth century—that is, during Plato’s intellectual 
career. It is important to note, though, that views do differ as to how central 
Plato and the Academy were in this development, and also about just how 
far theoretical advances went at what time in the relevant period, i.e., 
410-370 BC.447 Second, is his view of the priority of music theory, both in 
terms of time of circulation and in terms of intellectual formation. This 
priority finds primary expression in Szabo’s chief dissent from the 
consensus that developed after his debate with Knorr. Namely: if he dates 
significant advances further back chronologically in the development of 
Greek mathematics than is commonly done in the literature, this is not 
because of a disagreement about when the integration of work on number 
and work on geometry occurred. Indeed, all parties agree that this is the 
work of the early decades of the fourth century, and it is here that formal 
proof and all the features of “Greek formal-deductive mathematics” truly 
take hold.44s Rather, as we will see in some detail just below, Szab6 1978 
insists that this theoretical integration and advance was built on the basis of 
a prior theoretical achievement within music theory that developed out of 
musical practice and was already mature in the first half of the fifth 
century. We do not hope to decisively determine anything in particular 
about Szabo’s case for the priority of music theory, but we do hope to show 
it is plausible that there was a theoretical understanding of interdisciplinary 
issues in mathematics at work in the Parthenon’s design. 

How does Szab6 hope to substantiate the claim that theoretical advance 
occurred by 430 BC, some decades before the conventional account 
allows? He hopes to show that even if nothing like the formal (..e., 
‘axiomatic-and-deductive’) proof, and surely nothing like ‘proof-theoretical 
truth’ had developed in the mid-fifth century, certainly it is the case that by 
the time of Philolaus and Hippocrates there was already a rich tradition of 
truly theoretical mathematics. Such a truly theoretical mathematics is one 
whose practitioners possessed a kind of familiarity with the 
interdisciplinary relevance of incommensurability that transcends a mere 
‘working’ or practical knowledge within the mathematical disciplines of 
harmonics, geometry, or number and thus merits appreciation as a deep 
theoretical engagement with this issue.449 But why does Szabo’s account 
focus on the development of the three central mathematical disciplines 


named here? His whole historiographical framework, elaborated just below, 
is based on articulating a timeline that makes sense of how these disciplines 
came to be identified, together with astronomy, as the core mathematical 
disciplines in the education of philosopher-kings in Republic 7, and 
canonized soon thereafter as the center of mathematical, and thereby 
liberal, learning. For Szabo’s overarching picture to hold, much must have 
been known in the middle of the fifth century. Corroboration for such a 
dating, earlier than allowed by Knorr, is provided by Waschkies 2004, who 
however sceptical he might be of Szabo’s account, does argue that theorem 
sets are likely to have been “composed from about 475 BC onward,” with 
“an order induced by stating some [theorems] to be principles and deducing 
all others logically.”450 

Szabo’s central claim hinges on three subsidiary claims. First, owing in 
part to the fact that Propositions II.14 and VI.13 in Elements are more or 
less the same, and in part to the fact that II.14 is demonstrated so as to 
avoid any mention of propositionality, Szabo is confident that the 
construction of the mean proportional on a straight line (Proposition VI.13) 
was already known by the time of Hippocrates, whom he dates to having 
been active in Athens around 430 BC.451 Second, that the oldest 
demonstrative reasoning in proving mathematical truth is Epicharmus’ 
theory of odd and even, dated fairly accurately to ca. 500 BC, which is 
crucial because “this theory clearly culminated in the proof of the 
incommensurability of the diagonal and sides of a square”.452 Third, that 
provided sufficient attention to the integration of the three mathematical 
disciplines, a chronology can be established that proceeds in four stages: 
First, the musical theory of proportion develops, from which the terms of 
Eudoxean proportionality were borrowed; this occurs in two phases, with 
experiments with the monochord, giving rise to terminology for 2:1, 3:2, 
4:3, followed by the development, by this means, of the technique of 
‘reciprocal subtraction’ (anthyphairesis; Szabo: “successive 
subtraction’”).453 Second, this musical theory of proportions is applied to 
arithmetic, in a manner later discernable in the presentation of numerical 
ratios in Book VII and especially the discussion of continuous 
proportionality in Book VIII.454 Only then, Szabd holds, was _ this 
proportion theory then applied to geometry, at “the time of the early 
Pythagoreans”, working with the construction of the mean proportional.455 
Finally, “mathematics within a deductive framework” developed; here 
speaking of Elements and its concomitant theory of proof.456 

Szabo stresses two points about this chronology:457 first, if things did 
proceed this way, then quadratic incommensurability “must have been 


known well before the time of Archytas”; second, “the discovery of 
incommensurability is due to a problem which arose originally in the 
theory of music”. Of course ‘knowing well’ can mean a number of things, 
as critics of Szab6 have pointed out.45s Even if Szabo himself was not 
explicit, we think we can take his meaning here to coincide with the gloss 
provided for what is meant by a truly theoretical mathematics above; by 
‘knowing well’ we mean being theoretically aware: the practitioners of 
mathematical knowledge, such as those at work in the design of the 
Parthenon, possessed a kind of familiarity with the interdisciplinary 
relevance of incommensurability that transcends a mere practical 
knowledge within the mathematical disciplines of harmonics, geometry, or 
arithmetic. 

Szabo’s chronology, concerning the development of a proof of 
incommensurability that it entails, involves him in an extended argument to 
the effect that it is a mistake to attribute to Theodorus and to Theaetetus the 
decisive role in the proof of incommensurability in the period 410-370 
BC.459 Szabo’s claim rests primarily on two grounds: (1) a philological 
argument focused on his understanding of the use of the term dynamis (as 
both ‘square’ and ‘power’), in mathematical texts, from the earliest 
surviving fragments down to the fourth century; (2) an interpretive 
argument concerning Plato’s complicated intentions in associating the 
discovery of a proof of incommensurability with these two men in the 
Theaetetus. Here, we briefly state the decisive moment in each of these 
arguments for Szabo, and then discuss the basis of criticism thereof, and 
why we think we ought to consider this an open question. 

(1) Szabo’s philological argument against dating development of a 
theory of incommensurability to after 410 BC. Szabo summarizes the 
philological argument as follows: 460 


“Thus my previous conjecture to the effect that dynamis and tetragonismos 
originated at the same time inevitably leads to the conclusion that the creation of 
the concept of dynamis must have coincided with the discovery of how to 
construct a mean proportional between any two line segments”. 


This is the crucial link for Szab6, insofar as he holds that Hippocrates (and 
not Archytas) originated the proofs about mean proportionality. Szab6 
argues that the term ‘dynamis’ began signifying extent-in-square at the 
same time that it was learned that one could practically construct a square 
while using the mean proportional between two line segments.461 If this is 
true, and if it is also true that Hippocrates first circulated proofs of some 
kind concerning the mean proportional prior to 420 BC, then we can be 


confident that a crucial step in proving incommensurability dates to around 
430 BC and not 410-370 BC.462 

(2) Szabo’s hermeneutical arguments against dating development of a 
theory of incommensurability to after 410 BC were not especially well- 
received by Knorr himself, nor by Bowen 1984, for instance. This results 
from differing attitudes to interpreting the dialogues, however, and not at 
all to matters directly historical or historiographical. If, for the purposes of 
historical discussion, we can keep an open mind on how to interpret Plato 
—Griswold 2002, 1-18 and Nikulin 2010, 1-22 can help us to see why this 
is necessary—, then we find that this is an open matter. Szabo cannot be 
said to have proven that Theodorus and Theaetetus are not crucial for the 
development of a proper theory of incommensurability, that is, but he 
provides good reasons to doubt their centrality in this story. First, Szabo 
deploys a reading of the pun on ‘dunamei dipous’ in the Statesman 266aS- 
b7 to confirm that what Theaetetus describes working through with young 
Socrates was common knowledge.463 Second, Szab6 (1978, 76) argues that 
the mistaken attribution of significance mostly derives from two sources, 
which he spends five pages trying to debunk: first, an ancient Scholium on 
Elements X.9; second, “a report which probably stems from Pappus’ 
commentary on Book X and survives only in an Arabic translation’’.464 
Since both of these sources themselves rely mostly on a wrong minded 
reading of the mathematics section (147c-148b) of Theaetetus, there is no 
reason to see this attribution as anything other than a ‘false tradition’ .465 
Finally, Szab6 presents a hermeneutical and philological analysis of the 
dialogue in the service of this answer: Plato presents Theaetetus as a very 
talented, but also young and naive, and over-eager, researcher. The relevant 
section about the discovery of a theory of irrationals must be read in this 
light.466 

Holding these arguments to be clearly interpretive, but possibly right 
and in any case not disproven, we move to the second of the relevant points 
in Szabo’s analysis: the central importance and chronological priority of 
musical theory, which inspired an analytical program in number theory, 
which in turn inspired a reflection on the (im) possibility of fully 
integrating number theory and geometry—the latter of which had 
developed separately, without prior integration with the other two 
disciplines. Szab6 (1978, 108-78) argues that those working in music 
theory arrived at the three means and realized there is no geometrical mean 
for the fourth, fifth and octave, and on this point his view is corroborated in 
the literature on Greek music.467 From this tradition, mathematicians 
approached the double square and discovered mean proportionality 


between two lengths, numbers or not. Thus: music then arithmetic, then 
geometry. 

Against Szabo, Knorr argues that “by the time of Hippocrates both [the 
theory of congruence and the theory of similarity (based on proportion)] 
were already well developed”, but that the combination of these two 
traditions began “only about fifty years later”, with the contributions of 
Eudoxus.468 Knorr insists that “evidence in the pre-Socratic literature 
discourages dating [the] discovery [of the theory of incommensurability] 
before ca. 430”.469 One may recognize only after that time signs of a 
dialectical interest in the problem of incommensurability. The center of the 
debate is in the interpretation of Plato’s Theaetetus.470 Knorr here provides 
three arguments against Szabo. First, that even if something like the 
statement to be proven in Euclid VIHI.18 is at work here, this only shows 
that “there is no integer which is the mean proportional between two terms 
that are not similar numbers”, which is not enough to establish 
incommensurability.471 Second, Knorr claims that Szab0’s “view of the 
antiquity of the mathematics of the dialogue is an assumption not well 
supportable by the available documentary evidence, against which he has 
offered an argument.472 And, finally, given Knorr’s own view of the 
relative novelty of any theoretical understanding (and certainly proof) of 
incommensurability, it is “at least a reasonable counter-assumption that the 
number-theoretic foundation, upon which Theaetetus and his successors 
built their theory of incommensurability, had not yet achieved an advanced 
form at Theodorus’ time”.473 Knorr here underscores what Szabo himself 
acknowledges: the relative novelty or antiquity of the discovery within the 
range of 430-360 BC is a matter of speculation that existing sources will 
never definitively settle. Thus, we are dealing with the relative merit of a 
later or earlier date within this half century timeframe. 

Given that the participants in the debate both acknowledge that 
definitive knowledge is impossible here, and that the matter is really about 
who knew what when, within a fairly narrow research program in a 
relatively short time period, this question might seem pointless, especially 
as the alternatives do not strongly differ. Nevertheless, determining which, 
if either, is correct would be very telling for the argument we make about 
the Parthenon. For, if Knorr is right that the kind of integration Szabo sees 
in Hippocrates was only done in the time of Eudoxus, then it becomes 
difficult-to-impossible to believe that this integration, which we argue is 
integral to the design of the temple, would have been thinkable—let alone 
achievable—for its designers in the period 447-432 BC. 

In order to advance this deadlock, we turn now to the role of 


anthyphairesis. Fowler (1999, 1-24), asking different questions for 
different reasons but responding to the issues at stake in the Szabé-Knorr 
debate, focuses on this very knowledge procedure. Fowler notes that Knorr 
agrees with Szabo that “the theory of incommensurability will be perceived 
as contributing to important aspects of every part of the Elements, save for 
the oldest geometrical materials contained in Books J and III”, because they 
are both committed to the standard story about the history of Greek 
mathematics. This traditional account, Fowler (1999, 2) continues, holds 
that the “early Pythagoreans based their mathematics on commensurable 
magnitudes (or on rational numbers, or on common fractions m/n), but their 
discovery of [...] incommensurability (or the irrationality of V2) showed 
that this was inadequate”. This, as Fowler concludes his retelling of this 
view, “provoked problems in the foundation of mathematics that were not 
resolved before the discovery of proportion theory that we find in Book V 
of Euclid’s Elements”’.474 Fowler, for his part, “disagrees with everything in 
this line of interpretation”.475 Fowler, thought indebted to Knorr, provides 
grounds for arguing that Szabo is right to identify the sophistication 
belonging to Greek mathematics already before 430 BC. This is so, even 
though Fowler does not agree with Szabo that theoretical advances 
occurred earlier than Knorr allows, rather insisting that mathematical 
practice was well “ahead” of its theorization. Especially relevant for us as 
we approach the mathematics of the Parthenon is Fowler’s central proposal 
that anthyphairesis and its insights were familiar to and fascinating for 
mathematicians of the mid-fifth century. It may be that Fowler is entirely 
correct that a lot of what we—following the ancient and neo-Platonic 
commentaries—call ‘Pythagorean’ had nothing to do with Pythagoras and 
his followers.476 It may also be that nothing like (i) the formal theory of 
proportion in Elements, V477 or (ii) the formal system of deductive proof 
presented in Elements as a whole had been seriously developed during the 
fourth century, let alone the fifth.47s All the same, by underscoring the 
centrality of “reciprocal subtraction” (anthyphairesis) as a practice— 
especially in addressing problems in geometry (Theaetetus), in music 
theory (Archytas), and in astronomy (Eudoxus)—Fowler provides the 
welcome corroboration of our suggestion that the practicing 
mathematicians and mathematically informed artisans of the generations 
working at the time of the Parthenon’s construction used reciprocal 
subtraction as a means by which to test, geometrically, solutions to 
problems in harmonics. 

The chronology debate we have reviewed here points to a more 
fundamental debate about the very nature of Greek mathematics and its 


logical and methodological (not to say ontological) foundations. In the next 
section, we will argue on this basis that Greek mathematics shares much 
more with its near Eastern predecessors than is often believed. 


lliIBeyond the ‘Greek Miracle’ 


This section adduces one contextual argument against the idea of a Greek 
Miracle in which Greek thinkers introduced sui generis and from their own 
genius, as it were, patterns of thought utterly unknown prior to the 
“awakening” of (Greek) science, as Bartel L. van der Waerden (1961, 5) 
famously referred to the manner in which Greek mathematicians “took 
their start from Babylonian mathematics but gave it a very different, a 
specifically Greek character”. The work of Walter Burkert is of central 
importance in the academic interrogation of the self-sufficiency of Greek 
culture, while also just as clear as those who found his arguments and 
evidence so unwelcome regarding the magnificence of the Greeks. In a late 
synoptic work that reflects his whole body of work over the previous 40 
years, Burkert (2004, 12) paradigmatically concludes that “although Greeks 
had been on the receiving side for a long time, there is no doubt that the 
result is Greek. It is Greek art and architecture that have become classical, 
and Greek literature that has become world literature”. More recently, 
Josiah Ober has offered a comprehensive account of how the ‘Greek 
Miracle’ arose as a way of describing the rise of Greek-speaking city-states 
from peripheral backwaters to centers of thought and of economic and 
political power in the period between 800 and 400 BC, which he calls “the 
efflorescence of Ancient Greece”. Ober (2015, 15) argues that, rather than a 
miracle, the primary cause is “the powerful role of specialization, 
innovation, and creative destruction in the decentralized world of ancient 
Greece”. 

With this critique of the Greek Miracle and the established need for the 
contextualization of Greek culture that has occurred with respect to 
literature and religion in mind, we pose the wider of the two revisionist 
claims outlined in the introduction. Namely, what can the practice of 
anthyphairesis as developed from the earliest (scantily) recorded sources of 
the sixth century through to its presentation in Euclid’s Elements tell us 
about the supposedly revolutionary character of classical Greek 
mathematics? In answering this question, it is worth noting that while much 
is controversial about the degree of novelty in Greek mathematics, no one 
denies that there are some indications of contacts between Greek 


mathematicians (especially astronomers) and near Eastern counterparts, 
certainly by the fifth century (Meton), maybe even earlier (Hesiod).479 
Waschkies (2004, 15) shows that rather than some logical or philosophical 
principles being at work—as Szabo had argued—it is perfectly possible 
that a problematic approach to an arithmetical issue such as the psephoi- 
arithmeticians used would lead to the recognition that ‘the side and 
diagonal of a single square are a pair of incommensurable magnitudes, and 
therefore the method of proof by reductio ad absurdum might be an 
invention by early Greek mathematicians, if it had to be invented at all’. In 
other words, the algorithmic-problematic style of mathematics might very 
well have generated the practice of indirect proof quite independently of 
any philosophical interest, and this might just as well have been done by 
the early Greek mathematicians operating in this style as by their near 
Eastern predecessors, for all we know. 

To our best knowledge, the most firmly established early point of 
contact between near Eastern and Greek mathematics is in the discipline of 
astronomy, particularly the dates of appearance of stars and constellation 
during the year, comparable to material in MUL.APIN, and already present 
in Greek sources of the 8th century. As Evans (1998, 15-16) points out, 
“the data gathered during the reign of Nabonassar (747-733 BC) is 
especially important from the viewpoint of later Greek astronomy”’.4s0 
Given the evidence of overlap of ‘research problems’ and particularly of 
calculative techniques/knowledge procedures, we suggest it seems more 
likely than not that early theoretical advances in Greek mathematics 
developed with no small degree of continuity with the earlier work in near 
Eastern mathematics. 

All the same, we quite agree with Netz (1999, 272-5) that the formal- 
deductive framework of Greek mathematics does in fact give every 
appearance of having been sui generis and becomes canonical only with 
and after Aristotle, with a handful of proleptic attempts (now lost) such as 
that of Oenopides, discussed above, preceding. Based on this overview, 
Netz concludes that since “mathematics appears suddenly, in full force” in 
Aristotle’s works, one should believe that “as a recognisable scientific 
activity”, it “started somewhere after the middle of the fifth century”, and 
“since dates are a useful tool”, he proposed 440 BC as the point of 
emergence. In keeping with Netz’s conclusion, it seems to us that there are 
two significant respects in which slightly earlier, specifically mid-fifth 
century, Greek mathematics needs to be read backward in conversation 
with the non-formal and non-deductive procedures of mathematical 
knowledge from other traditions. First, we must see that both theoretical 


objects of mathematical knowledge (such as mean proportionality and 
periodicity) and intricate mathematical procedures (such as reciprocal 
subtraction) of great importance for the Parthenon were studied to a high 
degree of comprehension already by the mid-fifth century. In this respect, it 
is valuable to note that Proclus’s account of Oenopides as the first to 
distinguish between theorems and problems, to insist on geometry done 
only with a compass and a straight edge, and to draw a perpendicular 
straight line from a given point to a given straight line is generally 
accepted. If this is true, it certainly signals a mature context of theoretical 
mathematical knowledge production in Athens—i.e., knowledge pursued 
solely for its own interest and without relation to physical and practical 
production—by the time of the design of the Parthenon.4s1 

Second, we must notice that (1) if this first claim is true, then there 
must have been some basis for such a (relatively) advanced state of 
development, and (2) it seems prima facie unlikely that such development 
would occur prior to the development of Greek-style mathematics as a 
largely fourth-century phenomenon. Thus, Waschkies 2004 seems right 
when, returning to an argument made at greater length in Waschkies (1989, 
312-26), he argues that these objects and methods might well have been 
introduced not because of a burgeoning influence of Greek-style 
systematic, proof-theoretical knowledge procedures, but rather through the 
reception of near Eastern antecedents executed with an eye toward 
generalization. As he argues, both the near Eastern antecedents and their 
generalization were interesting for Greek mathematicians in their own non- 
deductive and not logically rigorous practice. 

This second suggestion is, we know, controversial. The possibility of 
near Eastern influences on Greek mathematics of the Euclid type is both 
very difficult to establish and controversial to explore in the first place. 
Establishing connections is difficult for two main reasons, first chronology 
(most of the evidence for Old Babylonian mathematics is early second 
millennium BC), and secondly the manifest difference between the 
deductive-demonstrative style of mathematics of classical Greek 
mathematics (from the fourth century BC onward) and the algorithmic 
problem-oriented style of mathematicians in ancient Iraq, whether Old or 
Late. Indeed, if Fabio Acerbi (2010, 153) is right that writings in the Greek 
mathematical tradition of ‘a foundational character’ show us that ‘the 
Greek way’ of doing mathematics is very much through the establishment 
of a ‘literary genre’, which he attempts to delineate and interpret through 
the works of Apollonius and Geminus, then it would be hard to find a 
tradition more unlike the tradition of court-based astral science in ancient 


Iraq of the same period, as the latter is characterized by Eleanor Robson 
(2008, 214-62). 

But more than just difficult to establish, possible links are suspect in 
advance as they seem both to belie the differences noted and to be driven 
by an a priori teleology where classical Greek mathematics must have been 
the direction that mathematical disciplines were headed, wherever practiced 
for whatever reasons. Indeed, in discussing one of the central foci on which 
the debate concerning the influence of near Eastern mathematics on Greek 
mathematics has focused—the right triangle problem at the heart of what 
came to be called the Pythagorean Theorem—Robson (2008, 110) 
concludes that the famous ‘showings’ of the relationship between 
rectangles and their diagonals with specific examples that express 
quantities later readers focus on as ‘irrational’ in Plimpton 322 and other 
early second millennium sources are “‘a student exercise in calculating lines 
and areas, not an anachronistic anticipation of the supposed classical Greek 
obsession with irrationality and incommensurability as is sometimes 
implied”. 

Robson is surely right that there is much suspect in twentieth-century 
attempts to place Old Babylonian sources in a specific kind of relation with 
classical Greek mathematics, with incommensurability at the heart of the 
story. Yet, as Hoyrup (2009, 67) notes in his overwhelmingly positive 
review of the book, when Robson discusses 


“possible links to Greek mathematics, Robson restricts herself, on one hand, to 
sweeping arguments [and] on the other, to rather unspecific references to 
renowned publications that take the pertinence of these for granted in a way that 
unwittingly supports the myth of the Greek genius that invented everything on its 
own without interaction with other cultures”. 


Thus, given the current state of knowledge and the norms about 
historiographical methodology and the challenges of changing orthodoxy, it 
remains the case that what is largely a nineteenth-century prejudice holds 
firm in place of a better and firmer hypothesis. This prejudice has it that 
while Egyptian and Mesopotamian cultures developed practical 
mathematical understanding much earlier than the Greeks, it was the 
Greeks alone who sought to develop a proper theoretical understanding of 
these mathematical objects. This prejudice, as Hgyrup has extensively 
argued, is quite hard to overcome; Steele 2006 has also discussed the ways 
in which cultural expectations can inform historical analysis, especially 
when original sources are scarce and questions of influence are involved. 
And, as Robson (2008, 274) notes, even as “(some) Old Babylonian 


mathematics was written into the Western tradition”, anything from the 
3000 year history of mathematics in ancient Iraq that “was irrelevant to the 
standard teleological narrative by virtue of being contemporaneous with, or 
even later than, Classical Greek mathematics” went ignored. 

If we heed Robson’s advice, as well as the work of Waschkies noted 
above, however, there are other reasons to be less than certain that the 
manifest difference in style between Greek mathematics, once it comes to 
be well-attested in the fourth and third centuries BC, and its near Eastern 
predecessors preponderates against the possibility of meaningful influence 
of the latter on the former. Robson herself finds that work, like that of 
Hoyrup and Netz referred to elsewhere herein, which tries to uncover the 
workings of ancient mathematics in either the Greek or the near Eastern 
traditions in their own contexts and with less ‘conforming’ translations and 
explications “reveals three very different mathematical cultures”, meaning 
Old Babylonian, Late Babylonian and Greek.4s2 Surely there are profound 
and meaningful differences, and surely too, as Robson (2008, 272-4) 
argues, there has been much ‘orientalizing’ in the historiography of ancient 
mathematics. Yet, a granular and context-aware cognitive history of late 
first millennium near Eastern and archaic (just pre-Classical) Greek 
mathematics is neither impossible nor without promise for those two 
reasons. 

Philolaus (ca. 475-385 BC) is a central figure for the questions raised in 
this section, and thus makes for an excellent case study in attempting to 
address them.4s3 First, his intellectual career closely coincides with, if 
largely slightly postdates, the design of the Parthenon, and shows a concern 
for precisely the kind of integration of the mathematical disciplines 
organized thematically around ‘harmony’ that we find there. Still more 
important, whenever exactly he published his one treatise on the cosmos, as 
Graham (2014, 48) notes, he did so by entering into a “larger conversation” 
that was already ongoing; a strong indication that the specifically 
mathematical elaboration of principles about nature already was directed at 
an audience sufficiently trained and large enough to receive such an 
account. While we will focus on another discovery/invention attributed to 
Philolaus, the Pythagorean tuning preserved in what Huffman 1993 refers 
to as Fragments 6/6A is integral to the mathematics of the Parthenon. 
Philolaus’ work carries a distinct trace of what near Eastern mathematics 
did best, astral science, specifically the theory of the moon and the sun, and 
the position of the ecliptic. 

Take the case of Philolaus’ great year. Huffman provides a thorough 
account of what is known about this intellectual achievement, which 


purports to name the period within which solar years coincide with lunar 
months: namely, 59 solar years (where each solar year has a value of 364 
1/2 days), or 729 lunar months (where each lunar month has a value of 29 
1/2 days).484 As Huffman pointedly asks: “The crucial question is: how did 
Philolaus arrive at this set of numbers?”4s5 Huffman considers two main 
alternatives, one in which Philolaus is adopting and adapting the value that 
Oenopides (mentioned above, and a slightly older contemporary of 
Philolaus) had arrived at: 730; the other in which he derives it from 
recorded observations directly. If he revised an earlier value, the 
supposition goes, this could be either because of some preference in 
working with the observations—like the value it gives for the solar year (of 
364 1/2 days, rather than 365 22/55 days—or because of the inherent 
appeal of 729 as a cube of the cube of 3.486 The “‘numerological’ reading 
seems to gain credence from the tradition, going back to Aristotle (Metaph. 
986a3-12, Cael.293a23-7), that holds Philolaus introduced the counter- 
earth solely to get a perfect number of ten heavenly bodies. As Graham 
(2014, 57-60) shows, however, Philolaus has good observational reasons to 
introduce the counter-earth—this would explain the greater occurrence of 
lunar than solar eclipses within his “central hearth” structured cosmos. 

Building on Graham’s work with the counter-earth, we would extend 
this way of reading the interplay of a priori reasoning and observational 
awareness to the enterprise that would lead one to posit a great year, a topic 
which Graham 2014 does not address. Huffman identifies this as “an 
attempt to harmonize two important ways of measuring time, the lunar 
month and the solar year’—and as not sui generis within Philolaus’ 
cosmology, or within Pythagoreanism.4s7 Both the observational data and 
the values with which Philolaus and his Greek contemporaries were 
working came to them from Egypt and Mesopotamia. Given this fact, 
Huffman’s analysis—where the interpreter is left to decide between the 
possibility that Philolaus, as a mid-fifth century Greek mathematician/ 
cosmologist, would base a certain key finding on either (a) fit with an 
overarching theoretical commitment or (b) fit with observational data— 
leaves aside a possibility worth serious consideration, even if it is difficult 
to substantiate fully. Namely, is it not possible that solar year and lunar 
month periodicity presses itself on these fifth-century Greek sources 
through the determination of the same issue in the recent Babylonian 
astronomical work of the seventh and sixth centuries BC? 

While it is difficult to establish connections for the reasons stated 
above, here is an instance where we have Babylonian source materials— 
specifically ‘Goal-year tablets’, which make predictions of where certain 


heavenly bodies will be at certain times in a given year, and ‘Lunar 
prediction tablets’, which focus on the moon over long periods—from the 
time in question. Since the 1990s, a great deal of work has been done on 
exemplars of this tradition determinately dated to the period (e.g., tablets 
from ca. 642-640 BC, 593 BC, 523 BC) and others whose dating is not 
precisely known but date from some time not earlier than the fifth century 
BC and not later than the third century BC.4ss These texts display two 
features that relate directly to the question Huffman raises concerning 
Philolaus’ process in arriving at his value for the great year. 

The first point of close contact between near Eastern astral science of 
the mid-first millennium and Philolaus’ interest in the great year rests in the 
fact that, as Huffman (1993, 277) notes, the latter “is an attempt to 
harmonize two important ways of measuring time, the lunar month and the 
solar year”. For our comparative purposes, it is crucial to note with Robson 
(2008, 214) that a “significant quantity of mathematics survives from the 
Old Babylonian period” through the Persian (Achaemenid) period, during 
the fifth and fourth centuries BC, and down to Alexander’s conquest and its 
aftermath. This transmission history includes a long tradition of interest in 
precisely this sort of solar year/lunar month harmonization at issue with 
Philolaus, among other topics of interest for reasons both mathematical and 
practical.4s9 It is true that the underlying motivation in Late Babylonian 
mathematical practice displays a significant difference from what we can 
glean as being Philolaus’ motivation, namely the political and religious 
importance of the eclipse in the near Eastern case as opposed to a more 
ontological and cosmological set of considerations for Philolaus.490 

All the same, the observational data with which Philolaus and his 
contemporaries could seek out significant number patterns is owed to this 
tradition. But Greek astronomers and mathematicians likely received a 
good deal more than just the data. For instance, bearing in mind the work 
of Huber and Steele 2007 on the so-called ‘Saros function’—an 18-year 
solar cycle—that is transmitted in lunar prediction tables dated to 642-640 
BC, and also the work of Britton 2002 on a lunar prediction table (dated to 
ca. 620 BC) that uses a 27-year solar cycle, one detects a strong 
consonance between Philolaus’ interest in powers of three and the repeated 
thematic and methodological use of powers of three in these near Eastern 
antecedents of which Philolaus and/or those with whom he worked might 
well have been aware. Unfortunately one cannot corroborate this claim 
more closely with comparison to Philolaus’ work, for (as Huffman 2014, 
276-7 notes) we have only a few scant later testimonies with which to 
work. But it can help to recall two facts concerning Plato’s reference to 


Philolaus’ great year at Resp. 587d-588a. First, we are told there that the 
number 729 is both ‘true’ and ‘appropriate to lives’ both because of days 
and nights (729 days and nights in one 364 4 day long year) and months 
and years (729 lunar months coincides with 59 years having 21 intercalary 
months). Second, this passage precisely proceeds by means of taking the 
number three in square and then in cube. We can see, then, that both in the 
near Eastern astral science of the relevant time period and in the work of 
Philolaus, the harmonization of the solar year and the lunar month is of 
primary interest and best understood through the power series of the 
number three. 

The second close point of contact between the great year as a 
paradigmatic instance of Philolaus’ interest in observational astronomy and 
near Eastern practices of the first millennium is the way in which he 
directly interprets data, in this case charts of the positions of the sun and 
moon, as themselves objects of observation. This appears to have been the 
hallmark of Babylonian astral science in particular: already by the seventh 
century, we see the development of what is called the ‘linear zigzag 
function’, which describes the pattern that emerges on a table inscribed on 
these tablets, given the values for mean speed (for moon and/or sun) 
through the phases of the moon over a period of solar years.491 From 
especially the fifth century on, this sort of function is used in order to give 
sequences of numbers tabulated for equidistant intervals of time, allowing 
for the determination of the relevant period and thus the prediction (for 
instance) of eclipses. This back-and-forth procedure, from tabular data to 
worldly phenomena, became integral to Greek mathematics, especially 
astronomy. One striking, albeit later, example of this is the work of 
Hypsicles on the mean speed of the sun and the moon. Hypsicles used 
Greek mathematical rhetoric of a Euclidian kind to present precisely 
Babylonian values of the ‘linear zigzag function’ for the mean speed of the 
sun and the moon. As Evans (1998, 124) notes, Hypsicles’ “whole scheme 
of using an arithmetic progression to represent the rising times of the signs 
is of Babylonian origin”. We do not have a record of when precisely Greek 
mathematicians began working with the periodic functions of near Eastern 
astronomy. Given the contacts, known to have been established between 
the seventh and fifth centuries, however, there is no reason to believe that 
Hypsicles or his contemporaries were receiving the zigzag function for the 
first time; in any case, the interest in periodicity, and the habit of noticing 
periodicity in data directly, and then bringing it to objects of observation or 
construction is shared by the near Eastern astral science of the seventh 
century and Philolaus. 


This brief investigation of Philolaus’ great year can at best provide a 
plausibility test for our claim that fifth-century Greek mathematical 
practices were continuous with and expressly borrowed from near Eastern 
predecessors. This comparison of the great year with goal-year tablets does 
not prove anything. We would insist, though, that it shows questions 
concerming the development of Greek mathematics at the time of the design 
of the Parthenon remain open and scholarship could benefit from a more 
extended comparative analysis of the kind we have initiated here. What’s 
more, it should at least be clear—however much we might doubt a direct 
reception of near Eastern astral science by Philolaus in developing his great 
year—that the kind of knowledge procedures employed in the ‘algorithmic 
problem-oriented’ style of near Eastern mathematics in this time period is 
quite similar to the ever-more-advanced, but still algorithmic and problem- 
based knowledge procedures in Greek mathematics prior to formalization 
and the introduction of deductive proof in the fourth century. 

This brings us back to the Parthenon and the nature of mathematical 
theory and practice in Athens in the mid-fifth century. We see in the 
temple’s design precisely the kind of algorithmic problem-oriented style we 
know to be the hallmark of near Eastern approaches. Analyzing the 
mathematically-informed features of the Parthenon’s design, it seems quite 
likely that the process of coming to these design features is through the 
reflective deployment of a variety of instruments derived from just this 
(putatively near Eastern) style. If that was happening in Athens at the time 
of the temple’s design, it seems natural to ask: how did they know how to 
do this? Why did they choose to do so? This article concludes with a first 
approximation of an answer to this question, which serves as the basis for 
the sustained analysis in the forthcoming publication of the findings of the 
research we have conducted on the Parthenon. In that further and deeper 
elaboration, we hope to show in detail how the continuity with, but also 
innovation when measured against, the sixth and earlier fifth-century 
tradition of Doric temple architecture indicates the underlying continuity of 
a relatively advanced fifth-century Greek mathematics with its near Eastern 
precedents. 


IVThe Parthenon: Continuity with Near Eastern 
Mathematical Knowledge Procedures 


This closing section focuses on three related mathematical features 
manifestly present in the design of the Parthenon: periodicity, the 


application of the unit, and the constructed harmony of the whole. Each of 
these features displays significant connections with emerging themes 
known to be crucial for the agenda of fourth-century Greek mathematics. 
At the same time, each expresses the algorithmic-problematic style long 
associated with near Eastern mathematical traditions in contrast to the 
formal-deductive style of classical Greek mathematics. Noticing these two 
facts about these three features, we conclude by suggesting that their 
integral presence in the Parthenon’s design shows how advanced the 
interdisciplinary practice of mathematics, theoretical as well as practical, 
was by the mid-fifth century. We further show that this advance neither 
depends on nor correlates with the development of formalization or 
deductive apparatus. 

In order to see why the presence of these features could be telling in 
this way for our conceptualization of the relationship between theoretical 
and practical mathematics on the one hand and the two styles of 
mathematical practice discussed here on the other, let us begin by recalling 
the Plato and the mathematicians discussion, in which the use of the 
difference in methodology between one kind of mathematics and another is 
key for understanding Plato’s critique of the (Greek) mathematicians (of his 
time) in Republic 6 and 7 (510c-d, 528b-d, 529b-c, 530a-b, 531b-c).492 
Plato here seems to be critical of mathematicians who simply apply their 
procedures, which they treat as granted setting-stones (hypotheses), and do 
not question their principles. In acting this way, Plato argues, they deprive 
mathematical practice of its greatest potential: they make it impossible for 
mathematics to lead us to the forms. If we bear in mind the central 
suggestion of the previous section of this article concerning possible near 
Eastern influence on the Greek mathematical practices before ca. 375 BC, 
this critique takes on a new dimension. Might it not be that the nature of 
Plato’s concern here is precisely the prevalence of the algorithmic- 
problematic style of mathematics argued here to be integral to the design of 
the Parthenon? Further interpretive attention is surely needed here. Yet 
should it prove true that there are substantial continuities between the (pre- 
Euclidian Greek) mathematicians Plato is criticizing and the near Eastern 
mathematicians that the second section has tried to show at least might 
have had an influence on them, this might help us to thicken our 
understanding of a critique that remains opaque to many of Plato’s readers 
right down through controversies in the contemporary secondary literature. 

By teasing out the background of Plato’s critique, we can see how his 
worry about certain algorithmic-problematic practices points toward the 
development of formal-deductive practices that are more consistent with 


anti-materialistic ontology and with the forms in general. Nikulin 2012, 
discussing ‘indivisible lines’, and Negrepontis (in this volume), discussing 
the periodic anthyphairesis, make clear how constructions produce the 
tension that arises when trying to define and use a unit both arithmetically 
and geometrically. This tension, as we will see in a moment, correlates 
strongly with the central problems the designers of the Parthenon were 
attempting to resolve related to inevitable remainders that arise when trying 
to maintain strictly numerical ratios in constructing a three-dimensional 
figure (a temple in fact) according to the canon of proportions used in the 
Doric order. 

This vindicates Negrepontis’s finding—itself an echo of Szab6 1978 
and Fowler 1999—about Aristotle’s claim from Topics (158b-159a) that 
there was a pre-Eudoxan approach to proportions in Greek mathematics 
defined with reference to finite and infinite anthyphairesis. Such a pre- 
Eudoxan approach to proportions by an algorithmic procedure rather than a 
definition and demonstration suggests that there already existed by the time 
of the Parthenon’s design a robust, theoretical reflection on (for instance) 
why some recursive expansions in square yield continuous proportions of 
whole numbers, while others arrive at the ‘infinite anthyphairesis’ Plato is 
worried about in dialogues like the Theaetetus, Philebus, and Statesman. A 
synoptic discussion of three crucial elements of the Parthenon’s design 
mentioned above—periodicity, the application of the unit, and the 
constructed harmony of the whole—will show this quite clearly. 

The first is periodicity. The Parthenon’s construction seems to have 
begun with a literal, physical given: the column drums of 1.905m in 
diameter. However, another equally important given, or at least a starting 
point, for the Parthenon’s exterior design was the 3:2 ratio of metope width 
to triglyph width towards which the aesthetic modifications and 
adjustments made to the Doric order over the sixth and early fifth centuries 
had been converging: indeed, by the time of the Parthenon’s immediate 
predecessors—the Temple of Zeus at Olympia, the Temple of Hera Lacinia 
at Akragas, and a few others—the 3:2 ratio seems to have become 
canonical.493 With these two starting points in mind, one can imagine a 
design process for the flanks and facades (figure 1) in which an initial 
continuous proportion is constructed to yield the building’s governing ratio 
of 9:4. Beginning with the lower column diameter of 1.905m, the average 
or ‘ideal’ metope width is then established at 2/3 the column diameter 
(1.27m). Then applying the recently canonized 3:2 ratio of metope to 
triglyph, the triglyph width becomes 0.8467m (corresponding extremely 
closely to the actual standard triglyph width of 0.845m), creating a 


continuous proportion of column diameter to metope width to triglyph 
width of 9:6:4, with the 9:4 ratio—so central to the Parthenon in all of its 
measurements—holding between the column widths and their visually 
analogous form at the level of the frieze, the triglyph. Moving in the other 
direction, and applying this newly constructed 9:4 ratio to the next larger 
principal visual element of the exterior (whether facade or flank), the 
intercolumniation, in its relation to the columns (the 1.905m column 
drums), gives a standard intercolumniation of 4.29m, i.e., with a 9:4 ratio 
of intercolumniation to column diameter. At this point, the further 
extension of the fagade’s continuous proportionality appears, the one that, 
as we shall see, will ultimately define the cubic dimensions of the building 
as a whole: 81:36:16, here the ratio of intercolumniation to column 
diameter to triglyph. Thus, the design of the Parthenon’s fagades and flanks 
suggests the way these proportions are unfolded out of each other, and are 
in fact constructed, both in the literal sense—in terms of the measuring and 
cutting of individual stones, the making of the building itself, i.e., in terms 
of techné as craft—and in a musical or mathematical sense, viz., in a 
manner similar to the construction of a musical scale out of series of related 
small number ratios. 

Because all of these elements are so prominently visible—indeed, they 
provide the principal visible horizontal articulation of the rectangular field 
(that is, the main divisions of its left-to-right extension)—they give the 
whole ensemble the character of a manifest demonstration of a simple 
mathematical law, the law of continuous proportionality. In addition, on a 
more profound if less explicit level, they collectively contribute to the 
aesthetic quality of harmony and of unity that so strongly characterizes the 
building as a whole. In other words, the pre-existing and recently canonized 
forms that defined the proportions of the Doric order have been pressed 
into service to make visible, in geometric form, some of the same harmonic 
principles, specifically the relationships among small integer ratios, by 
which the fifth-century Greek musical scale was constructed. Likewise, 
those ratios together produce an ineffable aesthetic effect parallel to the one 
produced by the same combinations of small integer ratios in music. This 
‘aesthetic’ experience, it is worth stressing once again, could be more fully 
described as an embodied one—again, parallel to music and to its effects 
on the body. Thus the predominance of continuous proportions can be 
understood to engage the viewer in a bodily as well as an intellectual 
fashion. Approaching one of the facades, passing between columns, and 
circumambulating just outside or within the outer peristyle, one may 
experience, even if pre-consciously, one’s body as a ‘4’ in relation to the 


‘9’ of the intercolumniations (since the width of the column drums, 
1.905m, corresponds to the scale of the human body), just as one is 
encouraged to feel one’s body scaled as a 9 in relation to the 4 of the 
triglyphs, or a 3 in relation to the 2 of the metopes, when visually following 
the line of the columns to the entablature above. 

If this construction of symmetria (the proportionality of the whole) in 
the Parthenon can indeed be understood as analogous to the constructive 
methods, the aesthetics, and the ontology (the mathematical being) of the 
fifth-century Greek musical scale, one would expect the symmetria of the 
building’s interior as a whole to relate to that of the exterior (the stylobate, 
flanks, and facades) in a significant way. And indeed it does: the overall 
ratio of principal exterior dimensions to principal cella dimensions is 
precisely 13:9 (figure 2). This is a small integer ratio, though not an 
obviously musical one, and as such it raises interesting new questions 
relevant for appreciating the crucial importance of anthyphairesis in the 
building’s design. Just as subtraction of the diapason (octave) from 9:4 
yields the tonos (whole tone); just as, in the musical scale, subtraction of 
the diapente (fifth) from the diapason produces the diatesseron (fourth) 
(and the Jemma is produced by subtracting two tonoi from the diatessaron, 
etc.); so in the case of the 13:9 ratio, a single application of anthyphairesis, 
subtracting the smaller measure from the larger, produces a remainder of 4 
and a new ratio of 4:9, the ratio of this remainder to the smaller of the 
original elements. One can imagine, and this is of course purely 
speculative, that the designers could have arrived at 13:9 as a desirable 
ratio quite easily, given the predominance of anthyphairesis as a working 
method in the Parthenon’s construction, as well as the tendency to work 
from “both sides” of a problem, i.e., not just to start from a given, but to 
start from dimensions that, through a known procedure, will arrive at a 
given. 

In addition, however, anthyphairesis not only has an arguably central 
importance, just as it does in the case of the musical scale, as a constructive 
method for the Parthenon, whose design employs the same algorithms and 
engages the same problems as musical scale construction; its use also has a 
self-reflexive quality. Indeed, the problems raised by anthyphairesis, qua 
problems, are made evident in various parts of the building, most notably in 
the treatment of the well-known ‘corner problem’ (discussed below), in 
ways that give the building a pedagogical character. This appears, arguably, 
in its simplest form in the superimposed Doric orders of the cella interior 
(figure 3), where the lower order relates to the upper one in a ratio of 13:9. 
Certainly there may have been aesthetic reasons for this particular choice of 


proportions, as well as structural ones (for instance, if it provided the 
appropriate reduction of mass of the upper order to avoid its being top- 
heavy but still strong enough to hold up the roof). However, one cannot 
help but notice that precisely here in the building, one finds two visible 
elements that are proportionally and formally identical but at two different 
scales, inviting comparison: two unequal but analogous magnitudes, 
emphasizing a single dimension of extension, inviting the viewer to size 
one up against the other, i.e., to perform a kind of intuitive anthyphairesis 
in thought. Walking around the Parthenon interior, as one can still 
experience it today in the twentieth-century reproduction of the building— 
begun in the 1920s, based on Dinsmoor’s specifications— in Nashville, 
Tennessee, one feels (pre-consciously or otherwise) the simultaneous 
presence of the 9:4 proportions of the central space’s ground plan and the 
13:9 ratio of the two orders of Doric columns, along with the invitation to 
compare, and perhaps to calculate (figure 4). 

To return to the corner problem, i.e., to the question of how to negotiate 
the necessary adjustments to proportions in the Doric entablature in order 
to ensure that a triglyph and not a partial metope (that is, a remainder) is 
placed at the building’s corner (figure 5): the remarkable solution to this 
problem in the Parthenon seems to involve a particularly sophisticated use 
of anthyphairesis as a construction method. In the Parthenon, in contrast to 
earlier buildings, there is an astonishing variation in the widths of metopes 
on all four sides of the building, an apparent irregularity that is 
unprecedented in Doric design, and that suggests a complex process of 
reciprocal small adjustments. Furthermore, the adjustments both to the 
intercolumniations and to the frieze were coordinated in a way that implies 
orientation towards a larger goal, that of harmonia (harmony) in the corner 
articulation, and in the building as a whole. With this in mind, the sense of 
repeated reciprocal adjustments producing what seems like a slight but 
unaccountable irregularity in the dimensions and positions of elements in 
the Parthenon’s entablature becomes intelligible. And those adjustments 
have the character of a procedure by which progressively smaller intervals 
are produced using anthyphairesis, as in the construction of the musical 
scale, paired with the recognition that such a process can only be an 
incomplete solution, given the existence of irrational magnitudes, but that, 
nevertheless, such incompleteness is preferable to ignoring the problem 
altogether. Thus, the complex process of interrelated adjustments to the 
Parthenon’s ‘ideal’ proportions that seems to characterize the approach of 
the Parthenon’s designers and builders to the corner problem—evidently an 
ongoing working out of an unsolved(/unsolvable) problem at the time the 


building was being constructed—4o4could be understood as parallel in 
method to the building of a musical scale, where the component numerical 
ratios do not perfectly fit together, in the sense that they cannot measure 
(1.e., subdivide) each other, requiring small fractional adjustments 
(resulting, among other things, in the Jemma, the apotome, and the comma) 
generated by a method of reciprocal subtraction that inevitably leaves a 
remainder. This ‘imperfection’-—the impossibility of subdividing the 
octave into any number of equal units (whether diapente, tonos, or any 
other interval, however small)—involves a conscious acknowledgement of 
the existence of the irrational. And the use of anthyphairesis, both in the 
musical scale and in the Parthenon’s entablature, constitutes an 
algorithmic-problematic approach to the negotiation of this problem. 

To give just one example: early analyses of the building’s refinements, 
specifically by Guido Hauck 1879 and William Goodyear 1912, revealed 
minute adjustments not only to metope widths but to the guttae underneath 
the triglyphs and to the centering of the abaci over the columns in 
counterbalancing ways.495 For instance, considering the south side of the 
entablature on the Parthenon’s east facade (figure 6), if a triglyph is 
decentered to the left with respect to the intercolumniation beneath it (as is 
the case with the second triglyph from the south), the guttae underneath the 
triglyph are decentered a still smaller amount to the right to compensate, 
i.e., to produce a slightly more centered overall ensemble. Or, since the 
triglyph over the corner intercolumniation appears noticeably closer to one 
column than another, the triglyph over the adjacent intercolumniation is 
shifted off-center in the same direction, but by a smaller amount (and, 
correspondingly, the abaci of the columns below are shifted the opposite 
way to further, slightly, reinforce this decentering), in order to reduce the 
difference between the degrees of decentering in the two adjacent sections 
of the entablature. Just as the use of a 13:9 proportion on the largest scale 
invites one, in comparing them, to subtract the smaller from the larger and 
arrive at the normative 9:4 ratio, so too on this microcosmic scale the most 
subtle of the adjustments to the entablature proportions imply a 
constructive method that has the specific, procedural characteristics of 
anthyphairesis. 

The approach taken on the west facade in fact differs from that of the 
east facade, and that of the northern half of the east front differs from that 
of its southern half, indicating an ongoing working-out process in which 
different algorithms were tried, but also (given the likely design chronology 
of east to west)496 demonstrating an increasing tendency towards a 
harmonization of the corner intercolumniation with the corner of the frieze, 


with both being visibly contracted—an approach most fully realized on the 
west facgade.497 This progression towards greater harmony at the corners, 
culminating in the west facade (see figure 1)—with peristyle and 
entablature refinements coordinated, as well as the visible strengthening of 
the corners as a whole through contraction—seems consonant with the 
Parthenon’s overall prioritization of harmonia as a value (cf. the ‘third 
principle’ discussed above). It is worth emphasizing the importance of 
corner definition for the impression of unity in the building, and both the 
harmonizing of elements and the greater density and strength at the corners 
contribute to this definition of the corner qua corner. However, a similar 
kind of experimental, working-out process could certainly be reconstructed 
with an alternative chronology, going from west to east. What is important 
is not the specific reconstruction, but the sense of an experimentation 
through reciprocal adjustments to create the most satisfying solution to the 
corner problem, based on the interdependence of a// elements in the design, 
and not only on the modification of an isolated few. 

The second key feature is how modular construction relied on the 
practice of ‘the application of the unit’. The achievement of continuous 
proportion (part of a larger goal to achieve symmetria, i.e., 
commensurability) both macrocosmically and microcosmically on the 
exterior of the Parthenon seems, indeed, an overriding concern of the 
building’s designers, and makes a compelling case for the idea that the 
unusual octastyle facade was chosen to make these proportions possible 
and not, as has often been argued, for other reasons, such as to 
accommodate a larger cult statue in the cella.49s One consequence of the 
unique method used to determine the Parthenon’s stylobate dimensions, 
combined with the similarly atypical choice of octastyle fronts—and indeed 
as a likely motivation for such—is that the building’s overall proportions of 
81:36:16 (length:width:height) has as its modular unit the actual, visible 
triglyph width (figure 7). The mainland rule of design—five triglyphs per 
intercolumniation plus one additional triglyph defining the measure of each 
side of the stylobate—produces, for an 8 x 17 temple, a stylobate 
dimension of 36 x 81 triglyph widths. And with the height of the order (4/9 
of the stylobate width) thus measuring 16 triglyph widths, the unit for the 
81:36:16 cubic volume of the building becomes the basic formal unit of the 
entablature: the triglyph, so prominently visible at each of the building’s 
corners, that articulates the horizontal extension of the building, in 2:3 
rhythm with the metopes, at the level of the frieze. In effect, the 
Parthenon’s design not only produces a rigorously commensurable 
building; it also foregrounds the unit of measure that defines it, seeming to 


invite the viewer to consider those very measurements reflectively, as well 
as the whole problem of symmetria and its significance. 

However, the way in which the Parthenon uses the inward inclination of 
the columns of the peristyle to mediate between the proportions of the 
stylobate, based on an ‘ideal’ triglyph module, and those of the entablature, 
based on the actual triglyph module, indicates that the unity of the building 
as a whole, the joining together of its different parts (its harmonia), takes 
precedence even over symmetria. In other words, the designers created 
small deviations from the pure symmetria of stylobate and entablature for 
the sake of balancing and adjusting multiple elements and of harmonizing 
slightly different proportional systems, as well as to bring the corner into 
harmony with the rest of the building. This refinement—producing a slight 
discrepancy between the actual triglyph width and that of an ‘ideal’ 
triglyph module—allows the Parthenon’s designers to bring the continuous 
proportionality of the facades and flanks (81:36:16, discussed above) into 
harmony with the traditional method for modular construction of the 
stylobate dimensions. 

As Coulton 1974 has discussed at some length, in the middle of the 
fifth century there were effectively two rules for determining the 
dimensions of the stylobate, one based on the intercolumniation module, 
prevalent in mainland Greece and another based on the number of columns 
in the peristyle, prevalent in the western colonies, particularly Sicily. With 
its unusual design of an 8 column by 17 column peristyle—unprecedented 
in mainland Greece, where Doric temples invariably had 6 columns on the 
fagades—the Parthenon, though based primarily on the ‘mainland’ rule, 
effectively harmonizes the two approaches by also conforming to the 
‘Sicilian’ rule (where an 8:17 peristyle yields a 9:18, or 4:9, stylobate); at 
the same time this approach to the design achieves a precise 9:4 ratio for 
the stylobate (measuring 69.50m by 30.88m).499 As Biising 1988 has 
shown, the Parthenon’s unusual 8 x 17 peristyle yields a stylobate, when 
following the mainland rule, of precisely a 9:4 proportion ([{17+1/5]: 
[8+1/5] = 81:36 = 9:4). This rule assumes a triglyph module 1/5 the width 
of the intercolumniation, increasingly standardized as a modular basis for 
calculating the dimensions of the Doric stylobate, a problem discussed in 
illuminating fashion by Gene Waddell 2002 and Mark Wilson Jones 2001, 
2006.00 In the Parthenon, however, as we have seen, intercolumniation and 
triglyph are instead in an 81:16 ratio. What the designers seem to have 
done to reconcile these two givens is to construct the stylobate as if the 
triglyph width were 1/5 that of the intercolumniation (0.858m, a kind of 
‘ideal’ triglyph module), but then account for the difference from the actual 


average triglyph width in the entablature, 16/81 of an intercolumniation 
(0.845m), through the inclination of the columns, leaning inward from the 
stylobate to the slightly smaller entablature. If this is calculated based on 
the flanks, which are 81 ideal triglyph modules in length, with the column 
inclination equal to half a triglyph width on each side, then the entablature, 
when ‘compressed’ by one triglyph module, would be 80 ideal triglyph 
modules in length, and at the same time of course, 81 actual triglyphs in 
length. And this in fact corresponds exactly to the 81:80 ratio of the ideal 
triglyph module—the one that determines the stylobate dimensions and the 
large scale symmetria of the building to the actual average triglyph width 
of 0.845 (0.858:0.845 = 81:80), while this difference between the ideal 
module of the stylobate and the real triglyph width in the entablature 
precisely corresponds to, and counteracts, the difference between the 5:1 
(=80:16) ratio of intercolumniation to triglyph module and the 81:16 ratio 
between actual intercolumniation and actual triglyph width with which the 
Parthenon was built, with its overriding concern for 3:2 and 9:4 continuous 
proportionality. Furthermore, it suggests that the holding together, indeed 
the very being, of the building, as one thing—what the refinements seem to 
address—takes precedence over proportion, per se: as we see here with the 
refinement of column inclination, the refinements are not just added onto 
pre-existing proportions, but instead engender adjustments to the building’s 
overall symmetria—in fact, a reciprocal back and forth of adjustments—so1 
for the sake of the unity of the whole. 

One could look to the brief but challenging discussion of ‘the one’ in 
Resp. 7 (probably a later theoretical reflection on a mid-fifth-century 
mathematical problem), as an indication of the ontological depths of this 
problem of unity with respect to harmonics, and of the particular character 
of what is at stake in the question of the unit, or module, in the Parthenon. 
Just as Socrates and Glaucon, in Resp. 7, 524d-526c, discuss ‘the one’ as 
holding together as a unit despite the apparent divisibility of any specific 
‘one’ into innumerable parts, so the Parthenon is a building made up of 
carefully coordinated parts involving progressively smaller adjustments 
(suggesting the possibility of an anthyphairesis without limit) that also has 
a powerful presence as a single, harmonious whole. Creating unity out of 
disparate parts is, of course, a fundamental aesthetic value in many contexts 
and is even, one might argue, the defining value of aesthetics, from the 
point of view of the object (as opposed to that of the subject, of subjective 
judgment). However, the construction of a unified whole in the Parthenon 
engages a much more specific set of concerns, namely, the consideration of 
the relationship of harmonia (the wholeness, or oneness, of the object) to a 


constituent module, or unit, made visible in the triglyph that measures the 
building—and, in effect, defines and anchors its corners at the level of the 
frieze. 

In additional to being a practical issue of constructive design, this is a 
theoretical issue of a mathematical sort, and, in the case of the Parthenon, a 
question of direct experience as well. A viewer or worshipper in the 
presence of the Parthenon experiences the building as an ontological and 
aesthetic whole, and at the same time is engaged, directly and intuitively, 
by an interplay of related parts (see figure 7) whose proportional 
relationships function as a kind of visual analogue for the effects of 
harmony in music, i.e., the relationships among pitches, built from some of 
the very same numerical ratios present in the Parthenon, with respect to a 
whole. The tension between wholeness and multiplicity remains a tension, 
as it does in the experience of music, precisely because the multiplicity of 
proportional parts is ultimately irreducible to the aesthetic/ontological 
whole, since that whole necessarily incorporates the irrational. It is this 
tension that one experiences as harmony, that underlies what various 
scholars have identified as the building’s uniquely organic quality,502 and 
that shapes the intuitive experience of the building. 

The third and last principle, which is mathematical but not merely 
mathematical, already alluded to above, is the harmony of the whole. As in 
the construction of the ancient Greek musical scale some decades before 
the Parthenon was built, and as Nikulin 2012 details in his discussion of the 
divided line and its importance to Plato some decades after it was built, so 
too in the temple’s construction, the consideration of a geometric object in 
arithmetic terms as a means of forging an aesthetic (and ontological) whole 
gave rise to an irreducible tension between magnitude and multitude. The 
analogy between the architecture of the Parthenon and musical harmonics 
is based not only, or even primarily, on the simple presence of musically 
significant ratios throughout the building; rather, it is the coordination and, 
even more so, the construction of interdependent ratios to form the 
symmetria of the whole that gives the building its musical quality. We can 
properly speak of the harmonics of the building here. In terms of 
harmonics, however, symmetria is really only a starting point for a much 
more complex engagement of the problems raised by musical harmonics, 
including the necessary acknowledgement of the irrational, of magnitudes 
that cannot be reduced to multitudes. It is the notion of harmonia, in the 
fullest and most rigorous sense, that encompasses the irrational—as well as 
joining ratios and symmetriai—in order to make a whole that is central to 
understanding the Parthenon and its invitation to dialectical thought 


(‘dialectical’ in the sense discussed in Resp. 7, and which we will discuss 
further briefly below). However, just as with the construction of the 
musical scale, the deepest engagement with these problems in harmonics 
begins with the attempt to construct symmetria—itself already more than 
just a series of proportions, or even continuous proportionality, but rather 
the resonance of each part with all the others and with the whole. Indeed, as 
Pollitt 1964 has observed, symmetria for the Greeks was not only a 
fundamental aesthetic concept, but arguably the predominant term of value 
in all of classical Greek and Roman aesthetics.503 Symmetria not only 
forms the basis of the Parthenon’s aesthetics, but, as we have begun to 
outline here, was the starting point of the inquiry into the nature of the 
building’s being itself. 

However, as we have argued above, symmetria alone could not fully 
account for the building’s being, as its designers understood it: the principle 
of harmonia was even more crucial, and ultimately given priority within an 
ontological/aesthetic understanding that explicitly and _ self-reflexively 
incorporated the irrational. In the inclination of the peristyle columns 
(which by the time of the Parthenon were a standard refinement in Attic 
Doric temples)s04 and the slight discrepancy that they introduce between 
the dimensions of the stylobate and the dimensions of the entablature, the 
Parthenon in fact strove to bring into harmony two different and not 
entirely compatible principles of symmetria. These two symmetriai were, 
once again, the 5:1 intercolumniation to triglyph ratio used in the modular 
design of the Doric stylobate in the mid-fifth century and the 81:16 ratio 
between intercolumniation and triglyph (intercolumniation: column 
diameter: triglyph :: 81:36:16) on which the continuous proportions 
specific to the Parthenon are based. Thus, the refinement of column 
inclination was thoroughly integrated into the design of the building: as a 
mediating factor, it effectively ‘solved’ the incompatibility of these two 
symmetriai, both so crucial to the temple’s design. Or rather, since this 
‘solution’ also introduced approximations and adjustments that departed 
from perfect measure (for instance, the visible triglyph was now very close 
to, but not exactly, the width of the module used for the stylobate), it was 
clearly part of the larger working-out process in response to the irreducible 
tension between magnitude and multitude, the process of joining the parts 
of the building as much as possible into a geometric whole defined by 
numerical ratios—that is, into a harmonic unity. As should be clear, this 
raises issues quite similar to those at stake in the Parthenon’s approach to 
the corner problem, and in ways that make evident how the treatment of 
column inclination—with the adjustments it necessarily introduces into the 


entablature—is integrally bound up with the negotiation of the corner 
problem itself. This harmony shows, for instance, in the way the 
contraction of metopes at the corners, virtually unique to the Parthenon, 
relates both to the excessive column contractions (another unusual feature 
of the building) and to the now standard refinement of thickening of the 
corner columns: all three now work together to create the impression of a 
strengthened corner (see figure 5). And it is crucial to note that the 
emphasis on corners has the effect of reinforcing the unity and definition of 
the building as a three-dimensional object, i.e., as a harmonious whole, 
since the corners are what articulate the most general contours of the 
building’s three-dimensional geometric form. Indeed, the method, 
discussed in this section, of joining slightly incompatible symmetriai and of 
integrating different but related problems (column inclinations, the corner 
problem) suggests an overriding concern with harmonia, even at the 
expense of perfect symmetria. 

It is a defining characteristic of art objects, as opposed to ordinary 
objects of manufacture, not only to relate formal—and even material— 
qualities to the transcendent realm of thought and meaning, but also to 
reflect upon themselves, upon their own conditions of being (or, more 
precisely, to explicitly provoke such reflection in viewers). This self- 
reflection, embedded within the work through a kind of dialogue between 
the artist and the artwork, becomes, in the afterlife of the work, a dialogue 
between artwork and viewer. The Parthenon creates such a dialogue, 
simultaneously in the way it engages the senses—and, indeed, the whole 
body—and in the way it engages thought. Consider, for instance, the 
refinement of curvature: the curvature of all the apparently straight lines in 
the Parthenon, a feature without any evident constructive necessity, seems 
designed to introduce a discrepancy between the (straight) mathematical 
idea of the temple and its (curved) physical reality, and thus raises 
ontological questions in an entirely self-reflexive manner. Indeed, the 
introduction of this discrepancy, the product of extensive and precise 
technical labor, makes questions of (mathematical) ontology and of the 
relationship of mathematical to physical being explicitly, and self- 
reflexively, present in the building. Furthermore, there is a sense in which 
the beautiful, in its representation of a perfection that cannot be perfectly 
described—i.e., that contains a mysterious, irreducible remainder—both 
engages the viewer directly through the presentness of the object and leads 
her or him beyond it. In this sense, there is a resonance between the 
Parthenon’s pedagogical function—its invitation to (what is described in 
Resp. as) dialectical thought and, to put it this way, to an education in the 


liberal arts—and its aesthetic function as a work of art: both involve an 
open-ended dialogue with the viewer or interlocutor, inviting him or her to 
engage with what is present in order also to go beyond it—affectively, 
interpretively, imaginatively, intellectually. And naturally, as we have 
indicated above, both the pedagogical and the aesthetic modes resonate 
meaningfully with the Parthenon’s principal, religious function, its call to 
worship and to piety. Furthermore, both the building’s beauty—and by 
extension, its power as a work of art—and its pedagogical character arise, 
in some fundamental way, from the dialogue between arithmetic and 
geometry, the kind of dialogue between mathematical arts discussed in 
Resp. as the basis for dialectic. In the Parthenon, these two mathematical 
arts are brought together with a third art, musical harmonics, and all are 
pressed into the service of trans-disciplinary questions and aesthetic 
expression alike—that is, the three arts together work to engage a viewer in 
philosophical and value-oriented questions (the latter with respect to 
beauty)—and in that sense could more properly be described in this context 
as liberal arts. 


VConclusion 


The sophistication with which the Parthenon manifests an algorithmic 
approach to constructive problems makes clear that there is a robust 
reflective (theoretical) awareness of the mathematical principles involved, 
and no mere rules of thumb being arbitrarily instituted. Yet, this theoretical 
treatment is neither formal nor systematic, and it surely is not based on 
concerns related to proofs or the desire to offer them. If it is true both that 
(a) the Parthenon’s design displays a theoretical sophistication in its 
mathematical principles and (b) there is clearly not the concern with formal 
deductive proof distinctive of fourth-century and later Greek mathematics, 
then we submit that our reading of the Parthenon substantiates both of the 
two revisionist claims in the historiography of Greek mathematics 
advanced above. 

The first relates to dating the development of an understanding of key 
mathematical notions, such as incommensurability and continuous 
proportionality, within Greek mathematical thought. Here, given the dates 
of the Parthenon’s construction (confidently set at 447-432 BC), we can 
conclude that if the Parthenon’s design displays a reflective awareness of 
the knowledge procedures related to continuous proportion and the 
relationship of magnitudes and multitudes, then there must have been 


advances of this kind made before 430 BC, as Szabo argued. Second, with 
respect to the wider claim about how far Greek mathematics is continuous 
with earlier thought and practice, we must take note that the reflective 
awareness at work in the Parthenon is not formal or deductive, but rather 
algorithmic and problematic. As such we surely notice (at a minimum) the 
close analogy with Mesopotamian astral science of the seventh to fifth 
centuries. This, we conclude, is good reason to believe that, at least up to 
the time of the Parthenon, Greek mathematics was borrowing from and 
surely extending earlier mathematics. Much will remain undecidable in 
what we have presented, but interpreting the mathematical features of the 
Parthenon gives us reason to believe that the development of Greek 
mathematics in the first decades of the second half of the fifth century is, at 
least in part, a story of continuity with earlier mathematical traditions. If 
one is clear about the relatively advanced state of practical mathematics in 
mid-fifth century Athens, and agrees that these advances are a function of 
the algorithm, a development of recursive practice and not of theoretical 
reflection, then we have good reason to think again about the possibility 
that there was real continuity between these practicing mathematicians and 
their near Eastern predecessors. We must, that is, develop a deeper 
appreciation of the role that the algorithmic problem-oriented style was 
playing for pre-Euclidian mathematicians. Our monograph on_ the 
Parthenon tries to demonstrate that there is a conscious attempt to introduce 
this mathematics into the building in a thematized and programmatic way, 
and the intellectual background of that attempt is precisely the problem- 
based approach to ontological questions about the misfit between 
magnitude and multitude that arises from the reception of near Eastern 
mathematics in the Greek world by theorists and practitioners understood 
to be Pythagoreans. 
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Diophantus, al-Karaji, and Quadratic 
Equations 


Abstract: In the beginning of his Arithmetica, Diophantus promises to 
show how to solve three-term quadratic equations. The rules are not in the 
extant part of his work, but al-Karaji (early eleventh century) provides 
clues as to how Diophantus may have derived and presented them. In his 
algebra book al-Fakhri al-Karajt gives both the standard Arabic rule for 
solving three-term equations and the variation practiced by Diophantus. 
After proofs of the rules he gives a derivation that he calls “the method of 
Diophantus”. By examining proofs and problems in several of al-Karajt’s 
works we propose that Diophantus derived his rules for solving three term 
equations by this “method of Diophantus”, and that al-Karaji borrowed 
both the derivations and the rules from the Arithmetica. 

That we are able to speak of Diophantus and al-Karaji both solving 
quadratic equations is due to the common conceptual foundations and 
procedures shared by Greek and Arabic algebra. Continuity from one to the 
other derives not from any chain of texts, but rather from oral tradition that 
apparently flourished across the old world, and which has left traces in our 
surviving texts. It is within this conceptual setting that a variation in rules 
for solving equations enables us to sort out al-Karaji’s rules and postulate 
Diophantus’s lost exposition. 


Keywords: Diophantus, al-Karaji, Premodern Algebra, Quadratic 
Equations. 


IIntroduction 


In a well-known passage in the introduction to his Arithmetica, Diophantus 
promises to explain the solutions to composite quadratic equations: “Later I 
will also show you how to solve the case in which two terms are left equal 
to one”. The general rule is not found in any extant part of his book, in 
Greek or in Arabic. But he does solve composite equations in the Greek 
books ‘IV’ to ‘VI’, and in two occasions the rule by which it is calculated 


is spelled out. 

The rules Diophantus follows are not the standard rules for solving 
composite equations in Arabic algebra. The difference lies with the fact that 
in Arabic the equation is first normalized, that is, the ‘coefficient’ of the 
square term is set to 1, while Diophantus’s rules do not call for 
normalization. This difference becomes important when we turn to al- 
Karaji’s early eleventh century algebra book a/-Fakhri. Al-Karaji borrowed 
heavily from Diophantus, and he presents both the standard Arabic rules 
and the rules followed by Diophantus, though without naming him. Then, 
after his geometric proofs, al-KarajI gives another procedure for two 
equation types based on completing the square that he calls the ‘method of 
Diophantus’. But these methods are not applied anywhere in the extant 
books of the Arithmetica. There is a problem, then, to reconcile these two 
‘Diophantine’ procedures. 

Through a reading of the solutions of problems in three of his books, I 
argue that al-Karaji learned the rules for non-normalized equations from the 
Arithmetica. And in a little-studied work of his, the Causes of Calculation 
in Algebra, the ‘method of Diophantus’ is transformed into a proof to the 
standard Arabic rule for each type of composite equation. This leads me to 
propose that somewhere between Book VII and the Greek Book ‘IV’ 
Diophantus derived his rules for solving normalized equations via this 
‘method of Diophantus’. 

Suggesting that both Diophantus and al-Karaji solved ‘composite 
equations’, and that the latter borrowed from the former in his own work, 
implicitly situates the two mathematicians in the same conceptual sphere. 
Often times cross-cultural comparisons rest on anachronistic readings in 
which radically different conceptual foundations go entirely unnoticed.506 
This is not the case here. A series of recent articles has shown that while 
the structure and underlying concepts of Arabic algebra are indeed 
fundamentally different from those of modern elementary algebra, they 
match very well those at work in Diophantus’s Arithmetica. For this reason, 
we refer to the method common to Diophantus and Arabic authors as 
‘premodern algebra’, to distinguish it from modern algebra.s07 What we 
should be careful about, then, is to distinguish between premodern 
equations in Diophantus and al-Karaji on the one hand, and modern 
equations on the other. 

The near isomorphism between Diophantus’s vocabulary, rules, and 
concepts with those of Arabic algebra strongly suggest a historical 
connection between them. Unfortunately we lack textual evidence linking 
Alexandria with Baghdad, but this is no reason to dismiss the suggestion. 


Premodern algebra had circulated orally among professional groups before 
al-Khwarizmi and Ibn Turk wrote the first Arabic books on the topic, so it 
is entirely plausible that the method was just not written down in (enough) 
books to have left the traces we would like.sos If there was in fact a 
continuous tradition of algebraic problem solving from which both 
Diophantus and al-Karaji drew, it is the fortuitous discontinuity somewhere 
along the line in the particular ways that composite equations were solved 
that allows us to refine our understanding of the influences of Diophantus 
on al-Karaji, and to propose the way Diophantus derived his rules. 

I present the basic features of premodern algebra in section 2. In section 
3 I describe Diophantus’s Arithmetica and Abt Kamil’s Book on Algebra, 
the two main influences on al-Karajti, as well as al-Fakhri itself. Composite 
equations in Diophantus and in Arabic algebra up to al-Karajt’s al-Fakhri 
take up sections 4 through 6. Relevant sections of al-Karaji’s other works 
are reviewed in sections 7 and 8, and it is all brought together in the final 
section 9. 


lIPremodern Algebra 


Arabic algebra was a numerical method of problem-solving that differs in 
significant ways from modern algebra in both its structure and its concepts. 
The brief overview in this section covers the critical elements that are 
described in more detail in Oaks 2009 and Christianidis & Oaks 2013, and 
are summarized in Christianidis, this volume. 

In both the Arithmetica and in Arabic algebra names were given to the 
powers of the unknown. The names of the first few powers, together with 
the corresponding (though not conceptually identical) modern notation, are 
listed in this table: 

Diophantus Arabic Modern 

monas (unit) dirham (a silver coin), 1 

min al-‘adad (in 
number), or ahad (unit) 


arithmos (number) Jidhr (root) or shay’ x 
(thing) 

dynamis (power) malsos (sum of money) x2 

kybos (cube) ka‘b (cube) x3 

dynamodynamis mal mal x4 


Equations are stated in terms of these names, like Diophantus’s “1 dynamis, 


16 units lacking 8 arithmoi are thus equal to 1 dynamis, 12 units”.510 This 
corresponds to our modern x? + 16 — 8x = x? + 12. An Arabic example is 
this equation from Abi Kamil’s late ninth century Book on Algebra: “sixty- 
two things and half a thing less four ma/s and a fourth of a ma/ equal a 
hundred dirhams and two mails”,s11 corresponding to 62 1 2 x-414x2 
=10042 x2, 622% — 44%? = 100 + 2x’. 

Premodermn polynomials, and thus also equations, were not conceived 
the same way as their modern counterparts. Instead of a linear combination 
assembled from the operations of addition, subtraction, scalar 
multiplication, and exponentiation, polynomials in Greek and Arabic were 
treated as aggregations of the names of the powers, with no operations 
present. Diophantus’s “1 dynamis, 12 units”, for example, is a collection of 
thirteen objects of two kinds, like saying ‘1 table, 12 chairs’. For 
convenience I often represent premodern algebraic expressions and 
equations with modern notation, but the premodern concepts should be kept 
in mind. 

Diophantus instructs the reader to simplify equations with two steps: 
“to add the lacking species on both sides” and “to subtract like from like on 
both sides”.s12 These same steps are also performed in Arabic algebra, 
where they are called al-jabr (restoration) and al-mugqabala (confrontation). 

The rules for solving simplified equations take the numbers of the terms 
(i.e. the ‘coefficients’) as parameters, and because only positive numbers 
were acknowledged, the Arabic books classify six types of simplified 
equation. They are given here in the order in al-Karaji’s al-Fakhri: 


Simple equations 

1)things equal number (bx = c) 
2)mals equal things (ax? = bx) 
3)mals equal number (ax? = c) 


Composite (murakkabat) or connected (muqtarinat) equations 
1)mals and things equal number (ax? + bx = c) 
2)mals and number equal things (ax? + c = bx) 
3)things and number equal mals (bx + c = ax?) 


Each type of equation is given its own solution, and these solutions are 
accompanied in many books by geometric proofs. 

To solve a problem by algebra one, or sometimes more than one, 
unknown quantity is named in terms of the designated names. The 
conditions of the enunciation are worked out to set up a determinate 


equation in terms of these names, which is then simplified and solved. Here 
is a simple indeterminate problem from ‘Alt al-Sulami’s tenth-century 
Sufficient Introduction on Calculation by Algebra and What One Can 
Learn from Its Examples:513 


[Enunciation| 
So if [someone] said, a quantitys14: if you added to it a dirham the result has a root, 
and if you subtracted from it a dirham the result has a root. 
[Setting up the equation] 
So make your quantity a mal and a dirham [x2 + 1], so that if you subtracted from it a 
dirham, the remainder has a root. So it is the original quantity. Then add to it a 
dirham to get a mal and two dirhams [x2 + 2]. So look for a root of this. So if you 
made it a thing and a dirham [x + 1], you multiplied that by itself to get a mal and 
two things and a dirham. So this equals a mal and two dirhams [x2 + 2x + 1 =x2+ 2]. 
[Simplifying and solving the equation] 
So cast away a mal by a mal and a dirham by a dirham, leaving: a dirham equals two 
things [1 = 2x]. So the thing is a half and the mdi is a fourth. And thus the mal and a 
dirham is a dirham and a fourth. So it is the sought-after [quantity]. 
[Another solution] 
And if you wanted, the roots1s is a thing and half a dirham [ x+ | 2 ] [x * | so the 
root [x] is one anda half and a fourth [134] [17] and the mdi is three and half of an 


eu [3 1 16], 336} and adding to it a dirham gives four and half of an eighth, 
which is the sought-after [quantity]. 


In the first solution, the quantity is named “a mal and a dirham” (x2 + 1), 
and the root of the larger square is named “a thing and a dirham” (x + 1), 
resulting in the determinate equation x2 + 2x + 1 = x2 + 2. This is then 
simplified and solved. The second solution proceeds in a similar manner. 

The same structure holds for the problems in Diophantus’s Arithmetica. 
Problem I.1 is a simple determinate example. The enunciation is “to divide 
a given number into two having a given difference. Let the given number 
be 100, and the the difference be 40; to find the numbers.”516 The smaller 
number is named “1 arithmos” [x], and the equation is set up as “100 units 
are equal to 2 arithmoi, 40 units” [100 = 2x + 40]. This is then simplified 
and solved. 

As Arabic authors inform us, the purpose of algebra is to find unknown 
numbers, that is, to solve problems.517 Diophantus’s ‘way’ is likewise a 
method of solving problems. In both cases this method consists of naming 
an unknown or unknowns in terms of pre-assigned names of the powers, 
then working the conditions of the enunciation to set up a determinate 
equation in terms of these names. This equation is then simplified and 
solved. This core method, with the same aggregations interpretation of 
polynomials, is common to both Diophantus’s work and Arabic algebra.5is 


It is the method I intend by the term ‘algebra’ in this article. 


l1IDiophantus, Abu Kamil, and al-Karaji 


The two main influences on al-Karajt’s al-Fakhri are Diophantus’s 
Arithmetica and Abt Kamil’s Book on Algebra.si9 The three books are 
described here in chronological order. 

Diophantus of Alexandria wrote his Arithmetica in Greek some time in 
late antiquity, perhaps in the fourth century CE. Six of the original thirteen 
books are extant in Greek: Books I through III and three other books that 
come after Book VII. I follow Sesiano 1982 in calling these last three 
Books ‘IV’ to ‘VI’, with quotes, preserving the numbering they were 
assigned in the Renaissance. The Arithmetica was translated into Arabic in 
the mid- to late-ninth century CE by Qusta ibn Luiga. Because Diophantus’s 
method is structurally and conceptually compatible with Arabic algebra, 
Qusta translated Diophantus’s book using the algebraic terminology of his 
time. Only Books IV to VII survive of this translation.520 

In his introduction, Diophantus reviews the terminology and rules in the 
order in which they are applied in the solutions to problems.s21 He begins 
with the terms appearing in the enunciations of problems, then he gives the 
names of the powers up to the sixth degree and their reciprocals, and he 
explains how to multiply them. This is followed by a brief explanation of 
operations on polynomials and how to set up and simplify equations. It is at 
this point that he says he will later show how to solve three-term equations. 
The rest of the extant treatise consists of worked-out problems. 

Abi Kamil worked in Egypt in the late ninth century. His Book on 
Algebra (Kitab fi al-jabr wa’l-muqabala) builds on the Book of Algebra of 
al-Khwarizmi, which was written in Baghdad sometime 813-833 CE.522 
The two treatises begin with what I call the ‘algebra proper’, which is 
divided into two parts. The first part gives the definitions and rules 
necessary to solve the collection of worked-out problems in the second 
part. In both books the first part covers in order the names of the first two 
powers, the classification, solutions, and proofs to the six simplified 
equations, and operations on polynomials and roots. Abi Kamil includes 
more rules, examples, and proofs than al-Khwarizmi. And where al- 
Khwarizmi gives 39 worked-out problems in the second part of the algebra 
proper, Abi Kamil gives 74.523 

In both books, the algebra proper is followed by related material. al- 
Khwarizmi adds chapters on the rule of three and mensuration and an 


extensive book (Kitab) of inheritance problems solved mainly by algebra. 
Abi Kamil appends to his algebra proper a book of twenty geometry 
problems, most solved by algebra (his On the Pentagon and Decagon), and 
then a collection of 84 assorted problems, many of which are 
indeterminate, and again most solved by algebra. 

Abi Bakr ibn Muhammad ibn al-Hasan (or al-Husayn) al-Karaji (or al- 
Karkht) worked in Baghdad in the late tenth and early eleventh centuries. 
His main work on algebra is his al-Fakhri fi sina ‘at al-jabr wa’l-muqabala 
({Book of] al-Fakhri on the Art of Algebra, or al-Fakhri for short), written 
in 401H (1010/11 CE).524 The overall organization of the book is modeled 
on Abt Kamil’s algebra proper, with the rules of algebra first, then a 
collection of worked-out problems. He made some changes to the 
organization of the rules, partly based on Diophantus’s introduction. 
Instead of presenting only the first two powers as al-Khwarizmi and Abi 
Kamil had done, al-Karaji gives the names of the powers up to the ninth 
degree as well as their reciprocals. And where the earlier Arabic books 
passed next to the equations, he continues with numerous examples 
illustrating operations on polynomials and roots, a section on summing 
series, and some theorems in arithmetic. 

At this point, al-Karaji explains the steps of solving problems by 
algebra, incuding the naming of the unknown, the working out of the 
conditions of the enunciation to form an equation, and the simplification of 
the equation.s25 This leads directly to his classification, solutions, and 
proofs to the six equations. He concludes the first part of his book with 
some remarks on setting up equations for indeterminate problems. 

Al-Karaji then gives 255 worked-out problems divided into five 
‘categories’. Just over 100 of these problems are taken from Diophantus’s 
Arithmetica, and some others seem to be variations of other problems of 
Diophantus.526 Many problems are taken from Abt Kamil, too. Twenty-two 
are direct borrowings and fourteen more appear to be modifications of 
problems from the Book on Algebra. The borrowings are most evident 
when a sequence of problems is taken in order. Abt Kamil’s problems (18) 
to (22) appear as al-Karaji’s II.12 to II.16 respectively, with only (21) 
given a minor adjustment. Also, Abi: Kamil’s (57) to (59) are the same as 
al-Karaji’s IV.21 to IV.23.527 Like al-Khwarizmi and Abi Kamil before 
him, al-Karajt also took problems from other sources, and he probably 
invented some of his own. 

Three other works of al-Karaji come into play in this article, all of 
which were written after al-Fakhri: 

—Marvelous [book] of Calculation (al-Badi‘ fi al-hisab). This book covers 


number theory, calculations with polynomials, and algebraic solutions 
to both determinate and indeterminate problems. al-Karaji 1964. 

—The Sufficient [book] on Calculation (al-Kafi fil hisab). A book on 
arithmetic and mensuration with an extensive chapter on algebra at the 
end. al-Karaji 1986. 

—Causes of Calculation in Algebra and Its Proof (‘Tlal hisab al-jabr wa’l- 
muqdbala wa’l-Burhan ‘alayhi). A short work giving arithmetical 
proofs for the solutions to equations and to rules for operating on roots. 
Saidan 1986, 353-369. 


IVComposite Equations in Diophantus 


Diophantus writes in his introduction that one should set up and simplify 
equations so that “there remains, whenever possible, one term equal to one 
term. Later I will show you how to solve the case in which two terms are 
left equal to one.”’528 The promised explanation is not in the surviving 
books, either in Greek or Arabic. But Diophantus does solve three-term 
equations in the Greek Books ‘IV’ to ‘VI’.529 In each case he simply gives 
the answer without showing the calculations. For example, in problem 


‘VI’.9 he has “630 dynameis, wanting 73 arithmoi are equal to 6 units 
6» 
[630x? — 73x = 6], from which one finds the arithmos to be 6 35 .” 35° 
But there are two problems in which the calculations are worked out for 
an inequality treated as an equation. The first is in problem ‘TV’.39, where 


Diophantus is faced with the inequality 2x2 > 6x + 18: 


When we solve this as an equation we multiply half of the arithmoi by itself, 
which gives 9, and we multiply the quantity 2 of dynameis by the 18 units, which 
gives 36. Add this to 9, which gives 45, whose side is not less than 7 units.530 
Add the half of the arithmoi, [it becomes not less than 10 units, and divide by the 
dynameis]; it becomes not less than 5 units. 


If we were to contort this rule into a modern formula for solving ax? = bx + 
c, 1t would look something like this: 


x=(12b)2+act12ba.*> a 


One critical difference between Diophantus’s procedure and the modern 
formula is that the former is a sequence of operations that begins with the 
halving of the arithmoi, while the latter expresses it all simultaneously with 


modern algebraic notation. In other words, one is spoken while the other is 
displayed. 

The second example occurs in problem ‘V’.10, this time for the 
inequality 72x > 17x2 + 17: 


Half of the arithmoi multiplied by itself gives 1296. Subtracting the product of 
the dynameis and the units, which is 289, leaves 1007. Its root is not greater than 
31. Adding half of the arithmoi to this root, it is not greater than 67. Dividing by 


67 
the dynameis makes it not greater than 67 17. 17° 


The modern version of this solution, for ax? + c = bx, would be 


x=(12b)2-act12ba.*> a 


In two other problems, ‘VI’.6 and ‘VI’.22, Diophantus explains that the 
root of the discriminant of the solution must be rational, and its calculation 
is consistent with the two solutions just given. Faced with 6x2 + 3x = 7 in 
problem ‘VI’.6 he writes: “it is necessary that half the quantity of arithmoi 
multiplied by itself, and that added to the quantity of dynameis [multiplied 
by the quantity of units] forms a square”. In modern notation, , ( 1 2 b ) 2 
a , (4b) + ac . = : 
ac must be rational. For 172x = 336x2 + 24 in problem 
‘VI’.22: “this is not possible if half the quantity of arithmoi multiplied by 
itself, and subtracting from this the quantity of dynameis multiplied by the 
quantity of units, does not form a square”’.s31 In modern notation, ( 1 2 b ) 2 

2 
—ac (3b) - ac must be rational. 

Diophantus must have explained the solutions to composite equations 
somewhere between Book VII and the extant part of Book ‘IV’.s32 His 
instruction in the introduction “to add the lacking species on both sides” 
and “to subtract like from like on both sides” suggests that his composite 
equations were classified into the same three types we see in Arabic. That 
these would have each received their own solution is supported by the 
variations in addition/subtraction in the rules he follows in the quotations 
just translated from problems ‘IV’.39, ‘V’.10, ‘VI’.6, and ‘VI’.22.533 


VComposite Equations in Arabic Algebra Before al- 
Karaji 


Diophantus’s rules for solving three-term equations are not the standard 
tules we find in Arabic algebra. The Arabic rules require one to first 
normalize the equation, that is, to first set the ‘coefficient’ of the highest 
power to 1. For example, in problem (T6) al-Khwarizmi solves the 
equation “half a sixth of a ma/ equal a thing and twenty-four dirhams” ( 1 


12x 2=x+24 ); (aax* =x + 24): 


Then you multiply half a sixth of a mal by twelve so that you complete your mail, 
and multiply the thing by twelve to get twelve things, and multiply the twenty- 
four by twelve so you get: two hundred eighty-eight dirhams and twelve roots 
equal a mal [288 + 12x = x2]. 


So halve the roots to get six, and multiply it by itself and add it to two hundred 
eighty-eight to get a total of three hundred twenty-four. Then take its root, which 
is eighteen. Add it to half the roots, which is six, to get twenty-four, which is the 
[sought-after] quantity.534 


In modern form this solution to the normalized equation x? = bx + c can be 
expressed as 


x= (4b) +c+ a 

x=(12b)2+c+12b. 2 2 

Normalization comes in two kinds. If the number of mdis is less than one 
mal, then one ‘completes’ (ikma/) the fraction of a mal, as al-Khwarizm1 
does in the passage above. If the ma/s are more than one mdi, then one 
‘returns’ (radda) them to one mal. Al-Khwarizmi, Abt Kamil, al-Karaji, 
and most other algebraists give examples of both when they explain the 
solutions to composite equations. 

This method by which one normalizes the equation before applying the 
algorithm was practiced throughout the course of Arabic algebra. It is the 
tule given in every extant book before al-Karaji,s35 and in every book I 
have seen written after him. The latest example I know is the 
Supercommentary of al-Hifni on al-Yasamin by Muhammad ibn Salim 
Hifnt, who died in 1767/8.536 

Abi Kamil is the only algebraist before al-Karaji who offers alternative 
tules for solving equations. For each type of equation he gives the standard 
tule first, followed by a rule to find the mal directly. These rules also 
requires normalization. Here is his solution for finding the ma/ for “three 
roots and four in number equal a mal” (3x + 4 = x2):537 


And the way that you find the md/ is that you multiply the three roots by itself to 


get nine, and you multiply this nine by the four dirhams which are with the roots 
to get thirty-six. Then you halve the nine to get four and a half. Multiply it by 
itself to get twenty and a fourth, and add it to the thirty-six to get fifty-six and a 
fourth. Take its root, to get seven and a half. Add it to the four and a half, which 
is half of the nine, and the four dirhams which are with the roots, and that is eight 
and a half, and that is sixteen, which is the mdi. 


The modern version of this, to solve for x2 in x2 = bx +c, would be 


x7 = bec + (502) py ae 
x2=b2ct+(12b2)2+12b2+¢. 2 2 
This rule should be preferred in cases where the sought-after unknown is 
the mal. But Abii Kamil only applies it in the three introductory problems 
designed to illustrate the solutions to the three composite equations, and 
there only after first finding the ‘thing’ by the standard rule.s3s He does not 
apply it in practice, that is, in the remaining 68 problems in the algebra 
proper or in the problems that he solves later in the book. In particular, in 
the six problems in which the mdi is the sought-after unknown and Abi 
Kamil works through the solution to the three-term simplified equation, he 
follows the standard rule to find the ‘thing’ and calculates the mal by 
squaring it.539 

Proofs of the solutions to the composite equations are given in five 
extant texts before al-Karaji, all by geometry. Al-Khwarizmi’s and Ibn 
Turk’s proofs show the ‘thing’ as a line and the mdi as the square on that 
line. The arguments unfold by comparing lines and areas with no references 
to Euclid. Abt Kamil gives proofs in the style of al-Khwarizmi and also 
proofs that cite Propositions II.5 and II.6 of Euclid’s Elements. Thabit ibn 
Qurra also appeals to Elements U.5 and II.6, but his proofs are framed in 
the language of givens in the style of Euclid’s Data. Last, Nu‘aim ibn 
Muhammad ibn Misa proved the solutions to the first and second 
composite types also with the language of givens, this time appealing to 
propositions in Elements Book VI as well as II.5. There is no indication 
that al-Karaji knew Thabit’s or Nu‘aim’s works.540 


ViComposite Equations in al-Karaji’s al-Fakhri 


Al-Karaji solves the composite equations in his chapter titled “On the six 
problems”, i.e., the six equations. For each type he first gives the standard 
tule (labeled ‘(1)’ in the translation below), then the rule for solving the 


non-normalized case as in Diophantus (labeled ‘(2)’),541 and then Abu 
Kamil’s solution for finding the mal directly (labeled ‘(3)’). Al-Karaji gives 
examples after each rule. Following this he gives proofs of all three rules 
based on Elements II.5 or II.6. He finishes his treatment of the first two 
composite equations with what he calls the “manner followed by 
Diophantus” or “method of Diophantus” (labeled ‘(4)’), which amounts to 
an algebraic solution based on completing the square. Here is the full 
translation for the first composite type, which in modern form is ax? + bx = 
1542 


Seeking the first of the connected [problems ].543 

(1)So for the mals and the things that you equated to the number, the way to find the 
one root is that you return the md/s to one madi if there is more than one, or you 
complete it to a mal if it is short of one mal, or you leave it alone if there is one 
mal. And whatever you do to the ma/, whether it is one mal, more than one mail, 
or less than one mal, you must necessarily do to the things which are with it and 
to the numbers which they are equal to. So once the ma/ became one madi by this 
calculation, and by working everything that is with it, by returning it or 
completing it or not, you halved the things, and you multiplied the number of its 
half it by itself. Then you added the outcome to the number, and you took the 
root of the result of that, and you subtracted from it half the roots. What remained 
is the root of the mal. 


1\4 1 
once a =1,x = (5) +c-=b 
2 2 


For example, two mals and twenty things equal a hundred twelve dirhams [2x? + 
20x = 112]. So return the mals to one mal. You take its half and half of everything 
with it, so it becomes: a mal and ten things equal fifty-six dirhams [x2 + 10x = 
56]. Halve the things to get five, multiply it by itself and add it to fifty-six, to get 
eighty-one. Take its root to get nine, and cast away from it half the roots, leaving 
four, which is the root of the mal, and the mdl is sixteen. 

Likewise, if [someone] said, a fifth of a mal and two roots equals fifteen 


dirhams [ 1 5 x 2 +2x=15 ]. [5x sea ~ 15], So if you completed the madi, it all 
became after completing: a md/ and ten roots equals seventy-five dirhams [x? + 
10x = 75]. So if you multiplied half the roots by itself, and you added it to the 
number, and you took its root, and you subtracted from it half the roots, it left 
five, which is the root of the mal. 

(2)If you don’t want to complete a portion of the md/ or return the mails to one mal, 
you multiplied half the roots which are with the mail by itself, and you multiply 
the number by the number of mais, and you join to its outcome what arose from 
half the number of roots by itself, and you take the root of the outcome of that. 
You subtract from the result half the roots, and you divide the remainder by the 
number of mals, and what results from that is the root of the mal. 


[ once a=1,x=(12b)2+c-12b] 


[x=(12b)2+ac—12ba] 


For example, three mals and ten roots equal thirty-two dirhams [3x? + 10x = 32]. 
Halve the roots, and multiply it by itself to get twenty-five. Add it to what arose 
from multiplying thirty-two by three, which is the number of mds, which gives 
rise to a hundred twenty-one. Take its root, and cast away from it half the roots, 
leaving six. Divide it by the three which is the number of mdi/s to get two, which 
is the root of the mdi. 

This way is easier in all problems with many different fractions, since these 
partss44 are difficult. If [someone] said, a third and a fourth of a ma/ and two 
roots equals thirty-three dirhams [ (13+ 14) x2 +2x=33 ], 

[(3 ts ze +2k= 33), halve the roots to get one, multiply i i i 
i y it by itself, and add it to 
what arises from multiplying a third and a fourth by thinty-tires to get twenty 
and a fourth. Take its root to get four and a half. Cast away from it half the roots, 
leaving three and a half. Divide that by a third and a fourth, which is, you recall, 
the quantity in this example. So you find it is six, which is the root of the mai. 
(3)This problem can be worked out another way that leads to the mal before the root. 

The way to do this, after returning and completing, is that you multiply the 
number of roots by itself, then by the number, and you remember it. Then you 
multiply half the square of the number of roots by itself, and you add it to the 
remembered [number]. And you subtract the root of the result of that from the 
sum of half the square of the roots joined to the number which is equal to the mal 
and the things. What comes out of that is the md/ itself, and its root is the root of 
the mal. 


[ once a=1,x 2=(12b2+c)—b2c+(12b2)2] 


ose =1,x%°= (5h +c) = pee Ge) | 


For example, a mal and five things equals twenty-four dirhams [x? + 5x = 24]. 
Multiply five by five, then [by] twenty-four to get six hundred, and remember it. 
Then multiply half the square of the five, which is twelve and a half, by itself, to 
get a hundred fifty-six and a fourth. Add to that the remembered [number]. It 
becomes seven hundred fifty-six and a fourth. Take its root to get twenty-seven 
and a half. Remember it. Then sum the number, which is twenty-four, and half 
the square of the roots, which is twelve and a half. It becomes thirty-six and a 
half. Subtract from it the remembered [number], which is twenty-seven and a 
half, leaving nine, which is the mal, and its root is three, which is the root of the 
mal. 


The proofs for the rules are given in the same order. The only innovation 
over Abt Kamil in the proof of (1) is that where Abu Kamil drew the 
square representing the mdi, al-Karaji’s diagram is a single line. 545 


I made a determination in this book to strip it of proofs, lengthy explanations, and 
numerous examples.546 But I cannot avoid giving a brief summary of proofs for 
the connected problemss47 and the causes of halving the roots and what is 
associated with it.s4s 

(1p)So for this, a mal and ten roots equal thirty-nine units [x2 + 10x = 39]. The way 
to find the root is that you multiply half the roots by itself, and you add it to the 
number, and you take the root of the outcome, and you subtract from it half the 
roots. 

Proof of this is that you make line BG a thing, and line AB ten in number, and 
we divide it into two halves at point D. We want to extend it with line BG. You 
knew that if any line is appended with an extension, then multiplying the line 
with the extension by the extension, and adding to it the square of half the line, 
gives the square on all of the half line with the extension. So in this problem line 
AB is extended by line BG, so the product of all of line AG by line BG and line 
DB by itself is equal to line DG by itself, and Euclid demonstrated in his work.s49 
And we knew that line AB is ten, and line BG is a root of the mal, and if you 
multiplied all of line AB by line BG it gave thirty-nine units, which is equal to the 
mal with ten of its roots. So if you added to that line DB, which is five, by itself, 
it gave sixty-four, and a root of that is line DG. So line DG is known, which is 
eight, and line DB is five, leaving line BG three, which is the root of the mal, and 
the mal is nine. And this is its figure: 


(2p)And if [someone] said, three m/s and six roots equal twenty-four units [3x2 + 6x 
= 24], and you wanted to find the thing without returning the mdl/s to one mal, 
you made line BG three things and line AB six in number, and you attached at 
point G line DG equal to line BG, and you drew line HT parallel to line BG and 
line HY likewise parallel to it, so that each one of the parts of line DG is a root of 
the mal. Thus the product of line AG by GH is three mails and six roots, since it is 
six and three roots by one root, which is surface AH. But three mails and six roots 
are twenty-four units, so the whole of surface AD, the entire surface, is seventy- 
two, which comes from multiplying line AG by line GD. But line GD is equal to 
BG, so all of line AG by line BG is seventy-two. 

So we divide line AB, which is six, into two halves at point S, to get line SB is 
three. You multiplied it by itself to get nine, and if you added all of that to line 
AG by BG, which is seventy-two, it yielded eighty-one. And the root of that is 
nine, which is equal to line SG.550 But line SB is three, leaving line BG six, and 
because we made line BG three roots, each root is two. And this is its figure: 


B Ss 


And if there were a part of a mai and roots equal a number, like half a ma/ and 


12 _ 
two roots equal six dirhams [ 1 2 x 2 +2x=6 ], [3x +a 6} and you wanted to 
find the one root without completing the ma/, you made line AB half a thing and 


line BD two, and line AY a root of the mdi, so the product of line AY by line AD is 
half of the mal and two things, since it comes from multiplying a thing by half a 


1 
thing and two [ x-( 1 2 x+2 ) ]. [x : (3x # 2)} Thus all of surface AZ is half a mal 
and two roots, which is six in number, since half a ma/ and two roots are equal to 


SIX. 

So if you divided line AY into two halves at point S, and you drew line ST 
parallel to line AD, then surface SD is three in number, since it is half of the 
larger surface, which comes from multiplying AD by AS. But AS is equal to AB, 
so all of line DA by AB is three in number. 

So we must divide line BD into two halves at point G. AB is an extension of 
line BD, so the product of AD by AB, which is three, with the product of BG by 
itself, which is one, all of which is four, is equal to line AG by itself.s51 So line 
AG is two. But line BG is one, so line AB is likewise one, and since that is half of 
the thing, the entire thing is two, which is the root of the mal. And this is its 
figure: 


D G B A 


T 5 


Z Y 


(3p)And if it were a mal and ten roots equal thirty-nine units [x2 + 10x = 39], and you 
wanted to find the ma/, you made line GD a mai, and line DH ten roots, so all of 
line GH is thirty-nine units. And we make line DA equal to line DH, and you 
produce on it square DB, and it is broken into a hundred mdls, because ten roots 
of something, if multiplied by itself, gave a hundred times that same something. 
And we make surface GT equal to surface DB, so you break surface GT into a 
hundred mals. And because line GD is a mal, line DT is a hundred, and all of 
surface GY is three thousand nine hundred, since it comes from multiplying line 
GH, which is thirty-nine, by a hundred, which is GZ. And likewise all of surface 
TB is three thousand nine hundred, since surface GT is equal to surface DB. But 
surface 7B arose from multiplying line YBss2 by line HD, which is equal to line 
AB. 

So we divide HY into two halves at point S, and we say it comes to be that all 
of line YB by BA, which is three thousand nine hundred, with the product of HS 
by itself, which is two thousand five hundred, all that being six thousand four 
hundred, is equal to line BS by itself, by the condition which you saw earlier.553 
So line BS is eighty. But line DH is equal to line HB, so the sum of lines DH, HS 
is eighty. But line HS is fifty, so the remaining line DA is thirty. And line GH was 
already thirty-nine, so line GD is nine, which is the ma@/. And this is its figure: 


S H 


(4) And if you wanted to find the root of the mdlss4 in the manner followed by 
(madhab) Diophantus, you searched for a number which, if added to a mal and 
ten things [x2 + 10x], has a root. It is nothing but twenty-five, which added to a 
mal and ten things has a root that is a thing and five dirhams [x + 5]. And you 
knew that a mal and ten things are thirty-nine units [x2 + 10x = 39], so if you 
removed the mal and ten things, and you put in its place thirty-nine units, they 
became sixty-four units. So its root is eight, and that equals a thing and five 
dirhams. So the thing equals three dirhams, which is the root of the mal.555 


In the “manner followed by Diophantus” al-Karaji observes that if 25 is 
added to the x2 + 10x then the sum will have a root, which is x + 5. In other 
words, (x + 5)? > x2 + 10x + 25.556 Substituting the x2 + 10x with the 39 it 
is equal to, this becomes (x + 5)? — 64. The root of 64 is 8, which equals 
the x + 5. The work takes place within the context of the multiplication of x 
+ 5 by itself, and the equation serves to substitute the x2 + 10x with the 39. 

For the second composite type, ax? + c = bx, al-Karaji follows the same 
pattern. He gives the rules, with examples, for (1), (2), and (3), and then the 
proofs in the same order. And again he finishes with the “method of 
Diophantus”, this time for the equation x2 + 21 = 10x: 

(4) And if you wanted to solve this problem according to the method (tarlqa) of 
Diophantus, you looked for a square which, if you subtracted from it [and a 
number] ten roots which are equal to the mal and twenty-one units, then the 
remainder is a square. So make the side of the squaress7 a thing less five [x — 5], 
or five less a thing [5 — x], and each of them leads to a quantity of units, and that 
quantity is a mal and twenty-five units less ten roots [x2 + 25 — 10x]. Replace ten 
roots with a mal and twenty-one units, since it equals it, leaving four in number. 
And the root of that is two, so [if] five less a thing is two, then the thing is three. 
And [if] a thing less five is two, then the thing is seven.s5s 


Here (x — 5)? and (5 — x)2 both yield x2 + 25 — 10x. Since x2 + 21 = 10x, we 
can replace the 10x in x2 + 25 — 10x with x2 + 21 to get x2 + 25 — (x2 + 21) 
— 4. The two solutions then come from (5 — x)? — 4 and (x — 5)? > 4. 

For the third composite type, ax2 = bx + c, the same pattern is followed 
again, except two parts are missing: the rule and examples for solving the 
non-normalized equations (2), and the “method of Diophantus” (4). But 
(2p), the proofs of (2), are given, so al-Karaji must have originally included 
the rule and its examples, but at some point these were omitted in the 
transmission of the text.559 This suggests that the “method of Diophantus” 


for the third composite type may have suffered the same fate. 

For rules (1), (2), and (3) al-Karaji follows the usual practice of giving 
the statement first and then the proof separately. The “method of 
Diophantus”, though, is more a derivation for rule (1) than a distinct 
method. It requires no separate proof because the steps are justified along 
the way. For comparison, Thabit ibn Qurra similarly combined rules and 
proofs into a single piece of text in his late ninth century Reasoning on 
Establishment of Correctness of Algebra Problems by Geometric Proofs. 
There he derives the rules (1) for solving the three composite normalized 
equations through geometric constructions relying on Elements II.5 and 
II.6. In the title of the work he calls them ‘proofs’ (barahin), but in the text 
itself he calls them ‘solutions’ (istikhraj). Like al-Karaji’s “method of 
Diophantus”, the rules are not given first, but emerge in the course of the 
operations (here the construction) that also justify them. The treatise 
begins: “The first principle is: a ma/ and roots equal number [x2 + bx = c]. 
The way to solve this, by proposition six of the second book of the work of 
Euclid, is as I describe. Let the mal be a square ABCD and: : «560 


VilSolutions to Composite Equations in al-Karaji’s 
Problems 


The problems in al-Fakhri that al-Karaji took from Diophantus are all from 
Arithmetica Books I-IV, so none of them show composite equations. But 
among the ca. 150 ‘Arabic’ problems in that book and the few problems 
solved in his al-Kaft, al-Karaji has the opportunity to solve composite, non- 
normalized equations 22 times.s1 In every instance he follows the standard 
Arabic way (1) of first normalizing the equation by completing or returning 
the mals to one mal. Nowhere in these books does he apply the rule for 
non-normalized equations (2), the rule for finding the mdi directly (3), or 
the “method of Diophantus” (4). 

But in two instances in his al-Badi‘ al-Karaji does apply the rule (2) for 
non-normalized equations. As part of his instructions on how to solve 
indeterminate problems he explains how to choose the appropriate square 
when setting up equations to guarantee a rational solution. The rule is 
invoked in cases in which the sum or difference of cubes and things equal a 
square:562 


So if [someone] said, three cubes and five things equals a square. You 
confronteds3 it with m/s so that if you halved its number and you multiplied it 
by itself, and you cast away from the outcome what you get from multiplying the 


number of cubes by the number of things, the remainder is a square. So if you 
confronted the three cubes and five things with sixteen mals [3x3 + 5x = 16x?], 
you halve the sixteen and you square its half, and you subtract from the outcome 
the fifteen which comes from the multiplication of three by five, leaving forty- 
nine. Take its root, which is seven, add to it half the roots so it becomes fifteen, 
divide it by the number of cubes to get five, which is the side of the cube. And if 
you wanted, work it out by subtracting to get the root of the mdi is a third of a 
unit. 


In modern notation the two solutions to ax? + c = bx are x= 1 2 bt (12b) 


- $b + (1b)° - ac 
ve val a . 


So if [someone] said, three cubes less three roots and a third of a root equal a 

square. You confronted it with nine md/s [ 3 x 3 -3 1 3 x=9 x 2 ], 

[3x3 - 33x = 9x7] 
31 

3 ]. [x 18 33} And for this rule, if the cubes were diminished from the things, like 

three things and a third less three cubes, you confronted it with nine mals | 3 1 3 


’so the resulting root is three units and a third of a unit t[ xis3 1 


1 3 _ oy2 
x-3 x 3=9 x2], [33x - 3x° = 9x"], which is that you restore so it becomes three 
things and a third equal three cubes and nine mals [ 3 1 3 x=3 x 3 +9 x 2 ]. 


1 
[33x = 3x° + 9x"]. Then halve the number of mails and square the half, and add to 
it the product of the number of cubes by the number of things, namely the ten, to 


get thirty units and a fourth of a unit, and its root less half the roots is one. Divide 
it by the number of cubes, resulting in the root being a third of a unit, which is the 
answer. 


In modern notation this solution to a x 2 +bx=cis(12b)2+ac—12ba. 


2 
: (5b) +ac- 5b 
ax’ + bx =cis : 


a 
Searching for the appropriate square in these situations is a 


characteristically Diophantine problem,s64 and the method of solution, 
without normalizing, is precisely the method used by Diophantus himself. 
Because al-Karaji applied the standard Arabic rule in all other instances in 
his books, it is evident that he took this method from the Arithmetica. So 
potentially both rules (2) and (4) come from Diophantus. 


Villal-Karajr’'s Causes of Calculation in Algebra and 
Its Proof 


Al-Karaji composed his short work Causes of Calculation after al-Fakhri. 
In it he explains that some people had a difficult time understanding his 


geometric proofs, so he gives here arithmetical proofs to several 
propositions. These include proofs for the solutions to equations of type ax? 
= bx and the three composite types, and also rules for adding, subtracting, 
multiplying, and dividing square roots of numbers. 

The arguments for the three composite equations follow the “method of 
Diophantus” from al-Fakhri. But here, instead of being derivations of 
solutions to the equations, they are transformed into the ‘causes’, or proofs, 
for the standard Arabic rules (1) after normalization. Now the rule is stated 
first, and the proof follows. This treatise shows us how the ‘method’ 
worked for the third type, which was missing in al-Fakhri.565 


The first problem on halving the roots 
[x2 + bx = c. The solution corresponds to our x= (1 2b )2+c¢- 12 bd. |] 


x= (4b) +c- 4b] 

If you wanted to show the reason for saying, in the first problem, which is the mal 
and roots equal number, that the way [to solve] it is that you halve the roots, and you 
multiply [it] by itself, and add to the total the number equal to the mdl/ and roots, then 
take the root of the sum, then subtract from it half the roots, then the remainder is the 
root of the mal, we said: 

Suppose a mai and ten roots equal twenty-four dirhams [x2 + 10x = 24]. 
So we wanted the agreement between the roots and the number. We added 
to the root the same as the number of half the roots, which is five, since it is 
appended in this first problem,5e6 as we explained before, to get a root and 
five in number [x + 5]. So we multiplied that by itself to get a mal and ten 
roots and twenty-five dirhams [(x + 5)2 — x2 + 10x + 25]. And we already had 
the mal and ten roots in the problem equal to twenty-four dirhams. So if we 
put the twenty-four in this multiplication in place of a mal and ten roots, then 
the multiplication of a root and five by itself is forty-nine in number [(x + 5)2 > 
49]. So the root of forty-nine, which is seven, is a root and five. So you 
subtract from it five, leaving the root to be two, which is the root of the mai, 
and the mal is four, and ten roots are twenty. If you added them, it gave 
twenty-four. So this rule is proven true in the realm of number. And if this 
problem were unchanged except that the ma/ and the roots equal a number 
other than the twenty-four so that the sum is not a number with a root,567 we 
said that the root of that number, subtracting from it five, is the root of the 
mal. For example, if we said: a ma/ and ten roots equal thirty dirhams [x2 + 
10x = 30]. So if we added the thirty to the twenty-five, it gave a total of fifty- 
five. So we said that the root of fifty-five, subtracting from it five [ 55 —5 ], 


[V55 —5].is the root of the mal that is asked for. And this is the rule to work out 
this type [of equation]. 


The second problem on halving the roots. 
[x2 + c = bx. The solution corresponds to our x= 1 2 bt (1 2b) 2 -c. J 


[Here is] the reason that we said, in the second problem, that the way [to solve] this 
is that you halve the roots, and you multiply [it] by itself, and subtract from it the 
number which is with the mal, then take the root of the remainder, and subtract [it] 
from half the roots, or add [it] to it. What comes after the addition or the subtraction 
is the root of the mal. 

Suppose we said: a mal and sixteen dirhams equal ten roots [x2 + 16 = 
10x]. We wanted the agreement between the roots and the number, and we 
found a root of the ma/ removingses the same as the number of half the roots, 
or one subtracts the root from the same as the number of half the roots, 
which is five. So the outcome is a root except five [x - 5] or five except a root 
[5 - x]. So we multiplied that by itself, to get a ma/ and twenty-five except ten 
roots [x2 + 25 — 10x]. And we knew that the ten roots are a mal and sixteen 
dirhams. So if one subtracts from the ma/ and twenty-five the deleted ten 
roots, which are a mal and sixteen, it leaves nine [x2 + 25 — (x2 + 16) — 9]. 
So a root of nine, which is three, is the multiplication by itself. So if we had 
made it a thing except five, then the thing is eight, since the thing except five 
resulted in three. And if we had made it five except a thing, then the thing is 
two. So the outcome in either direction you wanted is the asked-for root. 

And if you made it eight, then the mail is sixty-four. And if you added to it 
sixteen, it gave eighty, which is equal to ten roots. And if you made it two, 
then the mal is four. So if you added to it sixteen, it gave twenty, which is the 
same as ten roots. 

[He next gives advice on how to choose between adding and subtracting.] 
And if your multiplication of the root removing from it the number of half 


the roots [x- 12b1. [x- 2) or the number of half the roots removing from it 
a root [1 2 b-x ] [3 -x] by itself leads to a mal and a number equal to the 
number which is with the ma/ equated to the roots, except the roots equal to 
the roots in the equation,se9 then the number of half the roots is the root of 
the mal. 

For example, if we said: a mal and twenty-five dirhams equal ten roots [x2 
+ 25 = 10x]. So if we multiplied a root except five or five except a root by 
itself, it gave a total of a ma/ and twenty-five except ten roots [x2 + 25 - 10x]. 
And these removed ten roots are a mal and twenty-five, so it gives the 
twenty-five removing twenty-five. So if you continued with the 
confrontation,570 then they are not what we get from multiplying something by 
something, or multiplying less something by less something. And if so, then it 
is as if we said: a root except five leaves nothing, or five except a root leaves 
nothing, so we have excluded the whole thing or the whole five. So all of the 
five is all of the root, and all of the root is the five. 
[He then covers the case in which the square of half the roots is less than the number, 
which means the equation has no solution.] 


The third problem on halving the roots. 
[x2 = bx + c. The solution corresponds to our x= (1 2b )2+c¢+ 12 bd. |] 
x= (1p) +cC+ $b] 
[Here is] the reason that we say, in the third problem, that the way [to solve] this is 


that you halve the roots and you multiply it by itself and add to it the number which 
is with the roots and take the root of the sum and add to it half the roots, so the sum 
is the root of the madi. 

So it is as if we said: five dirhams and four roots equal a mal [5 + 4x = x2]. 
So we wanted the agreement between the roots and the number, and it is 
necessary here that from the root one subtracts half the number of roots and 
nothing more,571 since the mal equals roots and number. 


1 
[He then explains that the root x must be larger than 1 2 b. i 2] 
So if we subtracted from the root the same as half the number of roots, it 


left a root except two dirhams [x - 2]. We multiplied that by itself to get a mal 
and four dirhams except four roots [(x -— 2)2 — x2 + 4 - 4x]. And you 
supposed that the mai in this problem is four roots and five dirhams. So if we 
put four roots and five dirhams in this multiplication in place of the mal [x2 + 4 
- 4x — (4x + 5) + 4 - 4x], then we multiplied a root except two dirhams by 
itself [to get] nine dirhams [(x - 2)2 — 9]. So we take the root of the nine, 
which is three, which is a root except two dirhams. If we added to it the two 
dirhams to get the root, it is five. So it is the asked-for root. And if we 
multiplied it by itself it gave twenty-five, so it is the mal, which equals four of 
its roots, which are twenty, and five dirhams. 


Al-Karaji gave another set of arithmetical proofs in his arithmetic book al- 
Kafi. The proofs for the types 4 and 6 equations are similar but not identical 
to the ones in Causes of Calculation, and the proof for type 5 is entirely 
different. With these works al-Karaji seems to have initiated a shift among 
some algebraists away from geometric proof. Four later mathematicians 
who were influenced directly or indirectly by al-Karaji and who gave 
arithmetical proofs to these rules are Ibn al-Yasamin (d. 1204), Ibn al- 
Banna’ (late thirteenth century), al-Farist (d. ca. 1320), and Ibn al-Ha ‘im 
(1387). They grounded their proofs either in (a) the rule for squaring a 
binomial or completing the square, (b) restatements of Elements II.5 and 
II.6 in arithmetical terms, or (c) a particular handy rule for multiplying 
numbers that comes from finger-reckoning.572 


IXPiecing the Evidence Together 


Few historians have taken note of al-Karaji’s “method of Diophantus”. 
Franz Woepcke translated the two passages from al-Fakhri without any 
comment.573 Both Thomas Heath and Paul Ver Eecke knew Woepcke’s 
work, but they do not mention the ‘method’ in their books.574 Roshdi 
Rashed brings it up, but he is misled in associating it with the naming of 
the parts of ten as “five and a thing” and “five less a thing” at the beginning 
of the solutions to some problems in Abt Kamil.s75 The only historian who 


has examined the issue seriously is Jacques Sesiano. He writes: 


It is unlikely that al-Karajt knew of any Diophantine method for solving complete 
quadratic equations, for not only do these equations occur in the Jater three Greek 
Books, with which al-Karaji was apparently not acquainted, but also the approach 
in their resolutions in the Arithmetica is not that used by al-Karajt and explicitly 
attributed by him to Diophantus. One might hypothesize that al-Karaji knew of 
some other treatise by Diophantus or even a pseudepigraph on this subject, but 
we have no source which associates the name of Diophantus with any such 
work.576 


The argument that al-Karajt was not acquainted with the Greek Books ‘IV’ 
to ‘VI’ is presented by Adel Anbouba in the summary to his edition of al- 
Karaji’s al-Badi'.577 Even if al-Karaji had not read those books, it does not 
mean that he had not read the now-lost Book in which the solutions to 
three-term equations are explained. The two Diophantine-style solutions to 
composite equations in a/-Badi‘ translated above in §7 show that al-Karaji 
did know Diophantus’s method of working out these equations, and it saves 
us from turning to Sesiano’s unlikely hypotheses. The problem then 
becomes one of reconciling the “method of Diophantus” with Diophantus’s 
actual practice. 

Diophantus most likely classified (or somehow differentiated) and 
solved the same three composite equations that we find in Arabic algebra 
somewhere in the Arithmetica between the extant parts of Book VII and 
Book ‘IV’. Like the rules in Arabic algebra, the rules Diophantus follows 
in solving, as equations, the inequalities in problems ‘IV’.39 and ‘V’.10 
give no indication of why they work. It would have been against the 
pedagogical spirit of his book for him to give the rules without any 
derivations or explanations justifying them, and indeed he promised such 
explanations in his introduction. The “method of Diophantus” in al-Karaji 
fills that role nicely and it comes with Diophantus’s name already attached 
to it. 

I conjecture, then, that for each equation type Diophantus derived the 
rules (2) for non-normalized equations by the ‘method’ (4). The ‘method’ 
indeed also works for non-normalized equations. For example, to solve 
equations of the type ax2 + bx = c, one can multiply all terms by a to get 
a2x2 + abx = ac, and then search for a number which, when added to the 


11)\2 
left side, makes a square. (The number will be (12b)2, (3) > and the 


1 
square will be (axt+t 12b)2.) (ax i 3b) ) By this method one arrives at 
Diophantus’s rules directly. Of course this is merely speculation, and it may 


be that Diophantus instead divided by a and worked with normalized 


equations as al-Karajt shows. Both derivations were in character with 
Diophantus’s approach, and can lead to the rules he followed in the extant 
books. 

For his part, al-Karaji took from Abt Kamil the rule for solving for the 
mal directly (3) and the idea to prove rules using Elements II.5 and II.6, and 
from Diophantus he took the rule for the non-normalized case (2) and the 
“method of Diophantus” (4). Because the geometric proofs were not clear 
to the practitioners who read his al-Fakhri, he recrafted the “method 
Diophantus” into alternate, arithmetical proofs to the standard rules (1) in 
his Causes of Calculation. 

This reorientation away from geometry in favor of arithmetical proofs 
became a trend that was followed by several later algebraists, including Ibn 
al-Yasamin, Ibn al-Banna’, al-Farist, and Ibn al-Ha’im. The only published 
Arabic books showing geometric proofs after al-Karaji are those of al- 
Khayyam (ca. 1075), a geometer, and al-Samaw’al (d. ca. 1175), who 
builds on Abi Kamil as well as al-Karaji. Even Sharaf al-Din al-Tast (d. 
1213), in adjusting al-Khayyam’s work, relies on a numerical algorithm for 
the numerical solutions to equations. Al-Karaji, with inspiration from 
Diophantus, seems to have initiated this trend. 
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Gabriele Galluzzo 
Substantiae sunt sicut numeri: Aristotle 
on the Structure of Numbers 


Abstract: Aristotle’s contribution to the metaphysics of numbers is often 
described in terms of a critical response to the Platonist paradigm. Plato, 
we are told, conceives of numbers as abstract entities entirely distinct from 
the physical objects around us, while Aristotle takes the more mundane 
view that numbers are pluralities of physical objects considered in a 
particular way, a way relevant to mathematics. Without rejecting altogether 
this familiar picture, this paper aims to show that Aristotle has another 
major contribution to offer to the history of philosophy of mathematics. In 
the Metaphysics, he claims that numbers too can be analysed in terms of 
matter and form (hylomorphism). On the hylomorphic model, a number has 
both a material component (the units in the number) and a formal one (the 
structure that keeps the units together). The paper fully explores the 
motivations behind Aristotle’s hylomorphic conception of numbers, as well 
as its most significant implications. 


Keywords: Numbers, Substances, Hylomorphism, Platonism. 


IIntroduction 


Is there an Aristotelian paradigm in the philosophy of arithmetic? Answers 
to this question are normally phrased in terms of discontinuity with 
Platonist ideas about the existence and nature of mathematical objects in 
general. Plato, we are told, conceives of mathematical objects as entities 
entirely distinct from the physical objects around us, i.e. as abstract entities 
inhabiting a world accessible through intellectual knowledge only and 
inaccessible to the senses. Aristotle, by contrast, takes a more mundane 
view by claiming that mathematics talks about the physical objects around 
us considered in a particular way, a way relevant to mathematics. Whether 
or not mathematical objects are for Aristotle quite the physical objects 
around us will depend on the force one attaches to the idea that physical 
objects are considered in a particular way by mathematicians. While one 


may well think that emphasis should be put on the claim that mathematical 
objects are just physical objects, though considered in a particular way, the 
option is open to interpreters to say that the way in which mathematicians 
consider physical objects affects the nature of those objects and so 
mathematical objects end up being a peculiar kind of objects, dependent on 
but distinct from ordinary physical objects.57s Be that as it may, Aristotle’s 
major contribution to the history of the ontology of mathematical objects 
would be on this picture to bring such objects back from the Platonic 
heaven to the earth of the ordinary physical world. And what applies to 
mathematical objects in general applies to numbers in particular. Numbers 
are for Aristotle just pluralities of physical objects considered in a 
particular way, a way relevant to mathematics. 

It is not my intention to deny the truth of this traditional story, or to 
downplay the importance of Platonism in the development of Aristotle’s 
views on the nature of numbers. In this paper, however, I wish to explore a 
different line of thought, which has so far been neglected by Aristotelian 
scholars and historians of mathematics alike. This is simply the idea that 
Aristotle’s thoughts about the nature of numbers do not only stem from his 
critical attitude towards Platonism, but can also be seen as a development 
from his most peculiar and controversial metaphysical claims. More 
particularly, I shall argue that, in the Metaphysics, Aristotle is prepared to 
apply one of his most characteristic metaphysical distinctions, i.e. the 
distinction between matter and form (hylomorphism), to the case of 
numbers. The application of hylomorphism to the case of numbers has 
significant consequences for Aristotle’s conception of arithmetic, the most 
important of which is that numbers are viewed as structured wholes, having 
both a material and a formal component. On this view, the familiar idea that 
numbers are, for Aristotle, pluralities of physical objects considered in a 
certain way is only the beginning and not the end of the story. For on the 
hylomorphic model, numbers are pluralities of countable physical objects 
arranged in a certain numerical structure. More generally, if I am right, 
Aristotle’s original contribution to the philosophy of arithmetic does not 
simply consist in a response to Platonism, but also in a sophisticated 
metaphysical treatment of the nature of numbers. In the rest of this 
introduction, I wish to sketch out the nature of the problems that will be 
dealt with in this paper and indicate the general line of my argument. 

The central text for my reconstruction is Met. H 3. In this chapter, 
Aristotle comes up with the rather surprising claim that, if substances are in 
some sense numbers, they are so not by being numbers of units, as some 
people (the Platonists) tend to describe numbers. Aristotle’s wording makes 


it clear that the antecedent of this claim should be taken to be true and 
hence substances are indeed like numbers—provided, of course, that the 
nature of numbers is properly understood. Although the substance-number 
analogy which Aristotle develops in H 3 contains several points, the core 
claim is that both substances and numbers are not aggregates, but real 
unities. Just as substances, in other words, are not aggregates of their parts, 
so numbers are not aggregates of their parts, i.e. of units. Thus, substances 
are something over and above their parts. Likewise, numbers are something 
over and above the plurality of units that constitute them. 

In spite of its interest, the substance-number analogy has not received 
much attention from contemporary scholars.s79 Not so in medieval and 
early modern times, when the analogy was quite popular and got condensed 
in the slogan ‘substantiae sunt sicut numeri’. Curiously enough, medieval 
and modern philosophers seem to have taken up only one side of Aristotle’s 
analogy and gone, as it were, from numbers to substances. Their interest 
lay in how the analogy might contribute to our understanding of 
substances: what structural properties of numbers can be carried over to 
substances? In this paper, I wish to take the substance-number analogy very 
seriously, and make it the starting point for a reconstruction of Aristotle’s 
mature thoughts about the nature of number. Consequently, I also wish to 
take a course different from medieval and modern philosophers, and go in 
the other direction, from substances to numbers: what can the analogy tell 
us about Aristotle’s conception of numbers? More particularly, these are the 
two questions I shall try to answer: 

(Q1)What does it mean that numbers are not aggregates of units? 

(Q2)What philosophical motivations does Aristotle have to make his claim 
(i.e. what aspects of the nature of numbers are not captured by 
describing them as aggregates of units)? 


My response to (Q1) will be that Aristotle tries to apply to numbers the 
matter-form analysis that has proved to be so useful in understanding the 
metaphysical structure of material substances. On this analysis, a certain 
number will be analysable into a material aspect (the several units that 
compose it) and a formal aspect (some sort of structure, arrangement or 
grouping of such units). Thus, numbers are not aggregates, but rather 
structured wholes by analogy with ordinary material objects. 

Answering (Q2) is more complicated. But the gist of it is that Aristotle 
primarily conceives of numbers as groups of things. The group language 
invites us to raise problems concerning the unity and identity of numbers: 
what makes a group of six units one group and not six unrelated things? 


What makes a group of six things a group of six things and not a group of 
seven? Aristotle’s view is that a certain plurality of units makes up a 
number only if the units in the plurality somehow hold together and are a 
unity distinguishable from other groups of things. This, in turn, is possible 
only if numbers do possess a formal aspect that keeps together the units in 
the different numbers and so accounts for the numbers’ unity and identity. 

My discussion will fall into four parts. In Section I, I shall present a 
sketchy reconstruction of the text (Met. H 3, 1043b32-1044a11) in which 
Aristotle presents the substance-number analogy. In Section HI, I shall 
move on to Aristotle’s evaluation of the standard intuition that numbers are 
composed of units. What I intend to show here is that there are several 
aspects of this intuition that Aristotle is inclined to agree with, but also 
others that he regards as potentially misleading. In particular, Aristotle does 
not want us to construe the claim that numbers are composed of units as 
equivalent to the different one that numbers are aggregates of units. 
Questions Q1 and Q2 above will be taken up explicitly and discussed at 
length in Section IV. Finally, I shall raise and solve a difficulty for my 
interpretation of the text in Met. H 3. My reading presupposes that there is 
indeed a strong symmetry between the structure of material objects and the 
structure of numbers. In Met. H 3, however, Aristotle illustrates the 
substance-number analogy with reference to the definition of substances 
and not to material substances themselves. In Section V, therefore, I shall 
try to show why this is no obstacle to my contention that Aristotle applies 
to numbers the hylomorphic analysis. 


liThe Substance-Number Analogy in Met. H 3 


Let me start off with an outline of Aristotle’s argument in Met. H 3, 

1043b32-1044a11: 

(A)First, Aristotle makes the general claim that, if it is true that substances 
are in some sense numbers, this is not true on any understanding of 
numbers. In particular, it is not true if numbers are thought of as 
“numbers of units”, i.e. presumably as aggregates or sums of units (H 
3, 1043b32-34). 

(B)Then, Aristotle brings out four points of analogy between substances 
and numbers: 

(1)A definition is some sort of number because, exactly like numbers, 
it is divisible into indivisibles (1043b34-36). 
(2)If we add something to or take away something from a certain 


number (no matter how small the addition or the subtraction is), 
then the number will no longer be the same. Likewise, if we add 
something to or take away something from a definition and an 
essence, the definition and the essence in question will no 
longer be the same (1044a36-1044a2). 

(3)In the case of both numbers and definitions, it is necessary that 
there be something in virtue of which they are unities. For, 
either numbers and definitions are mere aggregates (which is 
not the case), or they are unities, in which case we must give an 
account of why they are so. But people usually cannot provide 
such an account either for numbers or for definitions. This 
happens naturally enough, because a substance has the kind of 
unity that a number, not a unit, has, i.e. it is an actuality and a 
definite nature (1044a2-9). 

(4)Just as number does not take the more and the less, neither does 
substance taken according to form. It is only substance taken 
together with matter that takes the more and the less 
(1044a9-11). 


In (A), Aristotle makes a general claim about the relationship between 
substances and numbers: substances are like numbers, provided that we do 
not construe numbers as numbers of units, i.e. aggregates of units. Then, in 
(B), he introduces four specific points of analogy which are supposed to 
confirm the general claim made in (A). One first thing to note is that, 
although the analogy is introduced as one between numbers and substances, 
it is then spelt out in (B) with reference to definitions. This is problematic, 
and I shall try to say something more about it in Section V. Suffice it to 
observe, for now, that the context makes it clear that it is the definition of 
substances that Aristotle has in mind. Whether or not there is some 
resemblance between numbers and definitions in general, it is clearly with 
reference to the definition of substances that the resemblance mostly 
shows. One reason Aristotle may have had to press this point is that it is 
only substances that are definable or, at least, it is only they that are 
definable in the strict sense of the term, as emerges from the discussion in 
Met. Z 4-5.530 Things other than substances are definable only in a 
secondary sense—if they are definable at all. Thus, it is natural for 
Aristotle to assume that he is entitled to use the example of definitions to 
make a point about substances in general. 

It takes just a quick look at Aristotle’s text to see that the four points of 
analogy (B1-B4) between substances and numbers are far from being 


unproblematic. One difficulty is that B1-B4 are supposed to provide some 
support for Aristotle’s thoughts about the nature of numbers, i.e. that they 
are not aggregates of units. But it seems that only B3 actually does so. In 
B3, Aristotle remarks that neither definitions nor numbers are aggregates, 
but real unities. If this is so, however, it is natural to conclude that there 
must be something in virtue of which they both are unities. This suggests 
that both definitions and numbers must possess, in addition to the parts that 
get somehow unified, a principle in virtue of which the parts are unified. It 
is not clear, by contrast, how B1, B2, and B4 should help us to go beyond 
the idea that numbers are aggregates of units. What is worse, B1 and B2 
seem to stand even if one does construe numbers as mere aggregates of 
units. Bl, for instance, says that a definition is a sort of number because, 
just like numbers, a definition is divisible into indivisibles. I take it that 
Aristotle’s point here is that a definition must be analysed into 
undefinables, i.e. terms that we have to take as primitive and not 
susceptible of definition. Admittedly, many of the definitions Aristotle 
standardly presents us with seem to contain terms that are further definable: 
in the definition ‘a man is a two-footed animal’, for instance, ‘animal’ is 
certainly susceptible of further definition. But Aristotle’s point must be that 
a definition must ultimately be analysable into undefinables, and so we 
must stop defining at some point or other. The process of definition cannot 
go on indefinitely on pain of not grasping the nature of the object defined. 
Were the process to be carried on indefinitely, we would never reach the 
point at which we could say we know the object we are trying to define. 
Now, Aristotle’s remark on definitions carries over perfectly well to 
numbers even if numbers are aggregates of units. Just like definitions, 
numbers too are divisible into indivisibles, that is, the units of which a 
number is composed. Suppose now that numbers are just aggregates of 
units. Thus any collection of six units, regardless of whether they are 
grouped together or unified in some particular way, is an instance of 
number 6. There seems to be no reason why number 6 so conceived should 
not be thought of as divisible into indivisibles, i.e. the units of which it is 
composed. Thus, it is not clear how the divisibility issue contributes to 
promoting the conception of numbers which Aristotle advocates. 
Something similar can be said about B2. B2 claims that definitions and 
numbers are alike because, if we add something to or take away something 
from a definition or a number, the definition or the number will no longer 
be the same. The point is straightforward. If one adds a term to or takes 
away a term from a definition, one will end up defining not the object one 
intended to define, but something else. Analogously, if we add to a number 


or we take away from it even one unit, the number will no longer be the 
same. In this case as well, however, the analogy goes through even if 
numbers are just aggregates of units. For B2 only requires that numbers be 
composed of units, and hence it is not clear how thinking of them as 
structured wholes, i.e. as things endowed with some form or structure, 
could make the analogy with definitions any tighter. 

B4 is problematic in another respect. In B4, Aristotle says that neither 
numbers nor substances take the more and the less. He hastens to add, 
however, that the analogy holds only for substance taken according to 
form, and not for substance taken together with matter. Since the discussion 
so far has been concerned with definitions, it is surprising that Aristotle 
should switch here to talk of matter and form. I shall postpone my answer 
to this difficulty to Section V. There is, however, a more immediate 
concern. Does Aristotle want us to take the point of analogy generically or 
specifically?5s1 In other words: is he saying that any number is not more of 
a number than any other? Or is he rather trying to make the point that any 
instance of number 6 is not more 6 than any other? I am inclined to take the 
analogy specifically, for the following reason: in Phys. IV, 12, in the course 
of his discussion of time, Aristotle remarks that the number of a hundred 
horses and that of a hundred men is the same if we consider the number by 
which we count, and not the same if we consider the number which is 
counted.ss2 In other words, the two numbers are the same number because 
the number of objects in a collection of a hundred horses is the same as the 
number of objects in a collection of a hundred men. The two numbers 
differ, by contrast, because they are numbers of different things, the first 
being the number of horses, the second the number of men. It is natural to 
think that, when Aristotle says in B4 that substances and numbers do not 
take the more and the less, he is thinking of the sense in which the number 
of two equinumerous collections is the same. Thus, a collection of six 
objects is not more an instance of the number 6 than any other. Be that as it 
may, it is not evident how considerations about the more and the less 
should cast some light on Aristotle’s general idea that numbers are 
structured wholes and not aggregates of units. 

What are we to make of the argument in H 3? The substance-number 
analogy might seem rather disappointing. Three of the four points of 
analogy may not make any contribution toward supporting the claim that 
numbers are not aggregates of units. Moreover, B1 and B2 may be taken to 
show that there is nothing more to the nature of numbers than their being 
aggregates of units, after all. I suggest we wait before jumping to 
conclusions. For one thing, it is clear that Aristotle has a dossier on the 


analogy between substances and numbers. The most important claim in the 
dossier is that there is something more to the nature of numbers than their 
being composed of units. But this does not imply that other points of 
analogy cannot hold true on a weaker and less demanding conception of the 
nature of numbers. Second, and most importantly, Aristotle rejects the view 
that numbers are aggregates of units. He does not object to the intuitive 
idea that numbers have units as their parts. Thus, it is natural to expect that 
many of the characteristic properties of numbers do, in fact, depend on 
their being made of units. In the next section, I shall clarify what Aristotle 
believes is right and what wrong in the intuitive association between 
numbers and collections of units. 


lilAristotle on Numbers, Units and Unities 


Aristotle’s official definition of a number is that it is “a plurality of 
indivisibles”,s83 i.e. “a plurality of units”.ss4 Moreover, Aristotle seems to 
identify the unit with the number | and believes, together with the 
mathematicians of his time, that the unit/1 is not a number, but rather the 
principle of numbers.sss 1, in other words, is the principle that generates the 
number series by being added on over and over again. Thus, a number 
always involves a plurality of units. 

There are many aspects of the conception of numbers as pluralities of 
units that Aristotle is willing to accept. In Met. M 6-9, in the course of his 
violent polemic against Plato’s conception of Ideal Numbers or Form 
Numbers, Aristotle often makes reference to ‘the mathematical number’ .s86 
His aim is to point out that Ideal Numbers, whether they exist or not, 
cannot possibly be the numbers mathematicians talk about. Thus, for 
Aristotle, any philosophical account of the nature and structure of numbers 
should do justice to actual mathematical practice.ss7 Such a practice centres 
upon the nature of units and the role they play in numbers. There are at 
least four features of mathematical numbers that emerge from Aristotle’s 
discussion in Met., M 6-9: 


F1)Numbers are counted by adding units so that after 1 we get 2, after 2 we 
get 3, and so on (M 6, 1080a30-33). 

F2)There are limitless numbers of the same kind, i.e. there are limitlessly 
many 2’s, 3’s, and so on (M 7, 1081a10-11). 

F3)A number is composed of undifferentiated units, i.e. of units that are 
perfectly alike both quantitatively and qualitatively (M 6, 


1080a20-21; M 7, 1081a19-21). 

F4)The units in a number are ‘associable’ or ‘comparable’ (ovuPAntat) 
with both the units in the same number and those in any other 
number, ic. they enter into arithmetic operations (addition, 
subtraction etc.) with any other units (M 6, 1080a20-21; M 7, 
1081a5-7). 


Aristotle seems to think that F1)-F4) represent the way mathematicians 
normally think of numbers. F1) captures the idea that the number series is 
generated by adding one unit after another. Aristotle observes that this 
implies that, for instance, number 4 contains number 3, on the grounds that 
number 4 is generated by adding one unit to number 3.583 F2) guarantees 
that, in normal mathematical practice, we may also work with 
equinumerous groups of units: ‘2+3=5’ and ‘3+3=6’ are equally legitimate 
arithmetic operations. But ‘3+3=6’, Aristotle believes, presupposes that 
there are two groups of three units, two 3’s, which we may add to one 
another. 

F3) and F4) are closely connected. F4) establishes that the units in a 
number can enter into arithmetic operations both with one another and with 
the units in another number. Take a group of four units, for instance. I can 
take away two units from that group and so obtain two units. But I can also 
add to the group of four units a group of three units, thereby obtaining a 
group of seven units, i.e. a 7. Aristotle seems to think that F4) is true only if 
F3) is true as well, i.e. only if the units in all numbers are all alike, where 
‘all alike’ means quantitatively and qualitatively undifferentiated. Part of 
the idea behind F3) must be that only things of the same kind can be 
counted together—a principle which Aristotle subscribes to.ss9 To take an 
example from concrete pluralities, while it is perfectly normal to add three 
apples to four apples, because the things that we add belong to the same 
kind, there would not be much point in adding three apples to four cats, 
because apples and cats belong to different kinds. Of course, apples and 
cats can be counted together if we come by a higher kind under which both 
fall, e.g. substance, in which case we count seven substances. On the basis 
of Aristotle’s principle of homogeneity, if mathematical units were different 
in kind, we could not perform any kind of operation with and on them. 

At the beginning of Met., M 8, Aristotle provides us with a sustained 
argument in favour of F3). He argues that units cannot be different from 
one another either quantitatively or qualitatively.590 That one unit does not 
differ from another in quantity seems to be obvious. But the point is made 
even more evident by the thought that, if units differed in quantity, two 


numbers composed of the same number of units would differ in quantity, 
one being greater than the other — which is paradoxical, because the 
common intuition is precisely that sameness in the number of units is just 
sameness in number.591 Neither can units differ in quality either, 
considering what Aristotle means by ‘quality’ in this instance.s92 A quality 
of a number is a standard mathematical property such as being prime, being 
square and so on. Thus, Aristotle’s reasonable point is that, while the 
numbers resulting from the units may differ in quality, the units in the 
numbers do not. Number 3 and number 4 differ in quality (4 is a square 
number, while 3 is not), and so do 2 and 6 (2 is a prime number, while 6 is 
not), but the units in all such numbers have no properties that might mark 
them off from one another. 

The conclusion of my brief survey of what Aristotle has to say about 
mathematical numbers in Met. M 6-9 is that there are many features of 
numbers as they are conceived by mathematicians that should be preserved 
in a philosophical analysis of the nature of numbers. What is more, many of 
these features seem to be linked with the intuitive idea that numbers are 
composed of undifferentiated units, which may enter into arithmetic 
operations. So, why does Aristotle think that the traditional conception of 
numbers as pluralities of units is, as it stands, insufficient? The answer 
should be that, as our passage from H 3 shows, this conception could easily 
mislead one into thinking that numbers are just aggregates of units and 
nothing else. Fine, but why should we not think that numbers are 
aggregates of units after all, given that this view seems to sit rather 
comfortably with mathematical practice? 

In various places in the Metaphysics, Aristotle complains that Platonists 
cannot give an account of the unity of numbers. In Met. A 9, for instance, 
he asks Plato the following question: “Why is number taken as a whole 
one” (i.e. a unity)?593 A similar complaint is voiced in A 10 (1075b34-36): 
“No one says a word about why number is one, or the body is one, or in 
general the form and the thing”. Thus, it is clear that the conception of 
numbers as aggregates of units cannot, in Aristotle’s eyes, explain why a 
certain number is a unity, that is, why the units in a certain number hold 
together and so are one thing, one number. Aristotle’s assumption here 
seems clearly to be that not any collections of units make up a number, but 
only those collections in which the units are somehow unified and hold 
together. Aristotle’s concern with the issue of the unity of numbers is by no 
means episodic and is often coupled with a similar concern with the 
identity of numbers: what makes a particular number that number and not 
another? What makes six units an instance of number 6 as opposed to two 


instances of number 3? This emerges if we consider a text from Met., A 14, 
the chapter on quality (t6 mo16v). In this text, Aristotle remarks that there is 
a sense of ‘quality’ that also concerns the objects of mathematics 
(1020b2-8). We have already come across the idea that numbers have 
qualities, i.e. such mathematical properties as being prime or square. But I 
think it is a slightly different sense of ‘quality’ that Aristotle has in mind in 
A 14, i.e. ‘quality’ in the sense of the essential differentia of an object. And 
numbers do have a quality in the sense of an essential differentia. The 
essential differentia of each number is what belongs to the essence of that 
number in addition to its quantitative aspect.594 Aristotle exemplifies his 
general point with the case of number 6: number 6 is not what it is twice or 
thrice, but what it is once. For number 6 is once 6. Number 6 as 6, in other 
words, is not twice 3 or thrice 2, but once 6. Aristotle’s general point in the 
passage seems to be the following. When we sum three groups of two units, 
by saying for instance ‘2+2+2=6’, we are presupposing that each group of 
two units is a distinct group of two objects somehow possessing some form 
of unity or togetherness. When we talk about number 6 as a group of six 
units, by contrast, we are presupposing that it is the six units of number 6 
that somehow hold together to form a unity, with the result that it is 
incorrect to identify number 6 as twice 3 or thrice 2. For that would 
somehow break the unity of the number. 

The passage from Met., A 14 also hints at Aristotle’s solution to the 
difficulty. If numbers have a unity and an identity then it is natural to 
suppose that there must be something that accounts for their unity and 
identity. Aristotle’s proposal, therefore, is that each number has both a 
quantitative or material component, i.e. the units that compose it, and a 
qualitative or formal aspect, which is supposed to explain the unity and 
identity of the number in question. In conclusion, Aristotle seems to be 
prepared to apply to numbers some version of the hylomorphic model that 
has proved so useful in accounting for the structure of material objects. In 
the following section, I shall try to explain what the application consists in 
and what motivations Aristotle has for proceeding this way. 


IVAristotle on the Structure of Numbers 


On introducing the general topic of this paper, I threw on the table two 
questions about the meaning of the substance-number analogy: 

(Q1)What does it mean that numbers are not aggregates of units? 

(Q2)What philosophical motivations does Aristotle have to make his 


claim? 


The discussion in Section II] has provided us with a solution to Ql. 
Aristotle wishes to apply the hylomorphic model he has employed in the 
metaphysical analysis of sensible substances to numbers. On this 
conception, numbers are structured wholes, which can be analysed into a 
material aspect (the units composing them) and a formal one (the structure 
or form that keeps the units together). This discussion has also given us 
some hints at how Q2 might be answered. Aristotle is worried about 
problems concerning the unity and identity of numbers: what makes a 
group of six units one thing? What makes a group of six units that group 
(i.e. a group of six units and so an instance of number 6) and not another? 

Aristotle’s general intuitions about numbers and their structure raise 
several difficulties. Take Q1 and the application of the hylomorphic model 
to numbers. One thing we would like to know is whether the form or 
structure that keeps together a certain number of units is generic or specific. 
In other words, is a group of six units kept together by the same unifying 
principle as a group of seven units, i.e. some sort of generic togetherness? 
Or is the unifying principle different for different numbers, so that a group 
of six units is kept together by some sort of 6-structure and a group of 
seven units by some sort of 7-structure? There are also problems with the 
answer to Q2. Why is Aristotle led to think that we need a unifying 
principle for numbers in the first place? What general conception of 
numbers underlies his inclination to describe numbers as _ structured 
wholes? 

Let me take up the more general issue first, the conception of numbers 
underlying Q2 and my solution to it. Much ink has been spilled over 
Aristotle’s philosophy of mathematics.s9s Discussions have mainly 
revolved around Aristotle’s rejection of a Platonist metaphysics of 
numbers, as well as the extent to which his view can be characterized as 
‘abstractionist’. I do not wish to go into such debates here. I shall rather 
confine myself to recalling a few points that may be of some help in 
solving the problems raised by the substance-number analogy. We may 
start by observing that for Aristotle numerical predicates apply to and are 
true of sensible objects.596 We truly say that there are three cows in the 
stable and four people in the room. Sensible objects, therefore, like cows 
and people, have numerical properties: they do come in groups of two, 
three, four etc. Of course, arithmetic is not interested in all the features of 
sensible objects. It is not concerned, for instance, with what they essentially 
are or with how they come into being and pass away. Arithmetic studies 


sensible objects only insofar as they have arithmetical properties. The 
relevant arithmetical property here is countability. Thus, sensible objects 
are studied by arithmetic only qua (i.e. insofar as they are) countable. 
Aristotle provides us with a fairly clear description of how we count 
sensible things. Counting presupposes that we fix a unit by which we count 
and then proceed to ascertain how many units there are in the group we 
wish to count. The unit will normally be an instance of a certain kind. If we 
want to count human beings, we pick one human being as the relevant unit. 
Thus, the number of human beings in a certain group will be the number of 
human being-units in the group. This procedure is legitimate, Aristotle 
thinks, because, even though a human being is divisible into many parts, a 
human being qua human is indivisible.s97 If we divide a human being into 
parts, none of the parts is a human being and, hence, a human being is, in 
this sense, indivisible. Thus, human beings, cows etc. can be treated as 
indivisibles, i.e. as units. Aristotle’s application of the gua-logic (arithmetic 
studies sensible objects qua countable, a human being gua human being is 
indivisible) explains how he can give an account of the actual practice in 
mathematics. Although arithmetic is about sensible objects, arithmeticians 
clearly do not talk about human beings, cows etc., but about numbers and 
units. But this is understandable enough, because human beings and cows 
are, from the point of view of their arithmetical properties, just groups of 
units. Mathematicians, therefore, can harmlessly enough disregard what 
kind of things the units they reason about are. For nothing of what they 
have to say about units depends on the nature of the objects they consider 
as indivisible in the first place. The foregoing account provides us with a 
clear picture of the nature of mathematical numbers. In the concrete, 
numbers are just groups or pluralities of sensible objects gua countable, 
groups in which each object is taken as a unit. Numbers, of course, can also 
be considered in the abstract, as when we say that the number of cows in 
the stable is the same as the number of people in the room.59s In this case, 
there is a number that we associate with both the group of cows and the 
group of human beings. But Aristotle seems to suggest that numbers in the 
abstract are derivative with respect to concrete numbers.599 He observes, 
for instance, that ‘3’ used as a name is derivative from ‘three’ used as an 
adjective. Thus, the expression ‘the number of cows in the stable is 3’ is 
derivative from ‘there are three cows in the stable’. All this suggests that it 
is the concrete way of speaking that best captures the nature of numbers. 
Numbers are groups of sensible things gua countable, i.e. groups of units. 
Now, it is the notion of group that is particularly relevant to the 
problems that concern us here. For, if we push the group language a little 


farther, we shall see why Aristotle may have been led to think that numbers 
are unities and so need a principle in virtue of which they are unities. 
Suppose that there is a group of six people in the dining room. Aristotle’s 
point seems to be that, when we consider the six people as a group of six 
people, we are taking the six people as a unity. In doing so, we are treating 
the group as one group, distinct from other groups of objects. If there are 
six more people in another room, they constitute a different group of six 
objects and so a different unity. But in order for the six people to be distinct 
from other groups of things, they must somehow hang together and so there 
must be something that keeps them together. In my example, I made things 
easy by supposing that the two different groups of people are in different 
rooms. The spatial dispersal of the two groups renders it intuitively more 
plausible that the units in each group are somehow together. However, 
Aristotle’s idea should be regarded as a generalized version of my example. 
If a group of n things is a distinct group of n things, the n things must be 
grouped together, and so a principle is required that groups them together. 
Even more clarity on Aristotle’s idea can be gained if we consider that, 
when we are treating the six people in the dining room as a group of six 
people, we are thereby excluding other possible groupings within the six 
people. The group of six people is certainly divisible into two groups of 
three people, just as it is divisible into six person-units. But when we 
consider the six people as a group of six things, we are excluding that there 
actually are two groups of three people or six person-units there. Were we 
to split the group into two groups of three people, we would immediately 
destroy the unity of the original group and create two distinct and new 
unities, i.e. two groups of three people. Another way of making this point is 
to say that both the two groups of three people and the six person-units 
exist potentially and not actually in the group of six people. There is some 
analogy here with the case of the division of the line. In the latter case as 
well, the parts of the line, i.e. the segments, exist in the line only potentially 
and not actually. Were we actually to divide a line, we would immediately 
break its continuity and so create a plurality of distinct segments.ooo The 
analogy is all the more telling if we bear in mind that in Met. Z 13 Aristotle 
uses the example of the line to explain his claim that a substance cannot be 
composed of substances existing in actuality.oo1 The actuality of the parts 
of a substance is incompatible with its unity, just as the actual division of a 
line is incompatible with its unity, i.e. with its being continuous. That 
Aristotle’s pattern of reasoning also applies to substances is a further 
indication that it may be easily carried over to numbers, if indeed 
substances are in a way like numbers. Two groups of three people, as well 


as six person-units, exist only potentially in a group of six people. 

We can see that the potentiality-actuality model is relevant to 
understanding Aristotle’s thoughts about the structure of numbers if we 
turn once again to the polemic against Platonism. In Met. M 8, 1084b2 ff., 
Aristotle takes issue with the Platonist understanding of the nature of the 
one.602 He protests that Platonists want to have it both ways, by making the 
one both a material and a formal principle of number. For Platonists 
maintain both that a number is composed of units, and so the one taken as a 
unit is a material principle of the different numbers, and that each number 
is a unity, and so the one is a formal principle that is predicated of each 
number. For each number is one number, distinct from all the others. 
Certainly, part of Aristotle’s intent is to charge Platonists with equivocation 
and inconsistency. When they say that the one is the principle of number(s) 
and so as a principle is prior to number(s), they do not specify whether it is 
the material or the formal principle that they are talking about. The result is 
attributing incompatible properties to the one. For being a material 
principle is not the same thing as being a formal principle. Neither is the 
formal principle prior according to the same sense of ‘prior’ as the material 
principle. The material principle is prior in generation or time, while the 
formal principle is prior in definition and substance.603 The one taken as 
material principle is prior in generation, because numbers are somehow 
generated by adding units. More difficult to understand is what Aristotle 
means by saying that as a formal principle the one is prior in definition and 
substance (to the units). But one reasonable suggestion is that, formally 
speaking, a certain number is one thing of a certain kind (for instance a 6 or 
a 7), and so it is its particular nature, its being a 6 or a 7, that determines 
how many units it is composed of.604 Thus, the number taken as one thing 
is prior to the units of which it is composed because it is the nature of a 
particular number that determines how many units it contains and not the 
other way round. In any event, the text shows that more than equivocation 
and inconsistency is at stake here. What Platonists did not see is that, once 
we realize that numbers have a formal unity, we should reconsider the 
sense in which units are material parts of a number. Once we realize, in 
other words, that a certain number is one thing, we should also see that the 
units in the number exist only potentially and not actually.60s 

Aristotle’s remarks square with my reconstruction of the philosophical 
motivations behind the claim that numbers are unities. More importantly, in 
the M 8 passage, Aristotle is clearly assimilating numbers to hylomorphic 
composites, which are analysable into a material aspect (the units that 
compose them) and a formal one (the principle that keeps the material parts 


together and so ensures the unity and identity of the number).606 On this 
perspective, it is not surprising that he should apply considerations about 
the structure of hylomorphic composites to numbers. The parts of a 
hylomorphic composite cannot exist in it in actuality on pain of destroying 
the unity of the composite. The material parts of a hylomorphic composite 
exist only potentially. And so do, by analogy, the units of a number as well. 
Against this background, we should now be in a position to answer the 
question as to whether the formal principle that keeps together the different 
units of a number is specific or generic. To say that the unifying principle is 
generic means that what makes six units an instance of number 6 and what 
makes seven units an instance of number 7 is one and the same principle. 
Presumably, in that case the unifying principle would be some sort of 
togetherness: a certain plurality of units is a number (no matter what 
number) when they are somehow together. There are indications, however, 
that Aristotle wants us to construe the unifying principle as specific to each 
number. We have seen that in Met. A 14 Aristotle observes that each 
number is characterized by some sort of essential differentia. This thought 
crops up again in Met. M 8, where it is suggested that units do not have a 
differentia, i.c. are qualitatively undifferentiated, while the numbers 
resulting from units do have one.«07 Aristotle’s reference to the differentia 
chimes very well with the idea that the unifying principle of a number is 
specific, for a differentia is normally taken to be characteristic of a certain 
species or kind. Thus, the principle that keeps together a group of six things 
is specific to number 6 and hence is different from the principle that keeps 
together a group of seven things, which is specific to number 7. But what 
could that possibly mean? My answer is the following. Take a group of six 
units. On Aristotle’s view, the six units are an instance of number 6. Now 
ask the question: are the six units an instance of number 6 because there are 
s1x units out there? Or, is it rather the case that there are six units out there 
because there is an instance of number 6? Aristotle’s argument against 
Platonism teaches us that there are two possible responses to this question, 
depending on whether it is material or formal explanation that we are after. 
Materially speaking, the group of six units is there because there are six 
units. After all, numbers are somehow constructed out of units, as Aristotle 
is ready to concede. Things are different, however, if it is formal 
explanation that we are after. Formally speaking, there being six units out 
there depends on there being an instance of number 6, and not the other 
way round. For it is built into the nature of number 6 that it is composed of 
six units, and not of five or seven. This explains in what sense the formal 
principle that keeps together six units and makes them an instance of 


number 6 is different from the principle that keeps together seven units and 
makes them an instance of number 7. For, at the level of formal 
explanation, it is the nature of a certain number that determines how many 
units an instance of the number will be composed of, and not the other way 
round, and hence it is perfectly natural to expect the nature of number 6 to 
be different from the nature of number 7 with respect to the number of units 
they respectively contain. 

This suggestion may explain some aspects of Aristotle’s discussion of 
numbers that might seem otherwise problematic. According to Aristotle’s 
discussion in H 3, one point of analogy between definition and number (B2 
from Section II) is that definition and number are alike, because any 
addition to or subtraction from either of them will change their nature and 
identity. As I remarked in Section II, the problem with this point of analogy 
is that it seems to make no contribution to Aristotle’s claim that numbers 
are not aggregates of units. What is worse, the analogy holds good even if 
numbers are indeed aggregates of units, or so it might seem. But we can 
now see that B2 does make a contribution, after all, to the idea that 
numbers are not aggregates of units. For, if my suggestion is right, the 
reason why any addition to or any subtraction from a certain number will 
change the identity of the number is not only or not primarily that a unit is 
added to or taken away from the number. This is just the material 
explanation of what is going on. Formally speaking, it is the nature of a 
certain number that determines how many units it must be made of. And so 
it is the nature of a certain number that forbids any addition to or 
subtraction from the number of units. 

Finally, my suggestion may also explain Aristotle’s obscure remark in 
Met. A 14 that number 6 is essentially what it is once and not what it is 
twice or thrice. It is built into the nature of number 6 not only that it be 
composed of six units, but also that it be composed of six units taken, as it 
were, all together. Thus, even though it is true that two units taken three 
times (or three units taken twice) make six units, it is not as the sum of 
groups of two units or as the sum of groups of three units that number 6 
should be identified, but as six units taken together. This thought squares 
with the previously explored idea that dividing a number breaks its unity 
and creates a plurality of different numbers. It also gives further intuitive 
content to the claim that both the sub-groups and the units in a number 
exist only potentially. Any actual division of a certain number is 
incompatible with the nature of the number, i.e. with its being that number 
and not another. 


VNumbers and Substances 


Most of what I said so far presupposes that the substance-number analogy 
centres on a comparison between numbers and material substances, i.e. 
composites of matter and form. The units in a certain number play a role 
analogous to that played by matter, while the principle of unity or 
differentia of the number is analogous to form. The trouble with this 
reading is that the substance-number analogy is spelt out in H 3 with 
reference to definitions and not (at least directly) to hylomorphic 
composites. The first three of the four points of analogy Aristotle draws our 
attention to (B1-B3 in Section I]) make reference to the definitions of 
substances and not to hylomorphic composites. One might hope to get 
some help from the fourth point of comparison (B4), i.e. the claim that 
neither substances nor numbers take the more and the less. For Aristotle 
hastens to add that this claim is true only of substance taken as form and 
not of substance taken together with matter. Thus, one might reason, matter 
and form are relevant to the substance-number analogy after all. It is not 
difficult to see, however, that the claim that substances and numbers do not 
take the more and the less has nothing to do with the issue of the unity of a 
hylomorphic composite. On the interpretation I favour, the claim should be 
taken specifically and not generically. Just as one instance of number 6 is 
not more an instance of 6 than another, thus one human being is not more a 
human being than another. Aristotle’s further remark that this is true only if 
a human being is taken according to form and not together with matter 
could and probably should be taken to imply that there is a sense in which 
the form of two human beings is common.s0s There is no difference 
between one human being and another insofar as their form is concerned. 
Differences, including quantitative differences such as the more and the 
less, enter the picture only when matter is taken into account, i.e. only 
when it is individual human beings that we are considering. One human 
being, for instance, can be bigger than another on account of his or her 
matter. If this is the meaning of Aristotle’s observation about the more and 
the less, hylomorphic composites seem to be marginal to the discussion of 
the substance-number analogy and the issue of their unity never at stake. 
Thus, one might easily get the impression that the reading I was offering of 
the parallelism between substance and number is entirely off track. 

One easy way out of this difficulty could be to insist that to talk about 
the definitions of substances simply is to talk about hylomorphic 
composites. For one thing, in Book H of the Metaphysics, Aristotle seems 
to be inclined to maintain that the definition of a material substance must 


mention both the kind of form and the kind of matter of which the material 
substance is made.609 Moreover, in H 6, Aristotle suggests that the problem 
of the unity of a material substance and that of the unity of definition are 
solved by making the same move, that is, by having recourse to the 
potentiality-actuality machinery.610 Just as matter is potentially what form 
is actually, thus the genus in a definition is potentially what the differentia 
is actually. And what is potential and what is actual are in a sense one 
thing.611 Finally, in Met. Z 12, Aristotle argues for the conclusion that, in a 
definition composed of a genus and a plurality of differentiae, it is the last 
differentia that is the form and substance of the thing defined, while the 
genus and the intermediate differentiae are material or quasi-material parts 
of a definition.612 The last differentia, in other words, absorbs in itself and 
expresses the whole content of a definition. Putting all these pieces 
together, one could come up with the following reconstruction of the 
argument in H 3. The unity of a definition is guaranteed by the fact that one 
component of the definition, the last differentia, plays the role of form and 
actuality, while all the other components, i.e. the first genus and the 
intermediate differentiae, play the role of matter and potentiality. Thus, it is 
perfectly natural for Aristotle to illustrate the substance-number analogy 
through the example of definitions, because the unity of a definition 
perfectly mirrors the unity of a composite of matter and form. 

Unfortunately, this solution is difficult. For Aristotle does not seem to 
say in H 3 that the principle that keeps together the different parts of a 
definition is one of those parts, just as he does not say that the principle that 
keeps together a certain plurality of units is just one of them.613 On the 
contrary, Aristotle seems to go by the assumption that the genus and the 
differentia in a definition are the parts that must be unified. In H 3, 
1043b10-12, for instance, we read: 


Nor is man animal plus two-footed, but there must be something beside (zap) 
these, if these are matter, something that is not an element nor is composed of 
elements, but is the substance. 


The passage clearly suggests that the principle that unifies the parts of a 
definition is distinct from both the genus and the differentia, just as the 
principle that unifies a number is distinct from the units, and the principle 
that keeps together the different material parts of a sensible substance is 
distinct from each of them. Now, it has been argued that Aristotle is not 
speaking in propria persona here.614 In other words, the claim that both 
genus and differentia are material parts of the definition would be the 
unwelcome consequence of a model of explanation of the unity of 


definition which Aristotle rejects, i.e. the Platonist model, and not 
Aristotle’s own position. It is only if genus and differentia are two 
independent entities and Forms, as they are on the Platonist model, that 
they can appear to be the material parts of a definition, i.e. the parts to be 
unified. But the general line of argument in Mer. H 3 suggests that, whether 
or not he is really committed to it, Aristotle is exploring in the chapter a 
line of thought different from that developed in Met. Z 12 and H 6.615 This 
line of thought sits more comfortably with the parallelism he wishes to 
establish between substances and numbers. And it is this line of thought 
that I want to pursue to show that hylomorphic composites, and not only 
their definitions, are relevant to the number-substance analogy. 

In H 2-3, Aristotle tries to turn the hylomorphic model into a general 
explanatory scheme, which might explain simultaneously the unity of at 
least three different kinds of items: (i) material substances, (ii) definitions 
and (iii) numbers. Aristotle’s move is more carefully described as an 
extension of the hylomorphic model from the case of material substances to 
those of definitions and numbers. In the second part of Met. Z 17, Aristotle 
argues at some length for the claim that the formal principle that keeps 
together the material parts of a sensible substance cannot be one of those 
parts, but must be of a different nature.o16 Aristotle calls the material parts 
of a substance “elements” and so formulates his claim in its most general 
form by saying that what keeps together the elements of a substance is not 
itself an element nor is composed of elements. As can be seen, this general 
formulation perfectly matches the one Aristotle employs in H 3 to explain 
his point concerning the unity of definition: what keeps together the parts 
of a definition (in this case the genus and the differentia) is not an element 
(i.e. one of the material parts) nor is composed of elements. What 
guarantees the unity of a definition, in other words, is different in nature 
from the parts that it unifies. Sameness of wording suggests that Aristotle is 
trying to apply to definitions the same pattern of reasoning he has 
employed in the case of sensible substances. This also makes it plausible 
that he is willing to apply the pattern to the unity of numbers as well. 

The general context of Met. H 2-3 seems to bear out my suggestion. 
These chapters are dominated by the thought that each thing possesses a 
formal principle that univocally characterizes and defines its nature. 
Aristotle describes this principle as a “differentia” (diabopd). Aristotle’s 
examples in Met. H 2 of things possessing an essential differentia are rather 
heterogeneous: honey-water, bundles, books, caskets, thresholds, lintels, 
the day, the night, ice, etc., are all good examples of things that have an 
essential differentia. The heterogeneity of the examples is justified by the 


fact that the essential differentia is specific, that is, is different for different 
kinds of things. Moreover, as Aristotle makes clear, the examples only 
serve the purpose of providing an analogical basis for the case he is most 
interested in, the case of material substances.617 In many, if not all, of the 
examples, the essential differentia is some sort of accidental property, be it 
an external relation that keeps together the different parts of an artefact or 
the characteristic state of a certain kind of body. In the case of material 
substances, by contrast, the differentia is substantial in nature, i.e. it is the 
form characteristic of a certain kind of substance. The whole discussion, in 
other words, is supposed to give further strength to Met. Z’s characteristic 
view that the form of a material object is the substance of the object, i.e. is 
that which characterizes and defines its nature.o1s It is no coincidence, for 
instance, that Aristotle observes that the essential differentia is predicated 
of matter — which is just a reparsing of Z’s characteristic claim that form is 
predicated of matter.o19 Thus, the essential differentia Aristotle presents us 
with in H 2 is nothing but the unifying principle he argues for in Z 17, i.e. 
what keeps together the different material parts of a substance and hence 
cannot be any of them. 

The reference to the Z 17 argument becomes even more explicit in H 3. 
In the first part of the chapter, Aristotle remarks that a syllable is not the 
letters plus their arrangement, just as a house is not the stones plus their 
arrangement.620 The example of the syllable is one of Aristotle’s favourite 
examples in Z 17. The gist of Aristotle’s remark also comes from Z 17: the 
principle that keeps together and unifies the parts of a thing cannot be one 
of those parts and must rather be different in nature from each and all of 
them. What Aristotle wants to show next is that similar considerations 
apply to a definition and its parts. Aristotle’s use of the word ‘differentia’ to 
describe the formal principle of a thing may mislead one into thinking that 
he has in mind the same line of thought as he explores in Met. Z 12 (and 
possibly in H 6): what guarantees the unity of a definition is that the last 
differentia plays the role of substance and form, while the genus and the 
intermediate differentiae play a material role. But, as I have observed 
earlier on, this cannot possibly be the case. In the model Aristotle has in 
mind in H 3, the genus and the differentia are both analogous to the letters 
of a syllable or to the stones of a house, and none of them is analogous to 
the characteristic arrangement or combination of either a syllable or a 
house. Thus, what unifies the different parts of a definition must be distinct 
from the parts it unifies. But what could possibly keep together the parts of 
a definition on this conception? Certainly not some sort of external tie or 
relation, because that would make the resulting unity too weak. In general, 


things that are kept together by an external tie or relation, be it some 
binding or gluing or what have you, are not regarded by Aristotle as 
substances.621 The reason is that such wholes are not real unities, since the 
external tie is only accidentally related to the things that it ties up. But 
definitions are standard examples of real unities. For definitions are only or 
chiefly definitions of substances, and substances are real unities.622 
Possibly, what Aristotle has in mind in H 3 is the following idea. 
Normally, we obtain the definition of a substance by putting together a 
certain number of predicates: we get the definition of a human being, for 
instance, by putting together ‘animal’ and ‘two-footed’. This procedure, 
however, may easily mislead us into thinking that the nature of a definition 
is merely aggregative or summative. But this is not the case. For two or 
more predicates make up a definition only if they are the right predicates, 
that is, those expressing the nature of the object defined. If we put together, 
for instance, ‘black’, ‘tall’, and ‘animal’ we shall certainly obtain a 
complex property (being a black tall animal), but not a nature or an 
essence. Another way of pressing this line of thought is to say that there is 
something in virtue of which ‘animal’ and ‘two-footed’ hang together, 
something that makes them the right predicates for the definition of a 
human being. That something cannot but be the nature of human beings 
which both ‘animal’ and ‘two-footed’ contribute to define. Thus, on this 
line of thought, what guarantees the unity of a definition is not one of its 
parts, but the nature of the object that the parts jointly contribute to define. 
Be that as it may, the outcome of Aristotle’s discussion in Met. H 2-3 is 
that neither material substances nor definitions are aggregates of their parts. 
In the case of both, by contrast, there is something, a formal principle or 
structure, which keeps together the different material parts and hence is 
different in nature from each and all of them. Thus, it comes as no surprise 
that Aristotle wishes to apply the hylomorphic model to the case of 
numbers as well. As with material objects and definitions, numbers too are 
not aggregates of their material or quasi-material parts: numbers are not 
aggregates of units. For numbers, too, we need a formal principle or 
structure that keeps together and unifies the plurality of units of which a 
number is composed. This principle will be the ‘differentia’ that 
characterizes and defines a certain number. Things being so, it becomes 
less disconcerting that Aristotle should draw a comparison between 
numbers and the definitions of substances instead of making directly the 
point that numbers are like material substances. For one thing, my 
reconstruction of the argument in H 2-3 shows that definitions are just as 
suitable for comparison as material substances. For the hylomorphic model, 


as well as the anti-reductionist claim it presupposes, apply equally well to 
definitions and material objects. Neither of them are aggregates, but rather 
hylomorphic composites of some sort. For another thing, the substance- 
number analogy contains different points. And there is no doubt that at 
least some of them are best illustrated by having recourse to the parallel 
case of definitions. For instance, B1 (both numbers and substances are 
divisible into indivisibles) and B2 (any subtraction from or addition to 
numbers and substances will change the identity of the number or 
substance in question) fit in very well with definitions, while they make 
little sense, if any, when applied to material substances. What point would 
there be in saying that individual material objects are divisible into 
indivisibles? Or that the identity of a material object is changed with any 
addition or subtraction of parts? Both claims appear to be pointless in the 
context, if not straightaway false for Aristotle.623 Thus, it is by no means 
surprising that Aristotle should choose definitions to make the comparison 
with number tighter. Some of the points of comparison are better 
understood if one thinks of the definition of substances. The core claim, 
that both substances and numbers are not aggregates of parts but real 
unities, holds regardless of whether one chooses definitions or material 
substances as paradigmatic. For definitions, material substances and 
numbers all lend themselves to analysis in terms of matter and form. 


VIFinal Remarks 


We can now take up again the question I raised at the very beginning of this 
paper: is there an Aristotelian paradigm in the philosophy of arithmetic? 
This question can even be given larger scope: what is Aristotle’s 
contribution to the philosophy of arithmetic? Now, it is undeniable that, as 
the traditional story has it, the critique of the Platonist metaphysics of 
numbers is one of the distinguishing features of Aristotle’s account. 
Aristotle does wish to criticize Plato’s claim that numbers are separate and 
independent entities and does wish to bring numbers back from the Platonic 
heaven to the earth of physical objects. It also undeniable that Aristotle’s 
view is determined, to a large extent, by the desire to provide a satisfactory 
account of standard practices in Greek mathematics, as I have tried to 
show. Platonism can provide no such account, while Aristotle’s more 
down-to-earth conception of numbers can, or so he thinks. If my argument 
in this paper is correct, however, Aristotle’s contribution goes deeper. For, 
at least in the Metaphysics, Aristotle seems to be prepared to apply to the 


case of numbers his characteristic hylomorphic analysis of sensible objects. 
The introduction of hylomorphism considerably shifts the emphasis with 
respect to the traditional story and offers a new paradigm for understanding 
the nature of numbers. On the traditional picture, numbers are pluralities of 
physical objects considered in a certain way, for instance as countable or 
numerable. Although it does not entirely reject this picture, the 
hylomorphic model invites us to think of number in a different way, that is, 
as pluralities of countable physical objects (units) arranged in a certain 
numerical structure. The introduction of a structural or formal component 
to numbers is significant, as Aristotle’s view may be taken to imply that 
equinumerous groups of things share a common structure or form. Of 
course, this numerical structure or form will not exist separately from and 
independently of the pluralities of objects that are grouped in the relevant 
way, but somehow in them: Aristotle has no intention to go back to 
Platonism and his talk of structure or form should be read by analogy with 
his standard talk of matter and form, which avoids Platonist consequences. 
The fact remains, however, that, on Aristotle’s mature account, numbers do 
have a structure and form. What is more, it is the structure or form of a 
number, more than the units that constitute it, that determines its nature and 
identity. This is not the place to explore similarities and differences 
between Aristotle’s and structuralist accounts of the nature of numbers. But 
Aristotle’s talk of the structure and form of numbers is an important 
innovation, which can hardly be underestimated. 
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The Axiomatization of Mathematics and 
Plato’s Conception of Knowledge in the 
Meno and the Republice24 


Abstract: It is almost a common place of Platonic scholarship that, in the 
Republic, we are presented with an ideal of knowledge rather similar to that 
of the Euclidean geometry. The main evidence is found in Books VI and 
VII where we find a hierarchy among the objects of knowledge and their 
relations. The metaphors of ‘up’ and ‘down’ suggest the hierarchical 
character of this model of knowledge which may be represented as a 
pyramid with the non-hypothetical first principle at its apex. In the 
Republic we have also the earliest evidence that Greek mathematics were 
organized axiomatically. In this paper I question the belief that Plato adopts 
the above model in the Meno. I shall argue that it is legitimate to read the 
Meno as presenting a different conception of knowledge that might remind 
us of modern coherentist theories. In the Meno all knowledge seems to be 
inferential, requiring justification or reasoning into the causes (aitias 
logismon — 98a), but there is no need of fixed and indemonstrable first 
principles from which such reasoning proceeds. His system of knowledge 
consists of interrelated elements and several accounts can explain the 
interrelations among the elements of the system. Such a model is better 
represented as a network rather than as a pyramid. I shall also support the 
view that Plato’s apparent change of his conception of knowledge in the 
Republic was due to the axiomatization of mathematics, a process which 
took place, for the first time, in the time period, precisely, between the 
composition of the Meno and that of the Republic. 


Keywords: Knowledge, True Belief, Recollection, Justification, First 
Principles, Axiomatization. 


Euclidean geometry is a system of hierarchically ordered propositions. A 


typical proposition of this system is inferred deductively from others, 
‘prior’ or more elementary ones. But, not all geometrical knowledge is 
demonstrative. In an axiomatized geometry everything starts from some 
basic principles which, as Plato says, are considered “plain to all” (Rep. 
510d1). This may mean that these principles either do not need any 
justification or justify themselves. In Euclid’s Elements, principles are 
never demonstrated by appeal to other propositions. Therefore, there is an 
asymmetry in our knowledge of geometrical propositions between a) 
principles, which are unprovable and ‘self-evident’ or “plain to all”, and b) 
propositions, which are derivative from and justified by, the principles or 
other ‘more elementary’ theorems by demonstration. We can schematically 
represent the Euclidean model (hereafter ‘model-e’) as a pyramid with the 
principles at its top. 

It is almost commonplace of classical Greek philosophy scholarship, 
that Plato adopts model-e in his theory of knowledge. The main evidence is 
provided by Books VI and VII of the Republic, where we are presented 
with a hierarchy of the objects of knowledge (Forms) and their relations. 
The metaphors of ‘up’ and ‘down’ suggest the hierarchical character of his 
model of knowledge which may be represented as a pyramid with the non- 
hypothetical first principle (the Good) at its apex. 

In the Republic, Plato says about the mathematical sciences that: a) they 
are compelled to begin from hypotheses, not proceeding to a starting point, 
but to an end (510b5-6); b) assuming knowledge of these hypotheses, the 
mathematicians do not expect to give any account of them either to 
themselves or to others, as if they were plain to all (xavti pavepav, 510c6- 
dl); c) beginning from these hypotheses, they go through the rest, and end 
consistently with that which they set out to examine (510d1-3, cf. 533c1-5); 
d) mathematics (or better mathematical propositions) form a body 
consisting of first principles, conclusions and intermediate propositions 
woven together (ovpmAéxeo8at ) (533c1-4). 

The characteristics that Plato ascribes to mathematics constitute a 
picture of a deductively organized science. According to Plato’s 
description, mathematics is a science rationally organized in a system 
where one is able to see what is basic, what is derived, and how each 
conclusion is derived from previous propositions. Mathematics proceeds 
downwards from the hypotheses (first principles) to the end. Those first 
principles are viewed by the mathematicians as self-evident or “plain to all” 
(510d1) All these features are characteristics of a science already organized 
in an axiomatic system. Therefore we can conclude that at the time Plato 
was writing the Republic, mathematics had already been organized in an 


elementary, of course, axiomatic system. 625 

The Meno is the first dialogue in which Plato discusses the problem of 
knowledge in general. In his early dialogues, Plato does not seem to discuss 
the problem directly, indirectly, or via analogies. Given that Plato 
introduces the problem of knowledge in the Meno, it is reasonable to ask if 
he sees knowledge as a system, and, if so, how this system is structured. In 
this paper, I am going to cast doubt on the idea that Plato adopts, if only 
implicitly, model-e in the Meno. I shall argue that it is preferable to read the 
Meno as presenting a different conception of knowledge that might remind 
us of modern coherentist theories of justification. More specifically, I claim 
that there is no evidence in the Meno of an asymmetry (either in 
knowability or in status) between first principles and derivative 
propositions. In the Meno all knowledge seems to be inferential, requiring 
justification or reasoning into the causes (aitiac Aoyitop0c, 98a), but there is 
no need for any fixed and unprovable first principles from which such 
reasoning proceeds. His system of knowledge consists of interrelated 
elements, and several accounts can explain the way in which these 
elements interact with one another. Such a model can be represented better 
as a network, rather than a pyramid (hereafter, model-n). In a model like 
this, circular regress does not need to be vicious. I am not suggesting that 
Plato consciously proposes such a model of knowledge, but rather that he is 
exploring in this dialogue some options that had not yet been developed 
into a specific model of knowledge. I shall also provide support for the 
view that Plato’s apparent change of his conception of knowledge in the 
Republic was due to the axiomatization of mathematics, a process which 
took place, for the first time, in the time period between the writing of the 
Meno (c. 387-385) and the Republic (c. 375-370).626 


In Meno 8\cff, Plato introduces the theory of recollection in order to 
answer Meno’s paradox (80d-e) of the impossibility of any inquiry.627 
According to this theory, the soul is immortal, has been born many times, 
has ‘seen’ all things both here and in the other world, and has learned 
everything. So, the soul can recall the knowledge of virtue or of anything 
else it once possessed. In this way, seeking and learning are in fact nothing 
else but recollection (81c-d). One, who does not know something, has in 
oneself true beliefs about it (85c6-7). With the help of appropriate 
questions, the true beliefs are elicited; and, if questions are put to one on 


many occasions and in different ways, at the end, one will have knowledge 
(85c9-d1). 

Roughly speaking, we can say that the theory of recollection tries to 
resolve Meno’s paradox by introducing true belief as an intermediate stage 
between knowledge and ignorance.62s And, since the soul has learned 
everything and has true beliefs about all things, we have something to serve 
as a starting-point of our inquiry and are probably able to recognize its 
object. From the discussion that Socrates has with the slave-boy (82b-85c) 
we can see that recollection is a process in which we can distinguish three 
stages: a) the elimination of false beliefs, b) the eliciting of true beliefs, and 
c) the acquisition of knowledge. 

According to Plato, one’s knowledge is recovered by oneself. This 
knowledge is not empirical, although some empirical contribution or input, 
like the perception of equals in the Phaedo (74a-b) or sensible diagrams 
may help recollection to begin or proceed further on. However, eliciting 
knowledge from ourselves does not involve sense-experience.629 Socrates 
disregards the definition of colour (76d-e) that is based on empirical 
observation. Nor do we have to suppose that the soul’s knowledge is 
empirical knowledge from previous lives.630 Such an explanation of 
knowledge by recollection is ruled out by Plato’s clear statement (86a9) 
that the soul has been forever in a state of knowledge. 

Furthermore, it is emphasized that recollection a) recovers “virtue and 
other things” (81c8), indeed “all things” (d3), and b) “all seeking and 
learning” (81d4-5) is recollection. From a) we can infer that these ‘things’ 
are similar in kind or ‘akin’ to virtue. And b) excludes knowledge that 
demands no inquiry thereby restricting knowledge to the things that the 
soul once knew. 

At 98a, Socrates says that knowledge is true belief “bound by working 
out the reason” (djon aitiag Aoyiouo). According to Vlastos (1965, 154— 
5), the above phrase implies rational thought in contrast to sense perception 
and is used “for knowledge reached and justified by formal inference and 
analysis in emphatic contrast to sensory cognition”. In this way, “a 
statement becomes known when it is seen to follow logically from 
premisses sufficient for this purpose; to recollect it, then, would be to see 
that these premisses entail it”. According to this interpretation, recollection 
in the Meno is primarily about our acquisition of necessary truths and not 
of concepts (like in the Phaedo).631 This view seems to be supported by the 
text. The theory of recollection is followed by two geometrical problems 
and the two arguments of the dialogue, after its introduction, deal with 
proofs of propositions and not with definitions or clarifications of concepts. 


However, although Plato’s examples concern proofs of propositions, it 
seems that the theory is also posited in order to answer questions like “what 
is x?” (cf. 81c8, 8le2). In this case, to recollect probably means to gain 
insight into a concept and to find intra-propositional logical relations 
between terms.632 Moreover, in Plato, ‘knowing x’ means ‘knowing what x 
is’ (cf. 79c8-9), and the latter is transformed in practice into ‘knowing that 
x is F’. So, the question of knowing x is reduced to the question of finding 
if one (or some) proposition concerning x is true. Therefore, knowledge of 
things is description-dependent.633 

We have just argued that recollecting something is to see that this is 
entailed by certain premisses. The premisses, too, can be recollected in the 
same manner. Is there an end to this procedure? If a proposition, in order to 
be known, must be entailed by some premisses, then we end up either with 
an infinite regress of proofs and premisses or with circular demonstrations 
(cf. Aristotle, dn. Post. 72b15ff). The same happens in defining concepts. 
Plato, in the Meno, says nothing about the need of unproved first principles, 
or that there is no demonstrative knowledge of some things or some 
propositions. For him, in order for something to be known, it must be 
“bound by working out the reason” (98a3-4). How, then, is it possible to 
acquire knowledge of something? 


At this point we need to examine the problem more closely. At 81c-d, Plato 
says that “all nature is akin (tijg PUoEMS ANGONs OVYyEVOds OboNs) and the 
soul has learned everything, so that when a man has recalled only one thing 
(€v pOvov) - what men call learning - nothing prevents him from 
discovering all the rest.” There are three problems connected with this 
statement: a) What does “all nature is akin” mean? b) Which is this ‘one’ 
from which we may start our process of knowledge? c) How can we 
acquire knowledge of, or recollect the one thing that we first come to 
know? 

a) The word ‘nature’ cannot refer to everything that exists,634 since that 
would imply recollection of particulars, and kinship between particulars 
and eternal realities. Moreover, the word ‘kinship’ is superfluous under this 
interpretation. There can be kinship among things only if they are different 
from one another. Klein (1965, 65) has suggested that “by virtue of this 
assumption [kinship] everything, every bit the soul recollects can be 
understood as a ‘part’ of a ‘whole’ and can be traced back to common 


origin”. In fact the word ovyyeviic means ‘of the same descent or family’ 
and usually ovyyéveta (kinship) is due to a common ancestor. However, the 
relation between part and whole, and the common origin relation are quite 
different. Moreover, Klein does not explain how an understanding of this 
part-whole relation or the common origin relation makes recollection 
possible. 

“All nature is akin” could mean that either 1) all things are akin, in the 
sense they are ontologically similar, or 2) that all things that constitute 
‘nature’ are interrelated, or 3) both. Things that constitute ‘nature’ are 
things that can be recollected, that is, eternal realities like “virtue and the 
rest” that the soul has seen (81c6-8) and learned “throughout all time” (tov 
asi ypovov - 86a8). In this way, if we are able to find out one of those 
things, it is possible to assume that we can similarly find all others.o35 
However, the phrase “so that when a man has recalled one thing nothing 
prevents him from discovering all the rest” suggests something stronger. It 
implies not only that one can find all the rest in the same way as the first 
one, but also that the recollection of this first thing will facilitate the 
recollection of the rest. This may mean that things constituting ‘nature’ are 
interrelated and that these relations can be expressed by a set of beliefs 
coherent with each other. So, the finding of one of them may facilitate the 
finding of the others.636 

We could also say that things that constitute ‘nature’ are ‘akin’ to the 
soul (cf. Phaedo 77-80), since the soul once learned all these things. In this 
way, the concepts that the soul forms and the relations found among these 
concepts reflect the objects of nature and their relations.637 

b) Plato does not say which or what this first ‘one’ must be. Reading 
the phrase “év povov dvaptuvno0évta” (if one has recollected just one 
thing), it appears that, if one recollects this first one (whichever that might 
be), then all the rest can be known only by processes of thought. The word 
Lovov (only or just) supports this interpretation.63s Moreover, we have no 
evidence (in the Meno or in the early dialogues) of the need of first 
principles from which all knowledge must begin as opposed to relative 
principles or homologémata peculiar only to particular arguments or 
discussions. Therefore, it seems that the Meno allows us to start from 
anywhere, i.e. not necessarily from fixed first principles. 

c) How can we recollect the ‘first thing’? A possible answer could be 
by some irrational inspiration or intuition. However, it is almost certain that 
Plato rules out this kind of knowledge in the Meno. Knowledge involves 
aitiac Aoyiopov and logical reasoning. At 99e, Plato suggests that intuition 
might be useful only for obtaining true beliefs, although even that is not 


certain, because he might be speaking ironically here. As Aristotle says 
(An. Post. 72b15ff), if we accept that all our knowledge is demonstrative 
and does not start from first principles known independently and in a 
different way, then there are two possibilities: a) an infinite regress of 
proofs that results in the conclusion that demonstrative knowledge is 
impossible, and b) circular demonstrations. We can plausibly suppose that 
Plato rejects the first alternative (cf. Theaetetus 201d ff.), but we have no 
evidence regarding the acceptance or rejection of the second. 

How is it then possible to start our process of knowing? A plausible 
answer could be that we could obtain knowledge of the first thing ‘A’ after 
reasoning that begins from some true beliefs. In this case, our ‘knowledge’ 
relies on true beliefs. But it seems that Plato does not regard such 
‘knowledge’ as genuine knowledge. At 85c, after the proof of the double 
square, Socrates insists that the slave-boy has not yet acquired knowledge. 

Moreover, there is another problem: that of distinguishing true from 
false beliefs. As we can see from the experiment with the slave-boy, every 
man has quite a few false beliefs about things. And the first stage of 
recollection consists in the elenchtic destruction of these false beliefs. 
Suppose we have some things (or objects of inquiry) Al, A2, A3,.., Ak, ..., 
An. Then, for some of them (say Al,.... Ak) we have false beliefs. 
However, according to the theory of recollection, the soul does have true 
beliefs for all of them (A1.,..., Ak, ..., An). Hence, true beliefs are of two 
kinds: a) actual or conscious true beliefs that we entertain for Ak+1, ..., An, 
and b) latent or unconscious true beliefse39 that we have for Al...Ak, for 
which we entertain false beliefs.640 Suppose now that we have an object of 
inquiry for which we have some beliefs (B1,B2,.., Bn). How can we check 
whether these beliefs are true or false, and so eliminate the false ones?641 
The platonic answer is: through elenchus. But any elenchtic argument 
involves premises Cl, C2, ..., Cn, which in turn require an elenchus, in 
order to assert their truth or falsity, and so on. In this way, we again end up 
in an infinite regress. 

To escape from this regress, we must accept that a) we always possess 
some true beliefs in actuality, and b) we are able to recognize, in some way, 
our true beliefs as such (or at least some of them). If we accept condition 
a), the problem is how condition b) is fulfilled. There are two possible 
answers. It is possible to recognize (although this does not amount to 
knowledge) some of our beliefs as true by some sort of intuition or divine 
inspiration, but “without any understanding” (99c, cf. 100b3-4). However, 
as I have already mentioned, I am not convinced that such an answer would 
satisfy Plato, and certainly it would not satisfy us. What does ‘intuition’, 


‘insight’ or ‘divine dispensation’ mean? It could also be argued that even 
intuition does not count without further argumentative support. A second, 
and more plausible, answer would be to see elenchus as a process of 
obtaining true beliefs in the following way: Elenchus is a process of 
checking compatibility of beliefs. Through that process, we eliminate false 
beliefs because they are incompatible with others. Beliefs that resist 
elimination by elenchus can be considered as true.642 In this way the 
elenchtic process enables us to obtain a coherent set of beliefs, which are 
recognized as true. But in order for the elenchtic process to begin in the 
first place, we need some prerequisites. At 82b, Socrates asks Meno 
whether his slave-boy is fluent in Greek. For Socrates, this is the only 
prerequisite in order to start the discussion. But someone who is a 
competent speaker of a language has the capacity to employ correctly some 
related notions. So, the boy understands very well what a line, a mid-point, 
an angle, an area, the relation half-double, etc., is.«43 He also knows how to 
use the vocabulary of numbers, and the operations of addition and 
multiplication. Thus, the only things we need in order to start a discussion 
or an inquiry are a) the ability to use language correctly and b) rational 
thinking and indeed inferential capacities.644 


IV 


Having discussed the above three questions, let me now return to the 
problem of the possibility of acquiring knowledge. At 85cff Plato states 
something that seems to be paradoxical. Although he insists that the slave- 
boy has recollected properties of the double square by having recovered 
knowledge from himself (85d3-7), he says that the true beliefs that the boy 
had in him “have been aroused as in a dream; but if someone asks him 
these things many times and in many ways, you can see that in the end he 
will come to know exactly (accurately) of these things, not less than from 
anyone else” (85c9-d1).645 As we said, recollection is a long process; and it 
seems that in this passage, Plato speaks only about the final stage of it. It is 
probably because of this that he speaks of exact knowledge (dKpipdc 
émlotyoetat) and not simply of knowledge. Plato does not distinguish here 
between two different kinds of knowledge, but he probably wants to show 
that the process of knowing (recollection) does not end with this concrete 
proof of the double square. In this way, although the slave-boy has 
succeeded in recollecting and recovering knowledge from himself 
(85d3-7), he has not yet arrived at ‘perfect’ or ‘exact’ knowledge. 


However, at the end of the above process “he will have no less exact 
knowledge than anybody’s”. This means that his knowledge on this matter 
will be the same as that of an expert geometer who knows very well the 
whole field of geometry. For any geometrical proposition that may 
profitably be taken under consideration, both the expert geometer and the 
novice grasp, at least in some cases, the very same formulation of the 
geometrical truth under discussion. The difference is that, while the expert 
possesses a certain highly sophisticated conceptual structure, in which he 
sees the content of the sentence thus formulated as securely, the novice 
does not yet see the sentence in this way. 

The problem that now arises is the following: If knowledge is obtained 
by “working out the reasons”, and since the boy did provide a correct proof 
of the theorem, why is Plato not satisfied? Why does he think that the boy 
needs “more questions and in many ways” (85c10-11) in order to obtain 
‘exact? knowledge? A suggestion is that “repeated consideration of the 
problem, and perhaps of others, will enable the slave to grasp more clearly 
the general principles which underlie it and other problems”.646 According 
to this interpretation the final stage of recollection consists in an upward 
movement from our problem (and others) to the first principles, in order to 
achieve a clear grasp and understanding of them. This is an interpretation 
of the Meno in the light of the Republic, which presupposes the adoption of 
a model-e of knowledge by Plato. But, in the passage 85c-d, Plato says 
nothing about principles or upward movement towards them. What he says 
is that the slave, in order to obtain ‘exact’ knowledge, has to be questioned 
“on the same things, many times and in many ways” (mOAAGKIc Ta UTE 
tadta Kai moAAay{). This seems to mean rather that the slave has to prove 
his theorem many times and in many different ways in order to explore all 
the possible relations of this theorem with other geometrical propositions. 
There are, therefore, many ways of proving or providing a justification of 
x, and we only have ‘exact’ knowledge after we have gone through all of 
them. After the proof, the slave-boy ‘recollected’ a single property about 
squares. However, the proof was based on some unexamined assumptions 
about the nature of the square (82b9-c4) and other geometrical entities. 
Moreover, geometry is a field of closely interrelated propositions. 
Therefore, to ‘know’ a single theorem with one of its possible proofs, does 
not, probably, amount to knowledge. In order to attain ‘exact’ knowledge, 
we have to relate this theorem to other geometrical propositions and to 
continue the same process with the whole of geometry (and after that with 
other subjects too).647 

Now we can also explain another problem. At 85c3 Socrates says that 


the slave-boy already possessed true beliefs in himself. Moreover, at 
85c9-10, he says that, after the proof, these beliefs “have been newly 
aroused in him”. Immediately afterwards, at 85cll-dl, he says that the 
slave will have exact knowledge after many questions and in many ways. 
Finally, at 85d9, Socrates says that the slave-boy has now (vdv) knowledge 
(émiotyunv). These passages have perplexed scholars. Is it that the boy has 
true belief after the proof or is it knowledge? Also, what kind of knowledge 
is that of 85d9? The true beliefs at 85c3 are latent true beliefs that had 
already been in the soul of the boy. The beliefs that had been aroused in the 
boy’s soul after the proof are actual or conscious true beliefs. But, in 
another sense, and according to Plato’s definition of knowledge at 98a, he 
should have knowledge and not true belief, because he managed to prove or 
to justify the true belief about the double square. It is, perhaps, because of 
this that Socrates says that the boy has knowledge at 85d9. The obtaining 
of full or exact knowledge is a long process that requires many more 
questions and in many ways. After the proof, the boy is midway through 
this process. So, he possesses something less than exact knowledge and 
something more than simple true beliefs. At 85c9-10 Socrates speaks about 
true beliefs because he wants to stress the point that the slave does not yet 
have exact knowledge. But at 85d9, he speaks of knowledge because he 
wants to stress the point that the boy succeeded in recollecting 
something.«48 


V 


All the remarks so far, may lead us to interpret Plato’s theory of knowledge 
in the Meno in a way different from the traditional one. Having found 
through elenchus a coherent set of beliefs, which may reasonably be 
considered as true, we can proceed by logical reasoning to ‘recollect’ a 
‘first thing’, or to infer a first proposition. Using now this ‘first thing’ we 
can proceed to infer other propositions and so forth. We arrive at perfect or 
‘exact’ knowledge only when we cover the whole field of knowledge and 
come back to our initial point of departure. Thus, the system of knowledge 
is illuminated progressively and the perfect knowledge and illumination 
comes only after we proceed rationally through all the inner relations of the 
system, attaining in this way a complete understanding of it. This system of 
knowledge is not similar to a pyramid with one or more principles at its 
apex; there is no first principle (arché). The system looks rather like a 
network, in which there exists no particular beginning or end. Anything 


may serve as an arché on a particular occasion. In this system there is no 
asymmetry in knowability. All knowledge is demonstrative requiring the 
same kind of justification (aitias logismos). Things that are in the centre of 
the network are more relevant and exhibit more relations than others.«49 
The system is coherent, structured, but not hierarchically structured in the 
model of Euclidean geometry.6s0 The view that some propositions (or 
concepts) are ‘higher’ than others, in the sense of the Republic, seems to be 
absent in the Meno. In this model-n, knowledge of x involves several 
accounts of x, which explain its interrelations with other things. We cannot 
have knowledge of isolated things. Knowledge requires a systematical 
interrelation of the objects of a field via a series of accounts.6s1 The 
circularity resulting from this model is not vicious. Circular accounts 
contribute to the coherence of the system. 

I think that model-n describes well Plato’s conception of knowledge in 
the Meno. There is, however, further evidence for the above claim, 
regarding Plato’s acceptance of circular accounts. At 75b, Socrates 
proposes a definition of a figure (or a shape) as “the only thing which 
always accompanies colour”. The concepts ‘figure’ and ‘colour’ seem to be 
co-extensive.6s52 This definition does not have the standard, most familiar 
from Aristotle of course, but undeniably Platonic in origin, pattern of a 
definition by genus and differentia. Meno, however, does not attack 
Socrates’ pattern of definition but only the fact that ‘colour’ is something 
unknown and thus, in this case, we have a definition of ‘figure’ ignotum 
per ignotius. Nevertheless, Socrates thinks that there is nothing wrong with 
this pattern of definition (75d, and perhaps 76e3-6).653 In the above 
definition, ‘figure’ is not defined through ‘higher’ concepts, and the fact 
that Plato recognizes here such definitions as valid, may shows that, 
according to his view of knowledge, concepts are not hierarchically ordered 
as in Euclidean geometry. Moreover, this definition of ‘figure’ allows us to 
define ‘colour’ in the same way; but, then, the one definition would be the 
conversion of the other. We may, thus, suppose that Plato, in the Meno, 
permits definitions where things are defined reciprocally. If we extend this 
to proofs, we might suppose that circular demonstrations are not excluded 
from Plato’s conception of knowledge in the Meno. However, we have no 
evidence regarding this last statement.o54 

The problem of circular demonstrations was the subject of considerable 
debate among philosophers and mathematicians in antiquity. Aristotle 
refers to some people who hoped to safeguard demonstrative knowledge by 
maintaining the validity of circular demonstration (An. Post. 72b15ff). 
Cherniss suggested that Aristotle does not refer here to Plato, Speusippus 


or Xenocrates,655 but to some followers of Xenocrates. Barnesos6 suggested 
that Aristotle refers to Plato’s pupil Menaechmus (mathematician and 
philosopher) who worked on convertible propositions (see Proclus, Jn Eucl. 
183, 194-4) and used the term ‘element’ in a very wide sense. According to 
Proclus (in Eucl. 72-73), “in this sense many propositions can be called 
elements of one another when they can be established reciprocally 
(kataokevatetar €& GAAnA@v)”. Aristotle (An Post. 64b39-65a9) also 
informs us that mathematicians tried to prove the 5th postulate of the 
parallels by using circular proofs, and Proclus (In Eucl. 194-5) says that 
Apollonius tried to prove axioms in that way. We have no evidence of 
circular demonstrations in the mathematics of the 5th or early 4th century, 
although it is very probable that in that early period (before the 
axiomatization of geometry), more informal proofs that involved some kind 
of circularity were in use. 

Concluding, I think that it is possible to read the Meno as presenting a 
model-n of knowledge, and that this reading solves more interpretative 
problems of the text than a reading that presupposes a model-e. 
Commentators who interpret the Meno in the light of the Republic, or the 
model of Euclidean geometry, face difficulties in explaining two things: a) 
Why there is no evidence in the Meno about the existence of first principles 
and of an asymmetry of knowability between two kinds of propositions, 
and b) why the slave-boy, after he proved the theorem, has not yet exact 
knowledge but he needs to be asked further about the same thing, many 
times and in many ways. However, I cannot claim that Plato consciously 
proposed such a model of knowledge in the Meno. Perhaps, we are nearer 
to the truth if we suppose that he had not a clear conception of this problem 
when he wrote that dialogue. It is possible that he confronted the problem 
of the model of knowledge and explored directions similar to the above that 
are quite different from those he set out in the Republic. But, even this 
claim may be too strong. Perhaps Plato did not confront directly or 
consciously such problems in the Meno nor had he formed any idea about 
possible models of knowledge. 

Nevertheless, I think that we are justified in questioning the validity of 
the traditional interpretation that sees a model-e of knowledge in the Meno. 
We may also claim that the problem of the model of knowledge in the 
Meno is at least open, and that the dialogue allows us to propose an 
alternative model-n. 


Vi 


The problem that now arises is that if our reading of the Meno is correct, 
why does Plato change his view of knowledge in the Republic? I think that 
the answer is quite simple. In the time between the writing of the Meno and 
that of the Republic, mathematics was axiomatized for the first time. The 
Meno is considered to be a transitional dialogue between Plato’s early and 
middle period, or the first of the middle dialogues, probably written at the 
time of the opening of the Academy (c. 387 B.C.). We have seen that when 
Plato writes book VI of the Republic, mathematicians were already positing 
at the beginning of their treatises some first principles. But, although the 
Meno is the most ‘mathematical’ dialogue, it contains no evidence of 
mathematical principles. This is the case with all Plato’s dialogues 
preceding the Republic. We know that Plato attracted in the Academy 
almost all the well-known mathematicians of the fourth century. In Proclus’ 
“summary of geometers”, which is attributed to Eudemus (a pupil of 
Aristotle who wrote the first history of geometry),657 we learn that Leon, 
one of the early members of the Academy, had written Elements. I find it 
very probable — as I have argued elsewhereoss — that Plato had Leon’s 
Elements in mind in the Republic.os9 In this way, Plato, having now the 
model of a science hierarchically ordered and depending on first principles, 
adopted this model in his theory of knowledge. 
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Stelios Negrepontis 
The Anthyphairetic Revolutions of the 
Platonic Ideas 


(O)ea oxédao’ Népa, eioato dé yO@v.660 


Abstract: My aim in this paper is to present some new arguments to 
support the view (a) that Theodorus’ method of proof in the famous 
Theaetetus 147d3-8 passage is anthyphairetic; (b) that Theaetetus’ brilliant 
idea, described in Theaetetus 147d7-148b4, resulted in the proof of the 
proposition that ‘two lines commensurable only in square, have a 
palindromically periodic anthyphairesis’ by employing the tools developed 
in the ‘Theaetetean’ Book X of Euclid’s Elements (the conjugacy of the 
‘apotome’ lines and the lines ‘of two names’), and (c) that the method of 
‘division and collection’, that occupies the whole of the Sophist and the 
Statesman, is a_ philosophical analogue to Theaetetus’ periodic 
anthyphairesis. Through this prism, the present work, combined with our 
interpretation of the second hypothesis of the Parmenides 142b-155e, 
suggests a radical re-interpretation of Plato’s philosophy. 


Keywords: Theodorus; Theaetetus; Plato; Division and Collection; 
Anthyphairesis; Incommensurability. 


IIntroduction 


This interdisciplinary study illuminates both the history of Greek 
Mathematics and Plato’s philosophy: it provides a radical new 
interpretation of Plato’s philosophy and of an important chapter in the 
history of ancient Greek mathematics. More particularly, (a) Plato’s method 
of ‘division and collection’, for obtaining knowledge of Platonic Ideas, is 
revealed to be a close philosophical analogue of the (palindromically) 
periodic anthyphairesis of lines incommensurable only in length; and, (b) 
Theaetetus’ mathematical contribution, as reported in Theaet. 
147d7-148b4, is shown—surprisingly—to be the proposition that ‘every 
pair of lines, commensurable in power only, possesses a palindromically 


periodic anthyphairesis’, the proof of which is reconstructed solely with 
tools found in Book X of Euclid’s Elements. 

In section 1, we present some novel arguments, centered to the use of 
distributive plural, in favor of an anthyphairetic interpretation of 
Theodorus’ method of proof of the incommensurability of powers reported 
in the famous Theaetetus 147d3-148d7 passage, while, in section 2, we 
obtain a provisional reading of Theaetetus’ enigmatic method of Collection 
of the infinity of powers divided by Theodorus’, as reported in Theaet. 
147d7-148b4. Of crucial importance in reaching an understanding of both 
Theaetetus’ mathematical method of collecting infinity and Plato’s 
philosophical method of division and collection is Socrates’ insistence, 
examined in Section 3, to pursue knowledge of the Platonic Ideas via 
imitating (zip pyrovpEevoc, 148d4-5) Theaetetus’ method. Plato’s method 
of ‘division and collection’, presented in the Sophist (and exemplified by 
the definition of the Angler and the Sophist), and the Statesman (and 
exemplified by the definition of the Statesman), are studied in sections 5—7, 
and shown to be philosophical analogues of the (palindromically) periodic 
anthyphairesis. In addition, the cause of this striking structure of the 
knowledge of Platonic Ideas is, according to Stat. 283b6-287a6, the double 
measurement, a condition shown (in section 8) to be analogous to the 
Theaetetus’ double mathematical condition of incommensurability in 
length and commensurability in square. The results stated in the first 
paragraph of this Introduction now follow in sections 9 and 10. 


liPart A: Theaetetus 147d3-148b4 (Sections 1-3) 


Our starting point is the famous Theaetetus 147d3-148b4 passage, where 
Plato relates three, equally compelling, events: (a) first, Theodorus’ lesson 
to Theaetetus (and his friend) on the proof of some quadratic 
incommensurabilities (‘powers’); (b) second, Theaetetus’ mathematical 
contribution to the theory of quadratic incommensurabilities, described by 
the enigmatic method of ‘collection’ into one of the ‘powers’, shown in 
Theodorus’ lesson to be infinite in multitude; and, (c) third, Socrates’ 
efforts to convince Theaetetus to attempt to imitate his method of 
‘collection’, in order to obtain the philosophical method of ‘division and 
collection’, by which method knowledge of Platonic Ideas may be 
obtained. The method that Theodorus used in his lesson (a) for the proof of 
these incommensurabilities; the nature, statement and the method of proof 
of Theaetetus’ mathematical contribution (b), described by the 


mathematically unclear term of ‘collection’; and the philosophical method 
of ‘division and collection’ (c), which was developed in imitation, are, by 
no means, evident. 


1Theodorus’ Method of Proof of 
Incommensurabilities 


Theodorus’ lesson on quadratic incommensurabilities is contained in the 
first part 147d3-6 of the passage, which could be paraphrased, as follows: 


Theodorus, in his lesson about ‘powers’ (Svvdptemv), namely about lines a such 
that ac61 = Nb? (where N is a non-square number and b is the line of length one 
foot), by examining each power separately, showed (dogaivev) that, if N is a 
number from N = 3 to N = 17, then a is incommensurable in length (ujKet od 
ovupEtpot) to the one foot line. 


The basic question here is: What was Theodorus’ method of proof? Hardy 
and Wright (1938, 42) stated: “The question how Theodorus proved his 
theorems has exercised the ingenuity of every historian.” There have been 
several scholarly suggestions, which I wish to review. 


1.1The Mathematical Possibilities for the Proofs of Quadratic 
Incommensurabilities 


Before outlining the historical development of these suggestions, we will 
outline their mathematical possibilities. We begin by the definition of 
anthyphairesis. For two lines a > b, the anthyphairesis of a to b is the 
following process, analogous to the so-called Euclidean algorithm for 
numbers:2 There is a unique number Ig such that Igb < a < (Ip + 1b. If a = 
Ib, then the process ends; if Ipbb < a, then there is c;, such that a = Ipb + cy, 
and c; < b. We repeat the process with the two lines b > c;. There is a 
unique number I, I;c; < b < (I; + 1)cl. By continuing in this way, we 
obtain a sequence a = Ipb + C1, b = Tq) + Co, ..., Cn = In + 1Cn 41 + Cn42, «0 
If this process ends after a finite number of steps, then the anthyphairesis is 
finite; otherwise, it is infinite. EJem. X.2 states that “if the anthyphairesis of 
a to b is infinite, then a and b are incommensurable”. This can be stated, in 
modern terminology, as: ‘If a, b line segments, N not-square number, and a? 
= Nb?, then a, b are incommensurable’. We now examine the possible 
proofs of this quadratic incommensurability. 


Anthyphairetic proof. It consists in proving that the anthyphairesis of a to b 
is infinite, and then applying X. 2. But to apply X.2, one must first prove 
the infinity of anthyphairesis. It is impossible to verify this infinity by 
direct computation, as this would involve an infinite number of 
computations, one for each step. A realistic way to prove infinity for the 
ancients would be to prove the far stronger condition that the 
anthyphairesis is (eventually) periodic. We shall examine the ways in 
which the ancients could have established anthyphairetic periodicity. 


Arithmetical Proofs: Assume that a, b are commensurable, say a = mc, b = 
nc. By Elem.X.3, we may assume that m and n are relatively prime 
numbers. Then m2 = Nn?2, hence certainly m2/n2 = N/1. 


Arithmetical proof 1: By Elem.VU.27, m2, n2 are also relatively prime 
numbers, and, hence, both ratios are on lowest terms, therefore N = m2, a 
square number; which is a contradiction.«2 


Arithmetical proof 2 (Hardy & Wright 1938, 42): Case by case proof, for 
every N separately, not assuming VII.27. E.g., for N = 5, m2 is divisible by 
5. We wish to verify that m is divisible by 5. We prove that m cannot be of 
the form m = 5s+ 1,=5s+2,=5s+3,=5s+4 (e.g., ifm =5s + 4, then 
m2 = 25s? + 16 + 40s = 5t + 1, not divisible by 5). Then m = 5s, hence m2 = 
52s2 = Sn2, hence Ss? = n2. Hence n2 is divisible by 5. By previous 
argument, n is divisible by 5. Hence m, n not relatively prime; which is a 
contradiction. 


Arithmetical (partial) proof 3 (Knorr 1975, 181-193; McCabe 1976; 
Bashmakova & Lapin 1986, only for numbers N # 48(8k + 1)): 


Case 1: N odd, N # 8k + 1. Since N 1s odd, it is immediate that m, n are 
odd, say m = 2r + 1,n=2s+ 1. Thus, (2r + 1)? = N(2s + 1)2. It follows that 
Ar(r + 1) — 4Ns(s + 1) =N — 1. Since r(r + 1) and s(s + 1) are even numbers, 
it follows that the left hand side is a number divisible by 8, while right hand 
side by assumption is not divisible by 8; which leads to a contradiction. 


Case 2:663 N even, N # 48(8k + 1). Since N is not square, there exists a 
number s (possibly 0), such that N = 48M, with M is a non-square number, 
not divisible by 4. Setting a’ = a/2s, b’ = b/2s it is clear that a’2 = Mb’2, and 
that a, b are (in)commensurable iff a’, b’ are (in)commensurable. Thus, M 
is either an odd number, M # 8k + 1, that has been dealt with in Case 1, or 
an even number, M = 4t + 2. Clearly, it is enough to prove that the equation 


m? = (4t + 2)n2, with m.n relatively prime, is impossible. This imitates the 
proof that m2 = 2n2 is impossible. In fact, m? is even, hence m is even, m = 
2p. Then, m2 = 4p2, hence 4p? = (4t + 2)n2, hence n? is even, hence n is 
even; which is a contradiction. 


1.2The History of the Suggested Reconstructions 


Zeuthen (1910, 418,422-429) suggested that the fact that Theodorus 
proceeded with his proofs case by case appears to favor an anthyphairetic 
method—since an arithmetical proof proceeds for all N together, and not in 
cases. Evidently, Zeuthen had some form of arithmetical proof 1 in mind, 
using the key proposition Elem. VII.27. Hardy & Wright (1938, p. 42-45) 
observed that perhaps Theodorus did not know Elem. VII.27, or VII.30, 
and, for this reason, he would have to proceed case by case, with 
arithmetical proof 2. This argument demolished any advantage that the 
anthyphairetic method interpretation might have had over an arithmetical 
one. Van der Waerden (1954, 141-146) 1950’s adoption of an 
anthyphairetic proof at a posterior date was, then, a matter of choice, not 
based on arguments originating with the Theaetetus passage. Knorr (1975, 
62-83) argued that Theodorus stopped at the case of N = 17, because he 
found some difficulty,os4 thus excluding the anthyphairetic proof, which is 
particularly simple for N = 17, and suggested an ingenious reconstruction, 
which has since been streamlined to the arithmetical proof 3, above.«os 

The current dominant thesis is that the Theaetetus 147d3-6 passage 
forces us to a position of methodologic neutrality, in that it contains no 
information on the method employed by Theodorus. Cherniss (1951, 410- 
414) states that 


The sole evidence for Theodorus’ demonstration is the passage of the Theaetetus, 
and that reveals only that he began with square root of 3 and selecting one surd 
after another up to square root of seventeen there somehow stopped. This tells us 
nothing of the method that he used, 


while Burnyeat (1978, 494-505) writes: 


we are not told how [Theodorus] proved this result...there is no good reason to 
expect that the answer [about Theodorus’ method] is to be squeezed out of one 
ambiguous sentence in Plato’s dialogue. 


1.3The Distributive Plural Interpretation in Theaet. 147d7-8: 
Every Dynamis Possesses Division and Collection, not 
All Powers Collectively 


We will present novel arguments showing that Plato and his anonymous 
commentators do, in fact, provide information that decides Theodorus’ 
method of proof. The thesis of neutrality would be justified, if it were true 
that all the information that Plato is providing on Theodorus’ method is 
contained in 147d3-6, but, as we shall see, this is not true. 

In the very next sentence, 147d7-e3, Plato goes on to relate the 
mathematical idea that occurred to Theaetetus and his friend in the course 
of Theodorus lesson. The crucial initial sentence is (147d7-8): “piv obv 
ElonAVE TL TOLODTOV, éxe1dH GTELPOL TO TAT|BOc at SvvapEtc égatvovto.” In 
paraphrase: ‘we had an idea, since it was shown that such and such’—‘it 
was shown’, certainly by Theodorus. Here is how Burnyeat (1978, 501) 
describes this: 


The key sentence is 147d 7-e 1, which I render as follows: ‘Since the dvvéeic 
were turning out to be unlimited in number, it occurred to us to attempt to collect 
them up into a single way of speaking [i.e., a formula or definition] of all these 
Ovvapeic together;’ Theaetetus is recounting the thoughts suggested to himself 
and his companion by and during Theodorus’ lesson.... 


The point is that Theaetetus had the mathematical idea in the aftermath of 
Theaetetus’ lesson, so 147d7-8 is a transitive phrase that has to do not only 
with Theaetetus’ new idea, but also with Theodorus’ lesson that caused it. 
As such, it is our last and only hope to extract Theodorus’ method from 
Plato’s passage. 

We will now attempt to clarify the meaning of the statement (147d7-8) 
‘AMEIPOL TO TAT|BOc ai SuvapEtc EQaivovto’. We ask, what does Plato mean? 
(a) That ‘ai dvvdpetc’, as a totality, as a set, appeared to be ‘Gmetpor TO 
MAt90c (in which case the plural ‘ai dvvapetc’ is ‘collective’), or (b) That 
every power separately appeared to be infinite in multitude (in which case 
the plural ‘ai dvvapetc’ is ‘distributive’ )? 666 

The passage has been interpreted in the collective sense (a), essentially 
by all scholars. Most casual readers would agree—Why, on earth, would 
anyone think of a distributive reading? Thus, Cornford (1935, 23) translates 
“seeing that these square roots were evidently infinite in number”; van der 
Waerden (1950, 166) “Now it occurred to us (Theaetetus and another 
young man), since the number of roots appeared to be infinite, to try to 
collect them under one name, by which we could henceforth call all the 
roots”; Knorr (1975, 63) “Now this is what occurred to us: that, since we 
recognized the powers to be unlimited in number, we might try to collect 
them under a single name”; and Burnyeat (1978, 500) “Well, since the 
powers seemed to be unlimited in number, it occurred to us to do something 


on these lines: to try to collect the powers under one term by which we 
could refer to them all” (my emphasis). I will argue that, contrary to present 
interpretation and appearances, Plato means the plural in a distributive 
manner (b); I will present four arguments in that direction: 

[A] The proponents of a collective rendering for the plural ‘ai 
duvets’ in 147d7-8 have a serious problem of making sense of the crucial 
statement. One of the principal proponents of the collective rendering 
writes (Burnyeat 1978, 501): “the idea that there is an endless series of 
whole number squares (or sides of such squares) would hardly need to be 
prompted by a process as protracted as Theodorus’ lesson” (my emphasis). 
Thus, Burnyeat rejects the statement ‘there is an infinite multitude of lines 
an corresponding to each non-square number N’ as a possible meaning of 
the statement that he has rendered as ‘since all the powers appeared infinite 
in multitude’, because this is something obvious, and would in no way need 
Theodorus’ lesson to be understood. Burnyeat (1978, 501-502) then 
suggests the rendering that he adopts: 


That there are an indefinite, perhaps infinite, number of squares with 
incommensurable sides, on the other hand, is precisely the hypothesis that would 
suggest itself as Theodorus proceeded from case to case proving more and yet 
more examples of incommensurability, perhaps by a method which could be 
endlessly reapplied. Therefore, it is likely that, in context, ‘all these dvvdpetc’ 
refers to squares with incommensurable sides rather than to squares generally 
(my emphasis). 


However, Burnyeat’s interpretation of 147d7-8, i.e. that there are infinitely 
many incommensurable powers, is subject to his own objection noted 
above; namely, that it “would hardly need to be prompted by a process as 
protracted as Theodorus’ lesson.” This happens because the 
incommensurability of the power for N = 2, known to the Pythagoreansoo7 
and considered known by Theodorus, implies the incommensurability of 
infinitely many powers; namely, of all powers corresponding to N = 8 
(=2.22), =18 (=2.32), =32 (=2.42), in general N = 2.n? for n = 1,2,.... 
Beyond these two, there does not seem to be any other suggestion for the 
crucial sentence with rendering (a). 

[B] Distributive plural for all occurrences of ‘ai dvvdpetc’ before, at 
147d4-5, and after, at 148b1-2, the crucial sentence. The plural ‘powers’ is 
obviously distributive in the first occurrence (147d4-5) ‘[Svvdpetc] per 
ob ODLMETPOL TH Zodiaig’—since each power, separately, is 
incommensurable to the one foot line—and in the third double occurrence 
(148b1-2) ‘[dvvapetc] jet pév ob OvEMETPOUG ExkEivaic, TOIs 6’ EniTEdSOIG 


& dvbvavtat [ovppétpovc]’—since each power, separately, is 
incommensurable to the one foot line (or to a line commensurable to it), 
and the square of each power, separately, is commensurable to the one 
square foot. Sandwiched between the first (147d4-5) and the third (double) 
(148b1-2) distributive occurrence of the plural ‘ai dvvdpetc’ is the crucial 
second occurrence (147d7-8) of the plural ‘oi duvépsic ... GmEipot TO 
TAi90c’. It is thus natural to conclude that this particular (second) plural is 
distributive as well. With the currently dominant interpretation of 147d7-8, 
we would have to assume that Plato first uses ‘dvvépetc’ in the distributive 
sense, then in the next line switches to a collective plural for ‘dvvapetc’, 
and, then, after another few lines, switches back to a double distributive 
plural for ‘dvvépetc’. It appears more natural to accept that the second 
plural is distributive as well. 

[C] Support for a distributive reading from Scholia in Platonem. Plato 
comments briefly on Theodorus’ demonstrations in 162e6-7: “Imagine how 
utterly worthless Theodorus or any geometer would be if he were prepared 
to rely on probability to do geometry.” In this passage, Plato clearly refers 
to the Theodorus’ incommensurability demonstrations mentioned earlier (in 
147d3-e1), the only Theodorus’ demonstrations mentioned in the 
Theaetetus. An interesting commentary on the 162e6-7, found in the 
anonymous work Scholia in Platonem (abbreviated as SIP), runs as 
follows: 


If we accept the reasoning of the many as the dominant one in geometry, we 
would be ridiculous to claim that [SIP1] magnitudes are incommensurable to 
each other (Govppetpa ...cAANAoIc peyé8n), and that [SIP2] the finite line is 
divisible ad infinitum (tiv mexepacpévny edOeiav Siopeti sivat sic &me1pov), 
and the like (té totadta). 


The following paraphrasis of the SIP commentary is suggested: Theodorus, 
when proving that each of the powers (for N = 3,5,...,17) and the one foot 
line are incommensurable to each other ([SIP1], as in statement 147d1-3), 
employed, not any considerations of probability (which would be worthless 
and make him ridiculous), but logically impeccable proofs (amdde1éw dé 
Kai avayKnv (162e4-5)) involving the division ad infinitum of each of these 
finite lines ([SIP2], so that each of these lines, each power, is infinite in 
multitude (as in statement 147d7-8), in fact by a division ad infinitum 
connected to incommensurability)). This reading leads to a distributive 
interpretation of ‘ai dvvdpetc? in 147d7-8: each power, being 
incommensurable to the one foot line, is divided into an infinite multitude. 
[D] The author of the Anonymi Commentarius in Platonis Theaetetum 


(ACIPT), possibly Eudorusees, a writer of the first century BC, lends strong 
support to the distributive interpretation. Indeed, commenting on the 
infinity arising from the ‘powers infinite in multitude’ and their ‘collection’ 
achieved by Theaetetus and his companion in the Theaetetus 147d-148b 
passage, the anonymous author makes the following statements: 


[ACIPT1; 37, 4-12]:609 An infinity in general must be collected, if possible. 
[ACIPT2; 36, 45—48]:670 Lines admit of the infinite either by (infinite) division, or 
by (infinite) increase. 


From [ACIPT1] it is clear that what is being collected into one is an 
infinity; from [2], a statement commenting on 147d7-8: ‘the powers are 
infinite in multitude’, it is explained that every infinity about line segments 
—like the infinity in multitude of the powers—can arise in just one of two 
ways: either by an increase to infinity or by an infinite division. But each of 
these ways is obviously a way by which a single line-segment becomes 
infinite. Thus, from [ACIPT1] and [ACIPT2], it follows that: the plural in 
the expression ‘the powers infinite in multitude’ is distributive, and ‘every 
power ... infinite in multitude’ is meant. 


1.4Distributive Plural for ai Suvdpeis in 147d7-8 Suggests an 
Anthyphairetic Method for Theodorus’ Proofs 


From the Theaetetus text itself, we obtain a distributive reading for the 
147d7-8 crucial statement (cf. [A] and [B] above). The distributive reading 
is fully confirmed by the two existing ancient anonymous commentators 
(cf. [C] and [D] above). Taking into account the arguments presented, 
147d3-148b3 must be rendered as follows: 


Since, in the aftermath of Theodorus’ lesson, every power (ai dvv GpEIc) was 
shown (€@aivovto) to be [divided into] an infinite multitude of parts (Ge1po1 TO 
mAi|90c¢), Theaetetus and his companion had the idea and in fact succeeded in 
collecting into One (ovAAaBeiv sic év) the infinite multitude of every power. 


These findings strongly suggest that Theodorus’ method of proof of the 
incommensurability of each of the powers he examined was anthyphairetic; 
namely, a proof employing proposition Elem. X.2. In fact, no other method 
of proof of incommensurability would conceivably have resulted in the 
division of each power in an infinite multitude of parts. Thus, Zeuthen and 
van der Waerden were correct in proposing an anthyphairetic method for 
Theodorus’ proofs, but did not have the necessary arguments, provided in 
the present section, to support this proposal. 


1.5Two Possible Objections to an Anthyphairetic 
Reconstruction 


This is the point to deal with two objections against an anthyphairetic 
reconstruction of Theodorus’ proofs. The first is that the proof of Elem. X.2 
makes use of Eudoxus’ condition (Alem. V.df4). For this reason, Knorr 
(1975, 122-123) believed that it could not have been used by Theodorus. 
Nevertheless, an elementary proof of X.2 without involving Eudoxus’ 
condition can be given with a simple argument, similar to the proof of 
Elem. V1.1, as suggested in Aristotle’s Topics 158 b 29-35. This argument 
was known at the time of Theaetetus—since, according to all accountse71, 
Theaetetus is the originator of the theory of ratios to which Aristotle refers 
—, so quite likely to Theodorus too. 

The second problem with the anthyphairetic reconstruction of 
Theodorus’ proofs is that the reconstructions up to now depend on the so- 
called ‘logos’ criterion to prove periodicity of the anthyphairesis; and, the 
‘logos’ criterion itself depends on a theory of ratios of (incommensurable) 
magnitudes. Such a theory was developed by Theaetetus, at the earliest, but 
was certainly not available to Theodorus. To avoid anachronism, there must 
be a proof of periodicity by using more archaic tools than ratios of 
magnitudes. Van der Waerden (1950, 145) suggested the use of gnomons, 
and Fowler (1999, 74-83; 374-378) introduced gnomons together with 
ratios of magnitudes. A reconstruction with gnomons, instead of ratios, 
covering all aspects of the proof, has been carried by Negrepontis & 
Tassopoulos (2015). Instead of the logos criterion, we revert to the 
Pythagorean principle of the preservation of the gnomons. 


2Theaetetus’ Contribution in Terms of the 
Philosophical Term ‘Collection’, and its Relation 
to the Platonic Division and Collection 


We now turn to the more complex question of Theaetetus’ contribution to 
the theory of incommensurable magnitudes. Our sources are: (1) Theaet. 
147d7-148b3; (2) the ACIPT (cf. section 1.3 [D]); and (3) an anonymous 
Scholium (62) to Elem. X.9. 


2.1The Traditional Reading of Theaet. 147d7-148b3 


Scholia in Euclidis Elementa X.62 connects Theaetetus’ discovery, 


reported in Theaet. 147d7-148b3, with Elem. X.9.672 This has led some 
scholars to believe, with some variations, that Theaetetus’ contribution 
consists of an arithmetical proof of quadratic incommensurability using 
Elem. X.9 and propositions from Books VII and VIII of the Elements, 
similar to the arithmetical Proof 1 in section 1.1. Thus, Zeuthen (1910) 
believed that Theaetetus had discovered and proved several propositions 
from the arithmetical books VII and VUI which were needed for this proof 
. Van der Waerden (1950,166) wrote: 


What is for us more important than these trivial definitions, is the proposition 
given at the end, very briefly but nevertheless clearly: Line segments, which 
produce a square whose area is an integer, but not a square number, are 
incommensurable with the unit of length 


and (1950,168): 


Book VII is of older date and forms the foundation of the Pythagorean theory of 
numbers. But, once one has at his disposal the propositions of Book VII, the 
number theoretical part of Theaetetus’ proof has no further difficulties. One can, 
for instance, reason as follows: g and p in (1)673 can of course be taken to be 
relatively prime. Then it follows from VII 27 that p? and q?... are relatively 
prime, so that, by VII 21, they are the least of the numbers in that ratio. But in the 
left member of (1) occur n and 1 which are also relatively prime and hence also 
the least in this ratio. It follows that n = p? and | = g?, so that is a square. ..In 
my opinion the merit of Theaetetus lies therefore not in his contribution to the 
theory of numbers, but in his study of incommensurable line segments which 
produce commensurable squares. 


Thus according to van der Waerden Theaetetus’ proof of the 
incommensurability of a,b in case a2 = Nb2, N non-square, is Arithmetical 
proof 1. In view of van der Waerden’s support of an anthyphairetic method 
for Theodorus’ incommensurabilities, we are to believe that Theodorus’ 
anthyphairetic case by case proofs inspired Theaetetus’ general arithmetical 
proof, a decidedly non-convincing situation. Knorr (1975, 227-228) also 
supports, with some secondary modifications, an arithmetical proof by 
Theaetetus: 


There is general agreement on the type of principles Theaetetus used in 
demonstrating the arithmetic part of these theorems. H. Zeuthen, E.J. 
Dijksterhuis, K. Reidemeister and B. L. van der Waerden have each given 
reconstructions, drawing from various portions of the arithmetic books of the 
Elements 


2.2A Provisional Statement of Theaetetus’ Mathematical 


Contribution According to a New Reading of Theaet. 
147d7-148b4 


At this point, I will embark toward a new reading of 147d7-148b4 and a 
new proposal for Theaetetus’ method of proof of the quadratic 
incommensurabilities, not in agreement with the traditional interpretations, 
described in Section 2.1. The distributive interpretation of ‘at dvvdpetc’ in 
147d7-8 has repercussions not only for Theodorus’ method, but also for the 
brilliant idea Theaetetus had, in the aftermath of Theodorus’ lesson. Our 
conclusion about the distributive meaning of ai dvvépeic in 147d7-8 
sweeps along to a distributive interpretation Theaetetus’ collection of the 
infinite multitude of the powers, as well. Thus, the still enigmatic 
‘sullabein’ (147d8) and ‘perilabein’(148d6) that Theaetetus thought—and 
successfully carried out—is also to be applied on the infinity of every 
power. The comments of ACIPT on Theaetetus’ ‘collection’, on which we 
now turn, fully confirm the distributive reading: 


[ACIPT3; 37, 1-3]: 674 The collectiono7s of an infinity in a line is achieved by passing 
over to numbers. 


[ACIPT4; 37, 39-44]:676 But, numbers cannot achieve collection of the infinity in a 
line by being increased, since numbers increase to infinity. 


[ACIPTS; 26,13-18]:677 In fact, numbers achieve the collection of the infinity in a 
line, because numbers are commensurable to each other. 


[ACIPT6; 41,40-42,18]:67s The meaning of passing over to numbers is made clear 
here. Passing over to numbers simply means passing over to the square of the power, 
since the square of the power is commensurable to the one foot square, and thus it is 
as number to number. 


[ACIPT7; 44,50-45,3]:079 But a power passing over to someplace (to its square) must 
come from some other place (from its length). It is clarified here that we pass over to 
the more clear numbers, coming from the less clear magnitudes, and to the 
commensurables and as number to number from the incommensurables and not as 
number to number. This clearly refers to the incommensurability in length of the 
power to the one foot line. 


Although ‘collecting’ infinity is at this point still mathematically unclear,«so 
it still must be an effect of the finitizing, limiting cause of 
commensurability in square. But commensurability is a finiteness condition 
only in the sense of anthyphairesis. We conclude that the infinity of the 
power that is being collected by this finitising cause is precisely its 
incommensurability, its infinity in anthyphairesis. 


It follows that 147d7-148b3 should be paraphrased as follows: 
‘Theaetetus succeeded in the Collection into One of every (divided) power, 
by realizing that every power is not only a line segment incommensurable 
in length to the one foot line, but also commensurable in square’. The new 
information that we get from the ACIPT comments, in relation to the 
original Theaetetus’ text, is, besides the distributive plural for the powers, 
is that (a) the cause of the collection of the anthyphairetic infinity and 
incommensurability of a power is the commensurability of the power in 
square, of a? to b2; and (b) the effect is the collection. 

The collection of the anthyphairetic infinity of a power (the effect, the 
conclusion of Theaetetus’ proposition) is possible only because the square 
of the power is commensurable to the one foot square (the cause, the 
assumption of Theaetetus’ proposition). Accordingly, we are guided to the 
following provisional statement of 


‘Theaetetus Proposition’: ‘If a is a power, namely a is a line 
incommensurable with respect to the one foot line b, and a? is 
commensurable to b2, then the infinity of the anthyphairesis of a to b, 
which arises because of the incommensurability of a to b, can be 
“collected” into one.’ 


We will then make sense of this proposition, only if we can make 
mathematical sense of the still enigmatic meaning of ‘collection’. But how 
can we expect to do this? Our plan will be explained in the next section. A 
full understanding of the meaning of ‘collection’ will be achieved only in 
Section 9.1.4, below. 


3Plato’s Plan to Imitate (treipw pipoUpEvoc, Theaet. 
148d4-5) the Theaetetean Collection with his 
Method of Division and Collection in the Sophist 
and the Statesman 


3.1The Philosophical Problem of knowledge, Theaetetus’ 
Mathematical Collection and the Plan to Imitate it, 
towards Dealing with the Philosophical Problem 


Socrates, with a characteristic ironic understatement (pKpov dé TL GOpa, 
145d6), introduces the fundamental question of the trilogy Theaetetus, 
Sophist, and Statesman; namely, how 1s it possible to obtain full knowledge 


(AaBeEiv ikavOc nap’ éuavtd, EmloTHpN Sti MOTE Toyyavet Sv, 145e8-9) of a 
Platonic Idea. A careful reading of the first pages of Theaetetus reveals that 
Plato has built a close relation between Theaetetus’ mathematical discovery 
on quadratic incommensurabilities, that is described by the term 
‘collection’, and Plato’s quest for a method to obtain full knowledge 
(EmtotH HN). 

After some failed attempts, Theaetetus (147c7-dl) realizes that 
Socrates’ question on the acquisition of knowledge is similar (oiov) to his 
treatment of the mathematical problem, conceived during Theodorus’ 
lesson on quadratic incommensurabilities. The account of Theodorus’ 
lesson and Theaetetus’ discovery follows (described in Sections | and 2). 
According to this account Theaetetus succeeded in showing that each 
power, divided into an infinite multitude of parts by Theodorus’ proof of 
incommensurability, can be collected into One. Socrates then exhorts 
Theaetetus to try to imitate (ze1p@ pwovpEvosc) this process of Collection 
towards the knowledge of Platonic Ideas. 


Soc. Then you must have confidence in yourself (Odppet...zepi covtd), and try 
earnestly (tpo8vpOnt) in every way to receive ‘logos’ of knowledge (zép1 Kai 
EMLOTHUNS AaBEiv AOyov) as well as of other things. Theaet. If it is a question of 
earnestness, Socrates, the truth will come to light (Theaet. 148c9-d2). 


Soc. Well then—for you pointed out the way admirably just now—try to imitate 
(1E1p@ ppobpEvoc)6s1 your answer about the powers (zepi THv SvvapE@v), and 
just as you embraced (mepiéAaBec)os2 them in one kind (évi eide1), though they 
were [infinitely] many (70AAdc), try to designate the [infinitely] many pieces of 
knowledge (tac moAAdc éntotyac) by one ‘logos’ (évi Adym) (Theaet. 
148d4-7).683 


Thus, at this point both Theaetetuses4 and Socrates agree that Theaetetus’ 
mathematical method has a bearing on Socrates’ philosophical question. It 
strikes us as strange that a proof of quadratic incommensurability can be 
considered as the mathematical result that should be imitated for the 
acquisition of the complete knowledge of the intelligible Beings. It is an 
indication that Theaetetus’ method of ‘collection’ was not just a proof of 
incommensurability but a method that was leading to some sort of complete 
knowledge, akin to the complete knowledge sought. This will be explained 
in section 9.1.3, below. 


3.2The Imitation is Realized with the Method of Division and 
Collection in the Dialogues Sophist and Statesman 


In the two dialogues of the trilogy succeeding the Theaetetus, the Sophist 
and Statesman, the method of ‘division and collection’ (d1aipeoic Kai 
ovvayoyn), by which the human soul is able to obtain full knowledge of 
the Platonic Ideas is presented by the Eleatic Stranger in discussion with 

Theaetetus and his companion. Since, 

(a)the description of Theaetetus’ mathematical achievement of dealing with 
quadratic incommensurabilities is, according to our distributive 
reading (in Section 2), the collection of each power divided into an 
infinite multitude (collection being a rendering of ‘ovAAaBeiv sic Ev’ 
(Theaetetus 147d8) and mepiérapec’ (Theaetetus 148d6); cf. also fn. 
17 above). 

(b)the description of Plato’s philosophical method of acquiring knowledge 
(€xiotnN) of Platonic Ideas, presented in the dialogues Sophist and 
Statesman, is ‘division and collection’ (collection being a rendering of 
ovvayoyn, but also of ovAAaBetv and meptrropBavetvess), and 

(c)Plato’s philosophical method was explicitly in Theaet. 148b to be an 
imitation of Theaetetus’ mathematical method, 


there can be little doubt that the philosophical Collection in the Sophist and 
the Statesman is an imitation of the geometrical Theaetetus’ Collection. 

So even though Plato does not provide any more information on the 
nature of Theaetetus’ Collection, and it might thus appear difficult to break 
into its meaning (as indeed it has been the case thus far), there still is a 
window of hope, our one and only hope really, to reach an understanding of 
the double, mathematical and philosophical, meaning of Collection, and 
this is by examining the philosophical method in these two dialogues. Plato 
generously supplies us with the means to reach such an understanding. We 
will exploit these means supplied by Plato in Sections 5-8. After studying 
Plato’s three principal examples of his method in sections 5, 6, and 7, the 
close philosophical imitation of Theaetetus’ mathematical contribution 
(presented in Theaet. 147d7-148b4 and provisionally described in section 
2) is presented in Stat. 283b6-287a6 and described in section 8. 


liiPart B. Plato’s Method of Division and Collection in 
the Sophist and the Statesman (Sections 4-8) 


In the second part of the paper, we will examine Plato’s method of ‘division 
and collection’, as presented in the Sophist and the Statesman. In particular, 
we will examine in detail the Division of the Angler (in Section 5) and of 


the Sophist (in Section 6) in the Sophist, the Division of the Statesman (in 
Section 7) and the double measurement (in Section 8) in the Statesman. We 
discover that (a) the two Divisions in the Sophist are analogues of periodic 
anthyphairesis; (b) the Division in the Statesman is an analogue of 
palindromically periodic anthyphairesis; while (c) the double measurement 
in the Statesman is a philosophic analogue of the mathematical Proposition: 
if a, b are two lines commensurable in square only, then the anthyphairesis 
of a to b is palindromically periodic. The periodicity of the anthyphairesis 
in all cases is established by using the Logos Criterion, established in 
Section 4, on the basis of Theaetetus’ theory of ratios of magnitudes. The 
far-ranging consequences of these discoveries in the present Part B, 
combined with our findings in Part A, will be discussed in Section 9. 


4Theaetetus’ Theory of Ratios of Magnitudes, the 
Logos Criterion for Periodic Anthyphairesis, the 
Abbreviated Tree-Like Form of Anthyphairesis 


Before embarking on an examination of the dialogues Sophist and 
Statesman, attempting to discover the nature of the Platonic method of 
‘division and collection’, we will need to establish the Logos Criterion for 
periodic anthyphairesis, a criterion that presupposes the theory of ratios of 
(incommensurable) magnitudes, discovered by Theaetetus. 


4.1The Theaetetean Theory of Ratios of Magnitudes 


Aristotle, in Jop. 158b24-159a2, informs us that before the Eudoxian 
theory of ratios of magnitudes presented in Book V of the Elements, there 
was a theory of ratios of magnitudes based on equality of anthyphairesis: 


Definition. If a,b are homogeneous magnitudes and c, d are homogeneous 
magnitudes then a:b = c:d iff Anth (a,b) = Anth (c,d) (where Anth (a,b) 
denotes the sequence of successive quotients of the anthyphairesis of a to 
b).686 


As already noted, it is generally accepted that the theory of ratios based on 
anthyphairesis is due to Theaetetus. From all we know this is the first 
theory of ratios of magnitudes, which went beyond commensurable ratios. 
Knorr (1975, Appendix B) believes that the theory was using in some 
informal way Eudoxus’ definition 4 of Elem. V, otherwise there would be a 


problem with the proof of the fundamental Proposition analogous to Elem. 
V.8; and, Acerbi, 2003, essentially because of the same difficulty, believes 
that in fact there was never any theory of ratios with this definition. But in 
our opinion such a theory definitely existed, as Aristotle clearly states, but 
it was a theory, not for all ratios on which Eudoxus theory applies, but for a 
limited class of ratios on which Eudoxus’ principle is not needed. A work 
on this subject, by Negrepontis and Protopappas, is under preparation. It is 
easily seen that the definition of proportion is a generalization of the 
definition of ratios of numbers, based on VII.1, 2 and 4, and of 
commensurable magnitudes, based on X.3. 


4.2The Logos Criterion for Periodic Anthyphairesis 


The theory is particularly well suited, probably not by chance, to give a 
proof of a criterion for the periodicity of anthyphairesis, the Logos 
Criterion. 


Proposition (Logos Criterion for the periodicity of an anthyphairesis): Let 
a,b be two line segments, with a>b, and let the anthyphairesis of a to b be 
described with the notation of Section 1.1. Assume that there are indices 
n<m such that cyicn + 1 = CmiCm +1. Then the anthyphairesis of a to b is 
eventually periodic, in fact: Anth(a, b) = [p41, h,..., In, period(In + 1, In + 2, 
«163 Lin) | 


Proof: By the Theaetetean definition of analogy, Anth (Cy, Cn + 1) = Anth 
(Cm, Cm+1). But Anth (a,b) = [w1, [h,..., In, Anth (Cp, Cn + 1)] = (bu, h,..., Ia, 
In¢1, In+2, ---5 In, Anth (Cm, Cm+t DI] = [H1, Disc cs5: Tis dvctty: L932 Las Anth 
(Cn, Cnt dD] = [H1, Ih,..-5 Ins In 1, Int, -.-, Im, In+1, In+2, ..., Im, Anth (Cm, 
Cm+)] =... = [bu hi... In, period(In+ 1, In+2, ..-, Im). 


Even though the Criterion is natural and almost obvious, it is not stated 
explicitly in Greek mathematical sources. 


4.3An Abbreviated Tree-Like Representation of the 
Anthyphairesis and the Logos Criterion 


We note that the Logos criterion is stated solely in terms of the remainders, 
and no use is made in its statement of the quotients. The Logos criterion 
may be adequately represented in the following abbreviated tree-like form: 


4.4Example: The Anthyphairesis of a to b with a2 = 19b2 


It was shown in Section 1 that the method of Theodorus was 
anthyphairetic, but Theodorus did not have at his disposal Theaetetus’ 
theory of ratios and the Logos Criterion, thus probably found recourse to 
the Pythagorean theory of gnomons. Had he recourced to Theaetetus’ 
theory, he might use the Logos Criterion. We exhibit the Logos Criterion 
for the first power that Theodorus did not prove in his lesson to Theaetetus 
and his companion. 


(1) The Anthyphairesis of a to b 

a = 4b + e1, we a;<b (whence e; = a— 4b), 

(and b = 2e; + e9, eo<e; (whence e2 = 9b — 2a)); 

@; = e2 + €3, €3<e2 (whence e3 = 3a — 13b), 

(and e2 = 3e3 + e4, e4<e3 (whence e4 = 48b — 11a)), 
e3 = e4 + es, e5<e4 (whence es = 14a — 61b), 

(and e4 = 2e5 + e6, e6<e5 (whence e¢ = 170b — 39a)), 
es = 8e6 + €7, e7<e¢ (whence e7 = 326a — 1421b). 


(ii) The Verification of the Logos Criterion b:e; = e¢:e7 

We simply verify that b - e7 = b - (326a — 1421b) = (a — 4b) - (170b — 39a) 
=e, ° e¢. The Logos Criterion results in the full knowledge of the ratio a:b, 
since Anth (a,b) = [4, period (2,1, 3,1,2,8)]. By X.2, of course, it is 
concluded that a,b are incommensurable. 


(iii) Abbreviated Tree-Like Representation of the Logos Criterion 


e,-48b-1la e=l4a-61b 


eg=170b-39a e,=326a-1421b 


Again it should be pointed out that these are our reconstructions, not to be 
found explicitly in extant Greek mathematical sources. 


5The Division and Collection of the Platonic Idea ‘the 
Angler’ in Soph. 218b-221c Is the Philosophic 
Analogue of Periodic Anthyphairesis 


The method of ‘division and collection’, also called ‘Name and Logos’ (cf. 
Theaet. 201e2-202b5, Soph. 218c1-5, 221a7-b2, 268c5-d5), is exemplified 
at the start of Sophist 218b-221c by the definition of the Being Angler. 


5.1The Division of the Platonic Idea ‘the Angler’ 


In the scheme below, we reproduce the binary division process which leads 
to the Angler. The whole division scheme is as follows: 


[G] all arts (tv teyv@v tacdv) divided in [B,] productive arts (tomtucn) and [Aj] 
acquisitive arts (KtytuKn) (219a8-d3) 

[Ai] acquisitive arts divided in [Bz] voluntary arts (€kOvt@v mpd EKOvTASG 
petaBAntucov) and [A,] coercive arts (yeipmtiuKkov) (219d4-8) 

[A.] coercive arts divided in [B3] fighting (Gvagavéov, aymviotiKov) and [A3] 
hunting (kpv@aiov, OnpevtiKdv) (219d9-e3) 

[A3] hunting divided in [B,4] hunting of lifeless things (@ybyou yévouc) and [Aq] 
hunting animals (€uwoxou, Coo8npudjv) (219e4-220a6) 

[A4] hunting animals divided in [Bs] hunting land animals (aeCo@npikdv) and [As] 
hunting water animals (évvypo8npikov) (220a7-11) 

[As] hunting water animals divided in [Be] fowling (OpviWevtiKn) and [Ag] fishing 
(dAtevtiKn) (220b 1-8) 

[Ag] fishing divided in [B7] fishing by enclosures (épKoO@npikov) and [A7] fishing by 
striking (qAnKtucv) (220b9-d4) 

[A7] fishing by striking divided in [Bs] fire-fishing (qupevtiKn) and [Ag] barb-fishing 
(ayKlotpEevtiKdv) (220d5-e1) 

[As] barb-fishing divided in [Bo] fishing by tridentry (tpiodovtia) and [Ag] angling 
(GomaAtevtiKn) (22002-22147). 


The Division of the Angler 
all arts G 


productive arts B, A, acquisitive arts 


voluntary arts B, A, coercive arts 


fighting B,; A; hunting 


hunting of lifeless things B, A, hunting of living things 


land animal hunting B. 
Bs A, water-animal hunting 
fowling B, 
A, fishing 


hunting by enclosures B, 
A, striking 


fire hunting B, A, barb-hunting 


tridentry B, Ay angling 
5.2Collection-Logos of the Angler 


The summary description of the Logos-Collection of the Angler, contained 
in Soph. 220e2-221c3, is naturally divided into two parts: [A] 
corresponding to ‘name’, and [B] corresponding to ‘logos’. 


[A] ‘name’ (220e2-221b1): Stranger: Then of striking which belongs to barb- 
hunting [A8], that part which proceeds downward from above (Gv@0Ev gic 10 
Kato), is called, because tridents are chiefly used in it, tridentry [B9],...Stranger: 
The kind that is characterized by the opposite sort of blow, which is practised 
with a hook and strikes,...and proceeds from below to the opposite upwards 
(két@0Eev sic tovvavtiov dva@)...By what name, Theaetetus, shall we say this 
ought to be called? Theaetetus: I think our search is now ended and we have 
found the very thing we set before us a while ago as necessary to find. Stranger: 
Now, then, you and I are only agreed about the name of angling, [A9] 


[B] ‘logos’ (221b1-c3): but we have acquired also a satisfactory ‘Logos’ of the 
thing itself. For (yap) of art as a whole, half was acquisitive, and of the 
acquisitive, half was coercive, and of the coercive, half was hunting, and of 
hunting, half was animal hunting, and of animal hunting, half was water hunting, 
and of water hunting [A5] the whole part from below (10 Kdtm@ev tufa dAov) 
was fishing,[A6] and of fishing, half was striking, and of striking, half was barb- 
hunting,[A8] and of this [A8] the part in which the blow is pulled from below 


upwards (10 mEpi TH KéTMOOVEV Gv~m) was angling.[A9]’.687 


In [A], the opposing relation of Tridentry to Angling is carefully explained: 
all Fishing with a hook is divided into Tridentry (=Fishing with a trident), 
which is described as Fishing with a hook with an art that proceeds from 
above downwards, and Angling (=Fishing with a rod), which is described 
as Fishing with a hook with an art that proceeds from below upwards. We 
have pushed Division all the way to the Angling; thus, we have certainly 
found ‘the name’ of Angling. 

But now, in [B], it is claimed that ‘the Logos’ of the Angling has been 
found, too. The justification—the proof—that we have indeed found the 
Logos, too, is contained in the remainder of [B], since this remaining part 
of [B] starts with a ‘for’ (yap), and this justification can be seen to consist 
of: (i) an accurate recounting of all the division-steps, abbreviated in the 
sense that of the two species into which each genus is divided, only the one 
that contains the Angler is mentioned, while the species opposite to it is 
omitted; (ii) a reminder that the last species, the angling, is characterized as 
the part of its genus that proceeds ‘from below upwards’; and, (iii) the 
ONLY new information (since (i) and (11) are repetitions of things already 
contained in the Division and in [A]), which concerns the species of 
fishing, three steps before angling, and which informs us for the first time 
that this species is ‘the whole part from below’ of its genus. 

This explanation clearly corresponds to common sense since fish is in 
the sea and can be obtained by the action of fishing only from below 
upwards. Since this is an abbreviated account, there is no explicit 
information on the species opposite to ‘fishing’—namely ‘fowling’, but 
since ‘fishing’ was described not simply as ‘the part from below’ of its 
genus, but emphatically as ‘the whole part from below’, it follows, by 
exactly the same common sense, that the opposite species—‘fowling’— 
must be characterized as ‘the (whole) part from above’ of the same genus. 
In fact, there can be no other justification for the presence of the term 
‘whole’ in the description of ‘fishing’ with a view to arguing that we have 
obtained ‘Logos’, except to indicate and imply this description for its 
opposite species, ‘fowling’. 

We recall that the part of [B] from the word ‘for’ (gar) is explicitly a 
justification of the claim that we have succeeded in finding the ‘Logos’ of 
the Angling. We may then ask: what is the ‘Logos’ of the Angler that 
reasonably results from such a justification? There can really be only one 
answer: the ‘Logos’ we are looking for is the equality of the ‘philosophic 
ratio’ of Tridentry to Angling, namely the equality of the ratio ‘of from 


above downwards to from below upwards’, to the ratio ‘of Fowling to 
Fishing’. Thus, fowling B6:fishing A6 = tridentry B9:Angling A9 = from 
above downwards: from below upwards. Since, the species Tridentry and 
Angling forms a pair of opposite species, and the species Fowling and 
Fishing form another pair of opposite species in the Division Scheme for 
the Angler, the resulting ‘Logos’ bears a most uncanny similarity to the 
Logos Criterion for the periodicity of the anthyphairesis of geometric 
magnitudes, and of geometric powers in particular 


5.3The Division and Collection of the Angler 


The ‘division and collection’ of the Angler thus takes the following form 
and it consists of the Division, which is in the abbreviated tree-like form, 
and of the Logos Criterion, for the periodicity of the anthyphairesis (given 
in section 4). 


all activities with an art G 


productive arts B, A, acquisitive 


A, coercive 
voluntary arts B, 


fighting B, A, hunting 


hunting of lifeless things B, A, hunting of living things 


land animal hunting B, A, water-animal hunting 


“| 
towing, 7g Aething 


hunting by enclosures B, A, striking 


fowling B,:fishing A, 


fire hunting B, A, barb-hunting tridentry B,:angling Ay 


tridentry B, Ay angling 


6The Division and Collection of the Platonic Idea ‘the 
Sophist’ in Soph. 234e-236d and 264b-268d is the 
Philosophic Analogue of Periodic Anthyphairesis 


It now appears that the ‘division and collection’ of a Platonic Idea—and the 
Angler is certainly a lowly paradigm of a Platonic Idea—is very much like 
the anthyphairetic Division and the Logos Criterion of a geometric 
‘power’. When Socrates expressed, in Theaet. 145c7-148e5, his exhortation 
to imitate the geometric situation, it seems that he meant a much closer 


imitation that anybody has thus far suspected! But before proceeding on to 
wide-ranging conclusions, it would be prudent to examine whether the 
‘division and collection’ of the Sophist, in Soph. 264b-268d, has the same 
kind of structure and, in particular, whether there is a similar type of 
‘Logos’. So we shall take a look at the ‘division and collection’ of the 
Sophist. 


6.1The Division of the Sophist 


The Division for the Sophist follows the same pattern as the Division of the 
Angler, starting with a Genus, in this case ‘all the productive arts’, 
proceeding by binary division of each Genus to two species, where the next 
Genus is that species of the previous step in the Division that contains the 
entity to be defined, in this case the Sophist, and ending with the division- 
step that produces the Sophist as a species. The whole division scheme is as 
follows: 


[G] the productive arts (tomtucn) divided into [D,] the divine productive arts (8eiov) 
and [C,] the human productive arts (avOpamtvov) (265b4-e7). 

{C,] the human productive arts divided into [D2] the arts of makng real things 
(avtomomtiKkov, adtovpyitKy) and [C2] the arts of makng images (sid@AomouKn) 
(266c7-d4). 

[C2] the arts of making images divided into [D3] the likeness-making arts (sikaotuKn) 
and [C3] the fantastic arts (pavtaotucn) (266d8-e5). 

[C3] the fantastic art divided into [D4] art produced by instruments (6v' opyavev) and 
[C4] mimetic art adtod Eavtov Spyavov Tod ToLodvtOS (UYyNTIKOG) (267a1-b3). 

[C4] the mimetic art divided into [Ds] mimetic art with knowledge (pet’ émiotH UNS 
Lipoic) and [Cs] mimetic art with opinion (peta dSdEyN¢> Lipnotc, SoSonyntiKy) 
(267b4-e6). 

[Cs] the mimetic art with opinion divided into [D6] the simple imitator (amAo0bc 
Lunt) and [C.] the dissembling imitator (sip@viKdc Wynti\s) (267e7-268a8). 

[C6] the dissembling imitator divided into [D7] the popular orator (6npoAoyiK6c) and 
[C7] the sophist (cogtotic) (268a9-c4). 


The Division of the Sophist 


G productive arts 


divine productive arts D, 
C, human productive arts 


art of making real things D, C, art of making images 


likeness-making arts D, 
C, fantastic art 

art produced by instruments D, 
C, mimetic art 


mimetic art with knowledge D, 
C, mimetic art with opinion 
simple imitator D, 
C, dissembling imitator 


popular orator D, subst 
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6.2The Fundamental Analogy in the Divided Line of the 
Resp. 509d-510b and the Logos criterion-Collection of 
the Sophist 


We will now prepare the ground for the Logos-Collection of the Sophist. A 
careful perusal of the Division of the Sophist may not reveal an obvious 
equality of proportion necessary for the Logos Criterion, as was the case 
with the Division of the Angler. It turns out that the fundamental analogy in 
the Divided Line of Resp. 509d-510b plays a central role in the Logos 
Criterion of the Sophist. This analogy may be rendered as follows: 


First, divide a line segment, say L, into two unequal sections, say A representing 
the intelligible Beings, identified with the Beings of which we may obtain 
knowledge (yvootc, émtotyn), the knowables (tO yvmotov, 510a9) and B the 
sensible Beings, identified with the Beings of which we may only obtain opinion 
(66éa), the opinables (tO doEactov, 510a9); next, divide (section A into two 
subsections, say C and D, and) section B into two subsections, say E, 
representing the real sensible Beings, and F, representing the images (sikévec, 
509a1), or likenesses (‘to homoiothen’) of the real entities. (The real sensible 
entities are described in relation to their images as ‘that of which this is an image’ 
(@ todto gorKev, 510a5), as ‘that of which it is a likeness’ (t0 © pon, 
510a10)). 


Plato’s fundamental philosophical statement in the Divided Line is, then, 
the analogy B:A (=D:C) = F:E, i.e. the statement ‘the opinable: the 
knowable = the likeness: that of which it is a likeness’.oss The Logos 
Criterion for the Sophist is now immediately recognised as ‘the art of 
making real things D2: the art of making images C2 = mimetic art with 


knowledge D5: mimetic art with opinion C3’. 

A strong indication that Plato’s intention was to use the Republic’s ratio 
of the Divided line is the extra care he takes to justify the equality of the 
Republic ratio, namely the ratio of all likenesesses-images to all real things, 
all meaning both divine and human, to the ratio in the Sophist, namely the 
ratio of human likenesses-images (C2) to human real things (D2). He does 
this meticulously in Sophist 265e8-266d7, in which there is a division not 
only of Cl into D2 and C2, but also of D1 into the arts producing real 
things (say D2’) and into the arts producing images (C2’), a division of a 
‘rejected’ species, something unexpected and unique in Plato’s divisions. 
The proof of equality, involving ‘breadth’ and ‘width’, employs an 
analogue of Elem. VI.1.689 


6.3Additional Evidence in Favor of an Anthyphairetic Logos 
Criterion 


The definition of the Sophist presents an additional feature that ties it even 
closer to the mathematical anthyphairetic model. There are two ratios after 
the Logos Criterion, and if the mathematical anthyphairetic model is indeed 
followed in the ‘division and collection’, we would expect to have two 
further equalities of Logoi: namely the ratio of the third step should be 
equal to the ratio of the sixth division-step, and the ratio of the fourth 
division-step should be equal to the ratio of the seventh and final division- 
step. Indeed, the simple imitators (D6) do not distort their opinion, but 
rather express a likeness of their opinion, while the dissemblers (C6) distort 
and disguise their opinion behind a false appearance. Therefore we have: 


Proposition: The ratio of the third step in the Division of the Sophist, 
namely the ratio of the likeness-making arts (D3) to the phantastic arts 
(C3), is equal to the ratio of the sixth step in the Division of the Sophist, 
namely the ratio of the simple imitator (D6) to the dissembling imitator 
(C6). 


Furthermore, he who listens to a dissembler is deceived, but, if that 
dissembler is a demagogue (D7), he is contradicted not by himself but by 
another instrument of deceit (namely the demagogue himself), while if the 
dissembler is a sophist (C7), the listener is forced by the sophist to himself 
become the instrument of deceit 


Proposition: The ratio of the fourth step in the Division of the Sophist, 
namely the ratio of the imitator who uses other instruments of imitation 


(D4) to the imitator who is himself the instrument of imitation (C4) is equal 
to the ratio of the seventh step in the Division of the Sophist, namely the 
ratio of the demagogue (D7), whose listener is contradicted and deceived 
not by himself but by another, to the sophist (C7), whose listener is forced 
to be contradicted and deceived by himself. 


These observations provide additional evidence in favor of the 
anthyphairetic interpretation of ‘division and collection’. 


6.4The Division and Collection of the Sophist 


The complete Division and Collection of the Sophist can thus be 
summarized in the following Table (Soph. 264b-268d): 


Gall arts 


productive B, A, acquisitive 


B, productive arts 


divine productive arts D, 


C, human productive arts 


art of making real things D, C, art of making images 


likeness-making arts D3 A C, fantastic art 


art produced by instruments D, C4 mimetic art 


art of making real things D,/ 
art of making images C, 


mimetic art with knowledge D./ 


mimetic art with knowledge Ds C, mimetic art with opinion 


A 
simple imitator D, Cg dissembling imitator 
a} 


popular orator D, C, sophist 


mimetic art with opinion C, 


We thus have full confirmation for the anthyphairetic meaning of Logos 
that we proposed in the ‘division and collection’ of the Angler. This time, 
the Logos is not of the simple-minded, obvious type that appeared in the 
definition of the Angler (from above downwards/from below upwards), but 
of a more sophisticated and philosophical kind, playing a central role in the 
dialectics of the Republic. 


6.5Note 


Most scholars describe the divisions in the Sophist as finite in length, while 
in our presentation we have shown them to be modelled after periodic 
anthyphairesis, and thus to be of infinite length. The division of the 
Statesman in the Statesman, examined in the next section, will quite clearly 
be of infinite length. See also note 9.1.2 below. 


7The Division and Collection of the Statesman in the 
Statesman is the Philosophic Analogue of 
Palindromically Periodic Anthyphairesis 


In our account of the ‘division and collection’ of the Statesman in the 
Statesman, we will outline the new most striking feature of anthyphairetic 
palindromic periodicity, in relation to the mere anthyphairetic periodicity of 
the Division-and-Collections in the Sophist. 


7.1The First Part of the Division 258b-266d 


The dialogue starts with the first ten Division steps towards the Division of 
the Statesman, in Sophist style. Here are the steps: 


[G] all arts divided into [K,] practical arts (apoxtiuiv) and [Li] scientific 
(yv@otikyy) arts (258b-259d); 

[L,] scientific arts divided into [K2] appraising arts (kpittkov) and [L2] commanding 
arts (Enttaxtukov) (259d-260c); 

{L2] commanding arts divided into [K3] someone else’s commands and [L3] one’s 
own commands (avtemitaKtucnv) (260c-26 1b); 


[L3] one’s own commands divided into [K4] lifeless herd (tOv Gybyov emtotatodv) 
and 

[L4] herd of living beings (=animals) (16 zepi Ta CHa EmttaKtiKdv) (261b-d); 

[L4] herd of animals divided into [K5] herd of a single animal (uovotpogiav) and 
[Ls] herd of many animals (GyeAatotpogiav) (261d-e); 

[Ls] herd of many animals divided into [Ko] herd of aquatic animals (bypotpo@tkov) 
and 

[Le] herd of land animals (Enpotpo@ikdv) (264b-d); 

[Le] herd of many land animals divided into [K7] herd of flying animals (atnv@) and 
[L7] herd of walking animals (eC, weCovoptkyv) (264e-265b); 

{L7] herd of many walking land animals divided into [Kg] herd of horned animals 
(Ei TH KEepACPdpa) and [Lg] herd of hornless animals (Eni 1H tijg &kEepatov) (265b- 
d); 

[Ls] herd of many hornless walking land animals divided into [Ko] herd of mixing 
animals and [Lo] herd of non-mixing animals (tic duEiktov) (265d-e); 

[Lo] herd of many non-mixing hornless walking land animals divided into [Kio] herd 
of four-footed (ti Tis Stapétpov Siapétp~@) (pigs) and [Lio] herd of two-footed (th 
d1apétpe@) (humans, tavOpaawwov) (265e-266d). 


Note that after [L4] we are dealing with the arts of feeding an animal herd 
(ayeAalotpogic, 261e); what is really being divided is the nature of the 
commanded herd, narrowing it down, by successive binary division and 
exclusion, till we get to [Lio] the arts of commanding a human herd 
(265e-266d). 


7.2The Myth of Palindromic Periodicity with Kronos Era and 
Zeus Era 268d-274e 


At this point, there is an impasse and it is not clear how to continue with 
the Division, (or even to decide that perhaps the Division has come to an 
end). In order to break the impasse and help complete the Division, the 
Eleatic Stranger takes a most striking and unexpected turn, he relates the 
myth of palindromic periodicity. According to this myth (268d-274e), there 
are two eras in the world, 


he Kronos era 


and the Zeus era. 


he world, to be thought of as 


he Kronos era. After a long time, 
hen all the possible stages of the 
Kronos era are exhausted (T0 yrIlvov 


On Trav avAAWTO yevosc, Taoac 

EKGOTNS TS WUXAS TUG YEVECEIC 

aTTOSESwkuiac,690 272e1-2), 

T tti‘i‘S*:”;”;”SCSCSCSCSCSCSCSS Tis necessary to reverse the 
direction (TGAIv AVEOTPEQEV, 
272e5-6) and to go 

rom the Kronos era 


0 the Zeus era (272d6-e6). But 
again after a long time, when the 
Zeus era‘might founder in the 
tempest of confusion and sink in the 
infinite sea of dissimilarity’ 
(KNOOuEVOG iva UN XElUaoEIc UTTO 
Tapaxiis diaAu8Eic Eig TOv Ths 


AVOLOIOTNTOS ATrEIpOV 6vTa 
TrOvtoves1 OUN, 273d5-e1), God 
perceives that it is in trouble, 

... reverses (oTpEWAG, 


Whatever had become unsound and 
unsettled in the previous period when 
the world was left to itself, 

restores it back again to the Kronos 

era thus completing a full period. 


y 
immortal (48avatov) and ageless 
(ayhpwv) (273c4-e4). The world 
moves forever repeating this period, 
Iternating 


tne Kronos era 


with the Zeus era. 


The relation of the two eras is especially interesting. It is schematically 
described as follows (270d-27 1a): 


In the Zeus era (in which era we are 
presently) men come from non- 
existence a 

into existence b, 

then they grow c, 

then they get a beard d, 


then their beard becomes white e, 
then they grow old and are about to 
die f. 


If at this time 


he world happens to switch to the 
Kronos era, then the human will go 


land then they pass into nonexistence 


Summarizing, according to the myth, 
he world is periodic, and the period 
consists of two half periods 


he Kronos era followed 


in other words, it is palindromically 
periodic. 


7.3The Instructions in Stat. 276a1-7: Follow the Kronos/Zeus 
Myth for a Palindromically Periodic Division and 
Collection 


Next, in 276a1-7, crucial for our interpretation of the Statesman, the Eleatic 
Stranger makes clear that this myth must be employed for the continuation 
and completion of the ‘division and collection’ of the Statesman: 


ounger Socrates: ...but 

how would the next 
division be made? 
Stranger: In the same 
kinds (KaTO TAUTA) 

as we divided before 

(KaQ' Gitep EuTIpOO BEV 

SinpouwEsa) the art of 

eeding herds (Tr\v 

AVEAAIOTPOGIKNV) in 


we must divide In 
similar to (toi¢ avtoic... 
dIAIPOULEVO!) 


hose (ToUTOIC), 


e art of tending herds 
too (Kai Tv 
QyeACIOKOLIKNV), 


embracing 
(TrepleIAn@drteEc) in the 
logos (€v T@) Adyw) both 
OUOIWG 
e present [Zeus] era 
land the Kronos era. 


7.4The Division of the Statesman in the Statesman is Guided 
by the Myth Towards an Anthyphairetic Palindromic 
Periodicity 


From 7.1 and 7.3, the first ten division steps (aysAaiotpogucn, where the 
nature of the commanded herd is the variable) is only the first half of the 
Division and corresponds to the Kronos era of the myth: 


‘kyeAatotpogikh’, Kronos era 


Genus G all arts divided into| 


K,, practical arts, L,, scientific arts 
L, divided into| 
K,, appraising arts L commanding arts 
L, divided into| 
K,, someone else’s L,, one’s own 
commands commands 
L, divided into 
K,, lifeless herd L,, herd of living 


beings, animals 
L, divided into 


K,, herd of a single L,, herd of many 
animal animals 


L, divided into| 
K,, herd of aquatic L,, herd of land 


animals animals 

L, divided into| 
K,, herd of flying L,, herd of walking 
animals animals 

L, divided into 
K,, herd of horned L,, herd of hornless 
animals animals 


L, divided into| 


K,, herd of mixing Ly, herd of non-mixing 
animals animals 

L, divided into| 
K,9: herd of four- Lio» herd of twofooted 
footed (pigs) (humans) 


From 7.1, 7.2, 7.3 The Division must be completed with the second half of 
the Division (GyeAcatoKopuKh, where the commanded herd is the human 
herd, held fixed, and the nature of the commanding herdsman is the 
variable) that corresponds to the Zeus era of the myth. The definition of the 
Statesman must be completed, as in the myth, and the instructions with its 
second half, with last division steps, say Wy; divided into Z10, Wio, Wio 
divided into Zo, Wo , ... W2 divided into Z;, W, corresponding to the Zeus 
era, palindromic to the Kronos era. The whole Division will comprise and 
be embraced by a cycle-full period, in precisely the same way that the 
Kronos era followed by the Zeus era comprise a cycle-full period. Since we 
have already shown, by studying the Sophist, two Platonic divisions are 
modelled after periodic anthyphairesis, it is now evident that the division of 
the Statesman in the Statesman is modelled after palindromically periodic 


anthyphairesis. 


7.5The Palindromicity of the Periodic-Anthyphairetic 
Division and Collection of the Statesman Realized in 
Stat. 289e4-305e11 


The instructions given in 276a1-7 are fully realized in the final long stage 
of Stat. 289e4-305el1, and the palindromiciy of the ‘division and 
collection’ of the Statesman is shown schematically in the table below. 


The Palindromically Periodic Division & Collection of the Statesman 
‘ayeAatotpouch’, Kronos era [Kronos column ‘ayeAatoKoptkt’, Zeus era [Zeus column to be 
to be read from Genus G downwards to L,,] read from W,, upwards to W,] 


Genus Gall arts is divided into | 
[[W, divided into]] | | W, divided intot{ 


K,, practical arts 


i734 
Ly Z,, rhetoric 


[[K’,, strategic art] [[L’,, true statesman] 


3» someone else’s L, Z3 diviners, priests*® 
commands 


y» lifeless herds Li Z,, government with 
laws®” 


5 herd ofa single L, Z5s democracy without 
animal laws?8 


g» herd of Z¢, merchants”? 
aquatic animals 


7, herd of 
lying animals 


Z,, heralds*° 


W, = W,\Z, Z,, satyrs of politics 
oligarchy** 
L, divided into W, divided intoT 
g» herd of Ly Z,, centaurs of politics, 


mixing animals tyranny‘? 
W,, divided into] 


g» herd 
of horned animals 


L, divided into 


19 diameter’s Lay Wi Z49» sophists’ 
diameter, herd of sophists*? 
ourfooted (pigs) 


from L,, (eventually) to W,, 


Notes: Some of the palindromic relations are obvious. The Z» centaurs and 
Zg satyrs of politics are the two worst type, tyranny and oligarchy, of the 
worst government, namely that without laws, one step above the very worst 
pretenders to politics, the Zio sophists, in playful palindomicity, the 
sophists’ sophists, with the herds of diameter’s diameter, the only four- 
footed tame animals left, the pigs. The relatively best goverment without 
laws, Zs democracy without laws, essentially anarchy, where every one is 
for himself, is palindromic to one animal herds (cf. Laws 942a-d). 

The most interesting relation is the palindromicity between Z, all three 
kinds of government with fixed laws but without philosophic and dialectic 
knowledge, that a true statesman must possess (democracy, aristocracy, 
monarchy, in ascending order), with the lifeless ‘herds; this correspondence 
is closely related to Plato’s rejection of the written ‘logos’ in the Phaedr. 
274c5-277a5 as lifeless. Finally, Z; rhetoric is the practical art palindromic 
to the practical arts, and K’, strategic art is the practical art which is last 
subtracted leaving alone the true statesman L’;, to form a logos K’; to L’; 
equal to the initial logos K, to Li, and thus satisfy the Logos Criterion for 
anthyphairetic periodicity. 

Thus, the method of ‘division and collection’, of which the ‘division 
and collection’ of the Statesman is a paradigm, is here in the Statesman 
(276a) explicitly connected not simply to periodic anthyphairesis, as was 
the case with the Divisions in the Sophist, but with palindromically 
periodic anthyphairesis. Thus, the new striking element in the Statesman 
‘division and collection’, in relation to the Sophist, is not only periodic 
anthyphairesis, as in the Sophist, but in addition palindromicity within the 
period; in other words, we expect that the ‘division and collection’ will be 


an imitation of an anthyphairesis not only with a period, as in the Sophist, 
but with a period possesing symmetry with respect to the middle of the 
period. 


8The Double Measurement in Stat. 283c8-284e8 and 
286c8-d6 Completes the Imitation of Theaetetus’ 
Proposition 


8.1The Double Measurement is the Philosophic Analogue, 
the Imitation of the Theaetetean Two Conditions for 
‘Dynamis’ 


We consider opposite entities, of the type numbers, magnitudes (lines, 
areas, volumes), qualities (velocities), say x, y. There is a double 
‘measurement’: (a) x against y, and (b) x against ‘the mean(x, y)’ (Greek 
term: “mesos’) (284e7). Condition (a) on measurement: not all opposite 
pairs x, y are acceptable; in fact if the measurement of x against y produces 
a ‘pleasure’ (Greek term: ‘hedone’), then this pair must be excluded 
(286d4-6). Thus we require that x,y is a dyad, whose measurement against 
each other does not produce pleasure. Condition (b) on measurement: we 
further assume that the second measurement, x against the mean(x, y), is a 
‘generation’ (Greek term: ‘genesis’) (283d, 284b-c, d-e). We will now 
decipher these terms and conditions: 


[measurement of opposites] Measurement is about length and shortness, or 
excess and deficiency, or greatness and smallness, or the greater and the 
less, or the great and the small (283c-e), collectively of a magnitude or 
number or quality against its opposite (284e). 


[mean] We interpret ‘the mean(x, y)’ as the philosophic analogue of the 
geometric mean of two numbers or magnitudes. It is remarkable that in the 
Elements there are 738 occurrences of the term ‘meson’ (and its variants), 
and these exclusively and without exception refer to the ‘geometric mean’ 
(of two numbers or of two magnitudes), while NONE of them refers to the 
arithmetic or any other mean, or any other sense; of them, the great 
majority 624, occur in the Theaetetean Book X.703. The alternative term 
used ‘uétptoc’ (283e, 284a, c, d, e) has normally a meaning equivalent to 
“WéoOG’. 


[pleasure] That ‘the dyad x, y produces pleasure’ is equivalent, as explicitly 
stated in the Platonic dialogue on pleasures Phil. 27e, 31a, 41d, with ‘the 
dyad x, y is an Infinite’; thus condition (a) is equivalent with the condition 
‘the dyad x, y does not produces an infinite’, namely equivalent with the 
condition ‘the dyad x, y does not produces a (Philebean) finite’ Thus the 
condition (a) is that the measurement of x against y produces a (Philebean) 
finite. According to the interpretation given in Negrepontis 2005, the 
Philebean finite is the anthyphairetic finite, namely the commensurable.704 


[generation] In Plato there is ‘generation only’, as in Phaed. 70b-72e, 
Theaet. 156a-157b, Soph. 247d-248a, or Tim. 27d5-29d3, 57d7-58c4, and 
‘generation in substance’, as in Phil. 27c, or Parm. 142c-143a705, or Stat. 
283d, 284c, d. Thus ‘yéveoic’ and ‘generation’ does not refer only to the 
sensibles, but also to the intelligibles.706 That ‘the dyad x, z is a generation’ 
implies that ‘the dyad x, z generates an infinite multitude of parts’, either as 
an indefinite dyad only or within a Being, namely that ‘the dyad x, z is 
either an Infinite or a mixture of Infinite and Finite’, hence, according to 
our interpretation given in Section 3, that ‘the dyad x, z produces an infinite 
anthyphairesis’. Thus the condition on the measurement (b) is that the pair 
x, mean(x, y) produces a (Philebean) infinite.707 

The double measurement in Stat. 283a-287b is the philosophic 
analogue of a dyad of lines incommensurable in length only. Finally, in 
order to state the two measurement conditions (a) and (b) in the more 
familiar terms employed by Book X. of the Elements, we choose an 
assumed ‘unit’ line r (as with the ‘protetheisa line’ in Elem. X.df.3, and the 
one foot line in Theaet. 147d-148b), and, employing Elem. II.14, we 
construct lines a, b, such that x r = a2, y r = b2, so that mean(x, y) = a b. 
Then, the ratio x:y = the ratio xr:yr = a?:b2; hence (using the Topics 
definition, mentioned in Section 4, above), the ratio x: mean(x, y) = the 
ratio xr:mean(x,y) r = the ratio a2: a b = the ratio a:b. In conclusion, the 
double measurement in the Statesman is revealed to be the exact 
philosophic analogue of the Theaetetus condition ‘commensurability in 
power only’. 


8.2The Double Measurement as the Cause of all Division and 
Collection, Stat. 283a-287b 


Plato next makes a most interesting claim about the fundamental 
significance of the condition of the double measurement we have just 
deciphered: 


The Beings as in the case of the examples examined in the Sophist and the 
Statesman, the Sophist, the Statesman, and the art of Weaving become known, 
with the method of Division and Collection-Logos (tic tov dvtmv ovo 
dnA@oEws, 287a3-4) and the palindromic periodicity of every Being (kai thv mEpi 
TI TOD MAVTOG EvEiAtELv, 708 286b8-10). 


An absolutely necessary condition that the Beings and the arts must satisfy 

in order that they have ‘division and collection’, by which they become 

known, is the double measurement: 

—The statesman, the art of Weaving, and all the arts will be destroyed 
without the double measurement;709 

—without the double measurement it is impossible to obtain the ‘episteme’ 
of the Statesman, or of any other Being;710 

—the double measurement is a necessary (and sufficient) condition that all 
the arts are true Beings;711 

—the arts must necessarily satisfy the condition of the double 
measurement;3712 

—when the double measurement is satisfied (6é0v, 285a7), then one can 
apply Division and Collection (described in Stat. 285a7-b6—see 9.1.1, 
below). 


This sometimes results in very long strings of logoi in order to attain the 
period (Ady@v pjKn Kai Tag Ev KOKAM TEpPLOdovG, 286e4-5) but it is 
necessary, and there is no shorter or easier method713. In short, Plato is 
essentially formulating the following: 


‘Double measurement Proposition’: if an art, like that of the Sophist or the 
Statesman, satisfies the condition of double measurement, then this art 
becomes knowable by division and collection and palindromically periodic 
aveihiéic. 


In view of our interpretation of the double measurement, in 8.1, as the 
philosophic analogue of Theaetetus’ mathematical condition of ‘dynamis’, 
namely of a line incommensurable in length with respect to an assumed 
line, and commensurable in square to its square, the double measurement 
Proposition is clearly the philosophic imitation of the Theaetetus 
Proposition, enunciated in Section 2.2: 


‘Theaetetus’ Proposition’: If a is a power, namely a is a line 
incommensurable with respect to the one foot line b, and a? is 
commensurable to b?, then the infinite anthyphairesis of a to b can be 
‘collected’ into one. 


Philosophical cause lathematical cause 
Vieasurement of x against y IS no commensurability of a2, D 


pleasure 
Vieasurement of x against the mean incommensurability of a, b 
pd 


of x and y is generation 


Philosophical effect athematical effect 


Division and Collection, aneilixis of —Ffalindromically periodic 
he Platonic Ideas in the Sophist and anthyphairesis 
ee 


he Statesman 


9The Double Illumination 


We are now in position to put together Part A and Part B and obtain a 
double illumination, one on Plato’s philosophy, the other on Theaetetus’ 
true mathematical contribution. It is clear that (a) the ‘division and 
collection’ of the Sophist (Sections 5, 6) is a philosophical analogue of 
periodic anthyphairesis in abbreviated tree-like form; (b) the ‘division and 
collection’ of the Statesman (Section 7) is a philosophical analogue of 
palindromically periodic anthyphairesis in abbreviated tree-like form; (c) 
the double measument in the Statesman (Sections 8) is the philosophic 
analogue of the mathematial Proposition: if a, b are two _ lines 
commensurable in squre only, then the anthyphairesis of a to b is 
palindromically periodic. 


9.1Philosophical Illumination 


It follows from our analysis of the Sophist and Statesman (Sections 5, 6, 
and 7) that Plato’s philosophical method of ‘division and collection’ is an 
imitation of periodic anthyphairesis, and in fact the whole content of the 
Statesman is revealed to be nothing else but an exact philosophical 
imitation of the highly nontrivial Palindromically Periodic Theorem. The 
fundamental role of periodic anthyphairetic in Plato’s ‘division and 
collection’ is not limited in the dialogues Sophist and Statesman, examined 
in the present paper, but is shown to be present in our parallel and 
independent analysis of the second hypothesis of Plato’s Parmenides 
142b-155e in Negrepontis (forthcoming a), where it is shown that the One 
of the second hypothesis consists of a dyad in periodic anthyphairesis. Let 
me note that the anthyphairesis appearing in the One of the second 
hypothesis in the Parmenides is in full, not in abbreviated tree-like form. In 


the same paper, Zeno’s paradoxes and arguments, are shown to be in close 
relation to the second hypothesis of the Parmenides, and to be equally 
based on periodic anthyphairesis. In particular Zeno’s Dichotomy 
argument, is based on an abbreviated, tree-like form of periodic 
anthyphairesis. It thus seems clear that Plato’s presentation of Collection 
and Division in abbreviated, tree-like form in the Sophist and the Statesman 
has its origin in Zeno’s Dichotomy paradox of motion. 


9.1.1Plato’s Collection is Always Described as Cyclical- 
Periodical 


Confirming the periodic nature of Plato’s Collection we note that in every 
one of the descriptions, in the Sophist, Statesman, Phaedrus, and Philebus, 
Collection is invariably described as cyclical, periodical. Here is a list of 
such descriptions (translations by Fowler, modified by the author): 


we have almost got him [the sophist] into a kind of encircling net 
(TEpletAnoapEev714 Ev ApLOBANOTPLK® Tw), we will collect (ovAAaPeEiv)715 him 
[the sophist] by the orders of royal logos; Soph. 235a10-c6. 


many species differing from one another circularly comprehended (mepieyonévac) 
by an exterior one; Sophist 253d1-e3. 


let us divide in half the assumed genus (oyiCovtec d1yf] TO mpote0Ev yévoc), and 
proceed always by way of the right-hand part of the thing divided, keeping 
communion to the species the sophist belongs, until having circularly stripped 
(mepieAovtec) him of all common properties, we left him only his own peculiar 
nature; Soph. 264d10-265al. 


Then why in the world did we not say in straight manner (ev00c) that weaving is 
the intertwining of woof and warp, but we went round in circle (nepmAOopev Ev 
kKbKA@) making very many divisions (mdpmo0AAa SiopiCopevol), in vain? Stat. 
283b1-c2. 


when all sorts of dissimilarities (tac 58 ob mavtodSantc &vopoiwTtNtaAC) are seen in 
multitudes (év zAn8eow), he must find it impossible to be discouraged or to stop 
until has gathered all the things into one circle of similarity which are related to 
each other (€vt0c [11g OpoLoTHTOS EpEac) and has included them in some sort of 
class on the basis of their essential nature (yévouc tTtvoc ovoia mepiBdaAntar); Stat. 
285a4-b6. 


anyone who finds fault with the length of ‘logoi’ (Ady@v pjKn), and objects to the 
circular periods (tac €év KOKAw@ mEptddouc) in these processes [of ‘division and 
collection’], must not merely find fault with the method; Stat. 286d6-287a6. 


one and many (€v kai 20AAG) become the same (tavtov... yryvonEeva) by logoi 
circulating (010 AGyw@v mEpitpsyetv) everywhere in each true Being. Philebus 
15d4-8 


cutting off the left-hand part [of madness], continued to divide this not returning 
to its previous position (obK émavijKev mpiv Ev adtoic)716 found among its parts a 
sort of left-handed love which it very justly reviled, but the other leading us to the 
right-hand part of madness, found a love having the same name as the first, but 
divine, which it held up to view and praised as the author of our greatest 
blessings....Now I myself...am a lover of these processes of ‘division and 
collection’ (tv diaipése@v Kai ovvaywyav)...; and if I think any other man is 
able to see things that can naturally be collected into one and divided into many 
(sic Ev Kai Exi TOAAG), him I follow after and “walk in his footsteps as if he were 
a god; Phaedrus 264e4-266cl. 


unless some one of the hearers is able to count (dtaptOurjontat) the natures and to 
divide the genera in species and to be able to circularly comprehend 
(meptAapBdvetv)717 by means of one idea in every intelligible being (ka0’ év 
éxaotov) he will never be an expert of ‘logoi’; Phaedrus 273d7-e¢4. 


9.1.2Note on the Seeming Finiteness of the Platonic 
Divisions 


In Sections 5 and 6, we have argued that each of the two examples of 
‘division and collection’ contained in the Sophist, that of the Angler and of 
the Sophist, has the structure of a philosophic analogue of periodic, hence 
infinite, anthyphairesis. But in these two Divisions in the Sophist there 
appears to be no indication that the Divisions are anything but finite, the 
language employed suggesting that the number of steps of these divisions is 
finite. However: (a) in the Statesman Plato definitely describes the 
‘division and collection’ as periodically infinite (Section 7.2. & 3)718; and, 
(b) as noted in Section 9.1.1, all descriptions of the method of (Division 
and) Collection in the Platonic dialogues exhibit the cyclical, periodic 
nature of the method. 


9.1.3Division and Collection Results in the Full Knowledge 
(‘Episteme’) of a True Being Exactly Because it is a 
Periodic Anthyphairesis 


We recall that the import of Socrates’ interest in Theaetetus’ mathematical 
achievement and his urging to imitate it was precisely the quest for the full 
knowledge (‘episteme’) of Beings. The fact that ‘division and collection’ 


has been found to be an analogue of periodic anthyphairesis clearly 
explains how it is possible to obtain the full knowledge of a true Being, 
although it is infinitely divisible. The Logos Criterion, achieved after a 
finite number of stages and Divisions, provides the required full 
knowledge. 

It is now understood how is it possible a method for proving quadratic 
incommensurabilities to qualify as a method for obtaining the full 
knowledge (of Plato’s intelligible Beings). Certainly the arithmetical 
methods of proving incommensurability in no way provide full knowledge, 
only the method of proof by periodic anthyphairesis of a to b provides full 
knowledge of the ‘ logos’ a:b. 

By contrast the method of proof suggested by van der Waerden, Knorr, 
and others, is just a proof of incommensurability, not leading to the 
knowledge of the ‘logos’ a:b. To realize the difference consider that all the 
arithmetical proofs of the incommensurability of a to b, for a2 = Nb2, N 
non-square, simply show that the anthyphairesis of a to b is infinite, but 
otherwise unknown, while Theaetetus’ method provides full knowledge of 
the infinite anthyphairesis of a to b. Thus, Theaetetus’s anthyphairetic 
method, and his alone, can serve as a model for acquiring full philosophical 
knowledge. 


9.1.4How Periodic Anthyphairesis Achieves Collection into 
One 


The reason that the method is called Collection in One is explained in the 
Parmenides: the periodic anthyphairesis of a,b results in the equalization of 
a and b, in the sense either that the (finite) number of the parts of a is equal 
to the number of the parts of b (Parm. 144d4-e3, with a = One, b = 
Being)719; or, equivalently, that the (finite) number of times that Being is 
not-Being is equal to the number of the not-Beings (Soph. 257a4-6, with a 
= Being, and b = not-Being), both following closely Zeno’s Fragment B3. 
Thus, Collection, meaning equalisation of all parts produced by the infinite 
anthyphairetic Division, is a consequence of anthyyphairetic periodicity. 
The Oneness of a Platonic Idea is thus not the Oneness of a partless entity, 
such as the One of the first hypothesis in the Parmenides or the geometric 
point, but of a self-similar One with parts, in fact an infinite multitude of 
parts, but such that its parts are equalized to each other. 


9.1.5Why Plato Based his Theory of Ideas on Periodic 
Anthyphairesis? 


We have already seen that periodic anthyphairesis explains two basic tenets 
of Plato’s philosophy: the Oneness of a platonic Idea (9.1.4) and the 
possibility of full knowledge of a Platonic Idea by ‘division and collection’ 
(9.1.3). It is beyond the scope of the present work to explain the 
mechanism of participation of the sensibles in the Platonic Ideas, presented 
by Plato mainly in the Zimaeus. The sensibles are just the anthyphairetic 
approximations-convergents, in the case of the diameter to the side of a 
square the side and diameter numbers, indeed incomplete images and 
likenesses, of the Idea in which they participate. The basic ideas of the 
mechanism of participation are outlined in Negrepontis 2005. A joint work 
on the Timaeus is in preparation by Negrepontis and Kalisperi. 


9.2Mathematical Illumination: The Mathematical Contribution 
of Theaetetus in the Theory of Incommensurability 


On the one hand, as we saw, the philosophic method of ‘division and 
collection’ was expressly declared in Theaet. 148d (Section 3) to be an 
imitation of the mathematical method of Collection of the infinity in each 
power, by Theaetetus, reported in Theaet. 147d7-148b4. On the other hand, 
the philosophic method of ‘division and collection’ turned out to be, as a 
result of our study of the Sophist and Statesman Divisions and Collections 
(Sections 5, 6, and 7) and the double measurement (Section 8), an imitation 
of what we called, in provisional form, Theaetetus’ Proposition Now we 
can make sense of the enigmatic statement of Theaetetus’ Proposition: it 
states that if a, b are commensurable in square only, then the anthyphairesis 
of a to b is periodic, hence infinite, hence the incommensurability statement 
of X.9. But, in fact, he proved a far stronger and deeper result. Theaetetus’ 
mathematical method of Collection, reported in Theaet. 147d-148b, was in 
fact a method for the proof of the following Palindromic Periodicity 
Theorem. 


Proposition (Theaetetus’ Palindromically Periodic Theorem PPT): If two 
lines, a and b, are incommensurable in length only, as in the case that b is 
the one foot line and a is a Theaetetean power, then the anthyphairesis of a 
to b is periodic, and in fact palindromically periodic. In fact, there are 
numbers n and Io, I), Iy,..., In-1, (In), Such that the sequence Anth(a,b) of 
successive quotients of the continued fraction of a to b has the form 


Anth(a,b) [H, period dh, Ip,. *39. Ih-2, Ty-1, (In), I,- l> I,-2,. * -la, I, 2Io)]. 


The PPT Theorem is the ancient analogue of a remarkable theorem720 on 
the continued fraction of the square root of every non-square natural 
number, developed gradually in the modern era (seventeenth and eighteenth 
century), by Fermat, Brouncker, Euler721, Lagrange722, Legendre, Galois723. 
Thus, Theaetetus’ method of proof, reported in Theaet. 147d7-148b4, was 
then purely anthyphairetic, and we have to declare as mistaken the 
associations of Theaetetus’ contribution to the theory of quadratic 
incommensurability with any form of arithmetic reconstructions (including 
those by van der Waerden and Knorr, mentioned in Section 2). The scholars 
that adopted arithmetical proofs for Theaetetus’ method clearly did not take 
into account not only the distributive reading of the plural ai dvvdpetc in 
147d3-148d4, but also the association of Theaetetean collection of each 
divided power with Plato’s method of division and collection in the Sophist 
and Statesman. In particular, there is absolutely no evidence that Theaetetus 
has anything to do with the arithmetical proofs of quadratic 
incommensurability that make use of VII.27 or arithmetical propositions of 
Book VIII (especially VII.7,8,14, which in fact follow from VII.27) in 
conjunction with Elem. X.9. These arithmetical propositions originated by 
Archytas,724 were clearly inspired by music for epimoric ratios, and were 
adopted in the theory of music of Sectio Canonis (katatouy KavOvos). 
These arithmetical proofs of incommensurability were produced shortly 
after Theodorus’ and Theaetetus’725 anthyphairetic proofs. Finally, the fact 
that the statement of X.9 has been associated with Theaetetus in Euclid’s 
Scholia X.62 seems to be due to a misunderstanding, as the anonymous 
scholiast seems to regard X.9 as a proposition proving incommensurability, 
while in reality is only a useful but trivial proposition. 

A lingering doubt might be the question how, with what method and 
what mathematical tools, an important theorem that exercised the ingenuity 
of some of the greatest seventeenth-eighteenth -century mathematicians 
could be proved in classical antiquity. We will show, in the next section 10, 
that the tools needed are indeed found in the Theaetetean Book X of the 
Elements. 


10A Reconstruction of the Palindromic Periodicity 
Theorem Using only Mathematical Tools from 
Book X of the Elements 


Our next question is necessarily mathematical: Can we conceive the proof 
that Theaetetus discovered of the PPT? We will now show that indeed 
Theaetetus had developed all the means to achieve the proof of the PPT 
theorem. In fact, our reconstruction will be based solely on tools known to 
be due to Theaetetus or in fact found in Book X of the Elements, a 
Theaetetean work according to ancient sources, notably Pappus (Thomson, 
1930). 


10.1The tools 


We first make a list of these tools: 

(a)Commensurability-incommensurability. The definitions of 
commensurability and incommensurability appear in definition 1, 
while the fundamental definition of commensurability in power only 
appears in Elem. X.df.2. Of course commensurability in power only 
appears explicitly in the beginning of the Platonic trilogy, in Theaet. 
147d-148d, considered in Sections 1, 2, and 3), and credited to 
Theaetetus (and younger Socrates). 

(b)Anthyphairesis. The ancient concept equivalent to the modern concept 
of continued fraction expansion of (positive) reals is anthyphairesis of 
two homogeneous magnitudes; this concept is implicitly defined in 
the Elements, in the course of Elem. X.2. In order to fix the notation 
we will consider the anthyphairesis of two lines a>B: 


a= wip + y1, with B>y1, B = hy + y2, with yi>y2, v1 = by2 + y3, with 
YO>Y3s «+ 5 Yn = In41 Yn¢1 + Yn +2, With Yn+1 >Y¥n+2, --. 


The natural number I, is the (n + 1)'h quotient, and the line yy is the 
nth anthyphairetic remainder of the anthyphairesis of « to B. 
(c)Apotome line. One of the basic concepts in Elem. X, is the concept of an 
apotome line defined in the statement of Elem. X.73 (and studied in 
Elem. X.73-109): 


Definition: Let 6 be an assumed line, ¢, n lines with Cn, 
incommensurable, and such that C2, n2 are commensurable to £2. 
Then the line C-n is called an apotome (Gzotopn) line (with respect 
to the assumed line B). The lines ¢, n are called the names of the line 


Cl. 


The basic reason for the introduction of the apotome line is the fact that all 
the remainders of the anthyphairesis of a quadratic irrational is an apotome 


line: 


Proposition: Let N be a non-square natural number, and let a, B line 
segments such that a2 = NB2. Then every anthyphairetic remainder 
Yn is an apotome line wrt B for every n = 1,2,.., and in fact there is a 
double sequence of numbers (x,) and (y,), such that x; = wy, y; = 1, 
and y, = (-1)"*! (ypa — xnB) for n = 1,2,... 
(d)Line of two names. Next, we note that in Book X. the other basic 
concept studied in a similar way is the concept of a line of two names, 
defined in the statement of the X.36 (and studied in X.36-72). 


Definition. Let B be an assumed line, ¢, n lines with C>n, 
incommensurable, and such that C2, n2 are commensurable to f?. 
The line ¢+1n is called line of two names (€k 600 Ovopdt@v). 


The basic reason for introducing the line of two names is the conjugacy of 

the binomial line to the apotome line. 

(e)Conjugacy of apotomae and of lines of two names. The conjugacy 
between the lines of two names and the apotomae, of crucial 
importance to the proof of the Palindromic Periodicity Theorem, is 
described in the fundamental Propositions X.112-114: 


X.112: If B is a rational line, ¢ is a line of two names, with names 
C1>C2, and 7 is a line such that ¢ - n = £2, then n is an apotome with 
names )1>N2, and Ci:n1 = C2:q2 is a commensurable ratio. 


X.113: If B is a rational line, ¢ is an apotome, with names C1>C2, 
and 1 is a line such that C - n = B2, then n is a line of two names 
with names n1>n2, and 1:11 = C2:N2 is a commensurable ratio. 


X.114: If ¢ is a line of two names, with names €\>C:, n is an 
apotome with names 71>n2, C1:M1 = C2:M2 is a commensurable ratio, 
and n - ¢ = B2, then B is a rational line. The lines ¢ + n and ¢ — n are 
conjugate to each other and write ¢ + n = (C—n)* and €-yn=(C + 


n).* 


The presence in Book X of the lines of two names and of the three 
conjugacy Propositions X.112-114 between apotomae and lines of two 
names strongly suggest that Theaetetus had achieved a proof of the PPT, 
analogous to Euler’s approach to the modern continued fractions of square 
roots of non-square natural numbers; and indeed the reconstruction of the 


proof of the PPT employs solely as tools the concepts of the lines 
‘apotome’ and ‘of two names’ and their conjugacy. Theaetetean conjugacy, 
closely related to Eulerian conjugacy, plays in effect the same role that 
conjugation plays in complex numbers726: it is useful in computing 
inverses, a computation vital for ancient anthyphairetic and modern 
continued fraction expansions.727 


10.2The Increment Factor 


But the conjugacy applied to the remainders yp, apotomae by Proposition 1, 
is unwieldy, so it is entirely possible that Theaetetus applied the conjugacy 
theory on the more manageable lines @,, which will turn out to be 
apotomae as well 


Definition (Increment factors of the anthyphairetic remainders): Let a > B be two 
lines, witha >B>y)>y2> 73>... >Yn>Yn+1>--- the sequence of successive 
remainders. We define the sequence (@,,) of increment factors by the equalities: @; 
=Y1, and yn-1° On =B° yn forn> 1. 


Thus @, is the fourth proportional (E/em. 1.44) of the three lines yp, B, and 
Yn-1- 


Proposition (elementary properties of the increment factors). 

Let a > B be two lines, witha > B>y) >y2> 73>... > n> Yn+1> --- the sequence 

of successive remainders, 11, lh, Iz, Is,..., In, In + 1,....the sequence of successive 

quotients, and 1, ©2,..., On,...the sequence of increment factors of the anthyphairesis 

of a, B. Then 

(a)Qn < B for every n, 

(b)@n (In B + On +1) = B? for every n, 

(c)the anthyphairesis of B, @, is equal to Anth(b, @,) = [Ih, In+1,...] for every n, 

(d)[Incremental Logos Criterion] if there exist n, m with n<m, such that Qn = @m, 
then the anthyphairesis of a, B is eventually periodic, and in fact equal to 
[H4, Tisiiecs Ji 1s period(I,, In+ ireoee Imn- I]. 


Proof. (a), (b) routine translation of the definition of anthyphairesis of 
magnitudes, implicit in Elem.X.2; (c) by the Topics Definition of 
proportion; (d) routine translation of the Logos Criterion (established in 
Section 4). 


10.3The Periodicity Theorem (PT) with the Tools of Elem. X 


Due to space limitation, we shall not present the proof of the full 
palindromic periodicity theorem (PPT) but only the weaker periodicity 


theorem (PT). We emphasize however that the tools needed for the proof of 
the stronger PPT theorem are the same tools of Book X of the Elements. 


The periodicity theorem (PT): Let N be a non-square natural number and o and B 
line segments such that a? = NB2, denoting by tw, Ih, b,..., In,... the sequence of 
successive quotients, and by @1, @2,..., @n,... the sequence of successive 
increment factors of the anthyphairesis of « to B, then there are two sequences of 
natural numbers A;(=1), A2,..., Ax... and [1, [2,..., Hk... such that for every 
natural number k>1( a k ) Ak A k-1 =N- p k-l 2 k>1(a,) Ay 7 =N- Hy? 
(hence A, is a natural number smaller than N, and py, is a natural number whose 
square is smaller than N), (bx) Ax (Ik— 1 B + Ox) = Ax —1 (Mk — 1)*5 (Ck) Wk + Mk -1 = 
Ik — 1Ax, (dx) the line @, is an apotome and in fact A, @, = a — Lx B, and (e) the 
anthyphairesis of « and f is eventually periodic. 


Proof of the periodicity theorem: We proceed by mathematical induction. We 
prove (a2), (bz), (C2), (dz), and assuming (ax), (bx), (Ck), (dk) we prove (ax +1), (bk + 
1), (Ck +1), (dk +1). The proof of (ax + 1) consists in the elementary verification, 
using ((dx), (ax), (Cx)), that the number Ax, + ; defined by Ax — 1 + Ik 1 (fk - 1 — Lk) is 
indeed a natural number. Proof of (by + 1): the equality (dy) A, Ok = a — Uk B 
implies that , is an apotome line. We consider the line of two names Ax (@x)* = a 
+ ux B conjugate to it; by (ax + 1) and Proposition X.114, we obtain that A, 2 Ox 
(Qx)* = (a — bx B) (a + LK B) = o? — U2 B2 = Aq + 1Ax B2, whence, dividing both 
sides by Ax, that (A) Ax Ox (MxK)* = Ax + 1 B2. On the other hand, from the 
anthyphairetic relation (Proposition 2b) we obtain ox (Ik B + Ox +1) = B2, hence 
(B) Ak +1 Ok Ck B + Ok +1) = Ax + 1B? . Comparing (A) and (B), we get that Ax + 1@x 
(Ik B + Ok +1) = Ak Ok (PK)*, hence Ax + 1(Ik B + Ok +1) = Ax (@x)*. The proof of (cx + 
1) consists in the elementary verification, using ((b, + ;) and Proposition 2a, that 
the number px +1 defined by Ik Ax +1 — Lk is indeed a natural number; and, the 
proof of (dx + 1) consists in an elementary verification, using (bx + 1) and (cx + 1). 
The proof of (bx + 1), relying on the conjugacy of Book X. (X.114), similar and 
simpler to that of (b2), is left for the reader. The proof of (ax), (bx), (cx), (dx) is 
now complete. From (ax), (bx), (Ck), (dx) just proved, and from the fact that the set 
of pairs (A, 1) of natural numbers, with 2 bounded above by N and i by py is 
finite, it follows, by an application of the pigeonhole principle, that there are 
indices k and s, with k<s, such that @, = @;. The eventual periodicity now follows 
from the incremental Logos criterion (Proposition, d).728 


Conclusion 


The discovery of the fundamental role of periodic anthyphairesis in Plato’s 
philosophy, something not understood by modern era scholars of Plato, 
constitutes a breakthrough in our understanding of Platonic philosophy; 
and, the discovery that the important Palindromic Periodic Theorem, 
normally attributed to seventeenth-eighteenth century Mathematics (Euler, 


Lagrange) was in fact already proved by Theaetetus, not understood by 
modern era historians of Greek Mathematics, constitutes a breakthrough in 
our assessment of Theaetetus’ contribution to the theory of quadratic 
incommensurability and periodic anthyphairesis. 

Our discovery that the anthyphairetic revolutions729 govern both 
Theodorus’ and Theaetetus’ mathematics on quadratic 
incommensurabilities in Theaet. 147d3-148d7 (Sections 1-4, 10) and 
Plato’s philosophy on the method of ‘division and collection’ in the Sophist 
and Statesman (Sections 5-8), coupled with our (independent) study of 
Plato’s Parmenides730, confirming that these revolutions form the basis for 
the paradigmatical true Platonic Being, the One of the second hypothesis 
142b—155e, but also for the true Beings in Zeno’s paradoxes of motion and 
arguments on multiplicity, the precursors of the second hypothesis in the 
Parmenides and really of all of Plato’s philosophy, reveals the remarkable 
continuity that flows through the mainstream of Greek thought, from the 
Pythagoreans to the Eleatic philosophers, especially Zeno, to the geometers 
Theodorus and Theaetetus, culminating in Plato. 

The anthyphairetic revolutions, acting resolutely according to their 
other meaning as well,731 are producing illumination, hitherto unsuspected 
by Platonists and historians of Greek mathematics alike (outlined in 
Section 9), and, like the Homeric goddess, are dispersing the mist of 
modern era misconceptions both on Plato’s philosophy and on Theaetetus’ 
great mathematical contributions to the theory of periodic anthyphairesis. 
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historiography 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 
hylomorphism 1, 2 

hyperbola 1, 2 

hypostasis 1 


iconic sign 1, 2, 3, 4 

ideal numbers 1 

inclination 1, 2, 3 

incommensurability 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16 
indeterminate equations 1 

Indian 1 

induction 1, 2, 3, 4 


infinite 1, 2, 3, 4, 5, 6, 7, 
integer 1, 2, 3, 4, 5, 6, 7, 
interpolation 1, 2 
intersection 1, 2 

interval 1, 2, 3, 4, 5, 6, 7,8 

intuitionism 1 

lonic 1, 2, 3, 4, 5, 6 

irrational 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17 
Islam 1, 2, 3 

isomorphic 1 

Italian algebraists 1, 2 
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knowledge 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17 


Late Antiquity 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 
lemma 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 
lexicon 1, 2, 3, 4, 5, 6 

line of two names 1, 2, 3, 4 

linguistical analysis 1 

logic 1, 2, 3, 4, 5,6 

logistic 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 

logos 1, 2, 3, 4, 5, 6, 7,8 

lunar 1 


magnitude 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 


20, 21, 22 
mal 1, 2 


material 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 


21, 22, 23, 24, 25,26, 27, 28, 29, 30, 31, 32 


mean 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 


22, 23, 24, 25, 26, 27 

measurement 1, 2, 3, 4, 5, 6, 7 

Menelaus theorem 1 

Meno’s paradox 1 

mensuration 1, 2, 3 

metabasis 1 

metaphysics 1, 2, 3, 4, 5, 6, 7 

method of Diophantus 1, 2, 3, 4, 5 

metope 1 

middle 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 
modern algebra 1, 2, 3, 4, 5, 6, 7, 8 

monas 1, 2 

multi-nomial 1 

multiplication 1, 2, 3, 4,5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16 
multitude 1, 2, 3, 4, 5, 6, 7, 8,9 

music 1, 2, 3, 4 

myriad 1, 2,3, 4,5 

myth 1, 2, 3,4 


non-Euclidean 1, 2, 3 

non-textual 1, 2 

number 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 
21, 22, 23, 24, 25, 26;.27, 28, 29, 30, 31 

number theory 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 

Nuptial number 1, 2, 3, 4 


obol 1, 2, 3 

odd 1, 2, 3, 4, 5, 6, 7 

odometer 1 

ontology 1, 2, 3, 4 

operation 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 
ordinal 1, 2, 3, 4 

origins 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 


parabola 1, 2, 3 

paradigm 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 
paradox 1, 2,3 

parallel lines 1 

parthenon 1, 2 

pebble 1, 2 

periodic 1, 2, 3, 4 

perpendicular 1, 2, 3 

phenotype 1, 2 

plassé method 1, 2, 3 

Platonism 1, 2, 3 

poet 1, 2 

polynomial 1 

postulate 1, 2 

post-Vietan algebra 1 

power 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 
pre-Euclidean 1, 2 

premodern algebra 1, 2, 3, 4, 5, 6, 7 
probability 1 
problem-solving 1, 2, 3, 4 
prolegomena 1, 2, 3,4, 5 

proof 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 
22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 
41, 42, 43, 44, 45, 46, 47 

proportion 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 
20, 21, 22, 23, 24, 25, 26, 27 

proposition 1, 2, 3, 4, 5, 6, 7, 8, 9, 1 
20, 21, 22, 23, 24, 25, 26, 27, 28,2 
pseudepigrapha 1 

pure mathematics 1, 2 

puzzle 1 

pyramid 1, 2 
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0; 11; 12; 13,14, 15, 16; 17, 18,19; 
9, 30, 31, 32 


Pythagorean 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 
Pythagoreanism 1, 2, 3,4, 5 


quadratic 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 


ratio 1, 2, 3, 4, 5,6, 7,8 

reciprocal 1, 2, 3 

recollection 1, 2, 3 

reconstruction 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 
recursive 1, 2, 3, 4 

removal 1, 2, 3 

Renaissance 1, 2, 3, 4 

revolution 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 
rezeptstil 1, 2 

Roman 1, 2, 3, 4, 5 

root 1, 2, 3, 4, 5, 6, 7, 8,9, 10 

royal road 1 

rule of three 1, 2 


scale 1, 2,3, 4,5 
schema 1, 2, 3 
scholia 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 
science 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 

sector theorem 1, 2, 3, 4, 5 

semiotic 1, 2, 3, 4 

setting up 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 

setting-out 1, 2 

sexagesimal 1, 2, 3, 4, 5, 6, 7 

sighting-rod 1, 2 

sign 1, 2, 3, 4, 5, 6, 7, 8, 9 

signifier 1 

similarity 1, 2, 3, 4, 5, 6, 7, 8 

simplification 1, 2 

simultaneous system 1 

solar 1, 2 

space 1, 2, 3, 4, 5,6, 7, 8 

species 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 

spurious 1, 2 

square 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 
21, 22, 23, 24 

sub-base 1 

subparticular 1 

substance 1, 2, 3, 4, 5, 6 

substitution 1, 2 

subtraction 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 

subunit 1, 2 
superparticular 1, 2, 3, 4 
surveying 1, 2, 3, 4, 5,6 


] 


symbol 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 
symbolic algebra 1 

syncopated algebra 1 

Szabd/Knorr debate 1 


tangent 1 

terminology 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 

tetrachord 1, 2 

the method of Diophantus 1, 2 

theorem 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 
21, 22, 23, 24, 25, 26 

time 1, 2, 3, 4,5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 
22,23, 24, 25, 26, 27, 28, 29, 30, 31, 32 

toolbox 1, 2, 3 

topography 1, 2, 3 

triangle 1, 2,3, 4, 5,6 

trigonometry 1 

true belief 1, 2, 3, 4 

tunnel 1, 2, 3 


unit 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 
22, 23, 24, 25, 26, 27, 28 
unity 1, 2, 3, 4,5, 6, 7, 8, 9 

unknown 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20 


variable 1, 2, 3,4, 5 
vertical 1, 2, 3, 4,5 


zigzag 1 
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1 For comprehensive surveys on recent research on ancient Greek 
mathematics, see Sidoli 2014, Saito 1998, Knorr 1990, and Berggren 1984. 
For the latest collective histories, the reader should consult both Acerbi 
2010 and Cuomo 2001. The histories of Heath 1921, van der Waerden 
1950, and Neugebauer 1952 are still useful, although significantly 
outdated. 

2 Three further editions (1970, 1996, 2012) of The Structure of Scientific 
Evolutions have appeared. 

3 See Kuhn 1970b, postscript, and Kuhn 1970a; cf. Laudan et al. 1986, 
180-195. 

4 See the bibliography in Lakatos & Musgrave 1970. For the idea that the 
concept of ‘scientific revolutions’ can be traced back to the eighteenth 
century, see Bernard Cohen 1976. For a recent discussion, see Kindi & 
Arabatzis 2012. 

5 Due to criticism, Kuhn eventually replaced the term ‘paradigm’ with 
‘disciplinary matrix’; see Kuhn 1970b, 182. 

6 By “new historiography of science”, Crowe (1975, 161) refers to the 
works of T. Kuhn, J. Agassi, N. R. Hanson, K. Popper, and S. Toulmin 
(relying on Buchdahl’s 1965 authority). 

7 See Lakatos 1963-1964; Wilder 1968. 

8 Mehrtens rejected the overall use of the concept of ‘revolution’ and 
promoted a terminology based on the sociology of a scientific community; 
also see Bos & Mehrtens 1977. For Kuhn’s description of a scientific 
community, see Kuhn 1970b, 177-178. 

9 See Dauben 1984, 51. 

10 See Crowe 1992, Mehrtens 1992, and Dauben 1992a. All three authors 
remain quite in agreement with their younger selves. 

11 In addition, Gilles (1992, 1-2) makes the interesting remark that three 
scientific revolutions happened at about the same time as three political 
revolutions: (a) the Copernican and the Glorious Revolutions; (b) the 
Chemical and the French Revolutions; and (c) the Einsteinian and the 
Russian Revolutions. Nonetheless, he provides no arguments in the 
direction of establishing a direct correlation between these events. 

12 Gillies 1992, 6. It is worth noting that the participants in the Crowe- 
Dauben debate often seem to lose sight of Kuhn’s description of a ‘scientific’ 
revolution. Mehrtens (1992, 43) is careful enough to notice that: 
“Tpolitical] Revolutions are no longer what they once were”. And, thus, 


“one must press the metaphor hard to make it work in [mathematics and 
science].” On this basis, Mehrtens proposes the term ‘epistemological 
rupture’, as employed by Bachelard 1938 and Foucault 1969. 

13 Gillies compromising solution was, in fact, short-lived. Only a year later, 
Corry (1993, 95) noticed that Gillies’s only real achievement was to reduce 
the Crowe-Dauben debate into a discussion on the best definition of 
‘revolution’. In the same line of thought, Pourciau 2000 claimed that (a) no 
real controversy exists between the apparently opposing views, and that (b) 
Kuhnian revolutions are possible in mathematics—Luitzen Brouwer’s 
intuitionism is, according to Pourciau, such an example. For a recent 
summary of the Crowe-Dauben debate, see Francois & van Bendegem 2010. 
Also, see Ausejo & Hormigén 1996. 

14 On this, see Bernard Cohen 1985. 

15 The examples are numerous; see, for instance, Bos & Mehrtens 1977, 22 
and Dauben 1984. 

16 Also, see Mehrtens 1992, 43. 

17 For the same view, see Francois & van Bendegem 2010, 113. 

18 See Zeuthen 1886; 1902; and Tannery 1903; 1912. 

19 For earlier attempts to reproach ‘geometrical algebra’, see Schneider 
2016, 250-255. 

20 On the ahistorical way in which the term ‘algebra’ was employed in the 
debate on ‘geometrical algebra’, see Sialaros & Christianides 2016. 

21 Freudenthal 1977, 200. 

22 Weil 1978, 93. 

23 See Unguru 1979; Unguru & Rowe 1981; Unguru & Rowe 1982; Unguru 
1994b; and Fried & Unguru 2001, 17-55. 

24 The examples are numerous. See, for instance, the discussions on the 
notion of ‘induction’ in ancient Greek mathematics in Unguru 1991, 
Unguru 1994a, and Fowler 1994. 

25 The details of the aforementioned discussions are very well documented 
in the literature of the field; see Sialaros & Christianides 2016; Corry 2013, 
638-650; Saito 1998, 136-137; Grattan-Guinness 1996, 358-360; Hgyrup 
1996; Rowe 1996, 6-8; Artmann 1991, 45-47; Vitrac 1990-2001, I 366— 
385; Berggren 1984, 397-398. Cf. Bernard 2003 and Bashmakova & 
Vandoulakis 1994. 

26 Quoting Unguru 1975, 91. 

27 Notice that the debate on ‘geometrical algebra’ is far from settled. For a 
recent defence of ‘geometrical algebra’ see Blasj6 2014 and Blasjé 2016. 
For a reply, see Fried 2014. Schneider 2016 provides an interesting 
contextualization of Unguru’s 1975 paper. 

28 On latest research on Greek numeracy, see Sidoli 2014, 39 and Berggren 
1984, 398-400. For the latest comprehensive study, see Cuomo, 
forthcoming. 

29 I apologize to the Evangelist for the paraphrase. 
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32 Van der Waerden 1930-1931. 

33 Hardy 1967, 81. 

34 Neugebauer 1935-1937, III 6. The problem is also discussed in van der 
Waerden 1976, 200-201. 

35 Mahoney 1970, 375. 

36 Ibid., 375-376. 
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39 Cuomo 2001, 5. 

40 Hartley 1953, prologue. 
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42 Cantor 1922-1924, I 337. 

43 Klein 1985, 16-17. 
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45 Cf. van der Waerden 1976; Freudenthal 1977; Weil 1978. 
46 Euclid, Elem. IX.8. 
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48 Cf. Unguru 1975; van der Waerden 1976; Freudenthal 1977. 
49 Cf. Unguru 1979; Unguru & Rowe 1981; Unguru & Rowe 1982. 
50 Weil 1978, 92. 


51 Spalt 1981, 71. 

52 Cf. Bridgman 1950, 64. 

53 Weil 1978, 92. 

54 Ibid., 93. 

55 Klein 1992, 118. 

56 Cf. Klein 1992, dust jacket. 

57 Ibid., 123-124. 

58 According to Klein, Diophantus’ Arithmetica represents the primitive 
stage of algebra (ibid.). 

59 See Corry 2004, 398 and Corry 2013, 639, from where I have borrowed 
the expression “algebraic essence.” 

60 Cf. the title of Rashed 2007: Al-Khwarizmi: Le commencement de l’algébre. 
61 I borrow again from Rashed (1994, 208): “If, in the course of his 
solution, Diophantus proceeded with the substitution, elimination and 
displacement of species, in short using algebraic techniques, the Arithmetica 
is not a treatise on algebra. According to our terminology, it is definitely a 
book on arithmetic, not in the ring of relative integers, but the half-field of 
positive rational numbers.” 

62 Cf. Oaks 2007, 2009, 2010a, 2010b, 2011a, 2011b, 2012, 2014, 
forthcoming; Oaks & Alkhateeb 2005, 2007; Christianidis & Oaks 2013; 
Christianidis & Skoura 2013; Christianidis 2007; Sialaros & Christianidis 
2016. 

63 Some of the conclusions will be demonstrated in concrete examples in 
the following parts of this study. 

64 This matter is investigated in the study “Irrational ‘Coefficients’ in 
Renaissance Algebra” of Jeffrey Oaks, 2017. 

65 Instances of using algebra for theoretical purposes, like proving 
theorems or justifying statements, are scarce in the premodern period. Only 
two examples of such uses are known, both coming from Abt Kamil’s 
Algebra. The first is discussed in Oaks 2011a, the other is mentioned in 
Oaks 2014, 46. No other examples have been pointed out so far in Arabic, 
Latin, or Italian algebra. Besides, another application of a piece of the 
machinery of premodern algebra has been preserved by Theon of 
Alexandria, who provides a method of multiplication between sexagesimal 
numbers, modelled in the way Diophantus multiplies aggregations of 
species, that is, premodern polynomials; cf. Skoura & Christianidis 2014. 

66 On this, see especially Oaks (forthcoming). 

67 The expression ‘al-jabr wal-muqabala’ was the name given to the art of 
algebra in medieval times; cf. Oaks & Alkhateeb 2007, 46. 

68 In the end of the seventh book, where we read: “End of the seventh 
book of the treatise of Diophantus on al-jabr wal-muqdbala, and it contains 
eighteen problems;” cf. Rashed 1984, IV, 120; Sesiano 1982, 171; also, cf. 
Oaks 2011b, 69-70. The word ‘algebra’ occurs in appellations of the 
treatise of Diophantus by several authors who wrote in Arabic. For a 


detailed list, see Sesiano 1982, 13. 

69 On this occasion, it is important to notice that the same Ibn al-Nadim 
also attributes a book on algebra to Hipparchus: “Among his books there 
were: The Art of Algebra (K. Sina‘at al-jabr), known as Definitions (al- 
Hudiid). This book was translated, and Abul-Wafa’ corrected the book and 
also gave explanations and criticisms with geometrical proofs; Division of 
Numbers (K. Qismat al-a‘dad);” Oaks’ translation, adjusted from Dodge 
1970, 642. This entry appears right before the entry for Diophantus, whose 
book is also called “The Art of Algebra.” In view of this, some historians 
have expressed doubts regarding the reliability of the testimony, suspecting 
confusion on the part of al-Nadim (Steinschneider 1897, 348-350; Suter 
1900, 213; Heath 1921, ii, 256). However, in my view, this thesis presents 
some serious problems: al-Nadim mentions Hipparchus’ book on algebra 
once again in the Fihrist, namely in the entry on Abul-Wafa, who wrote a 
commentary on it. In fact, among the works of Abul-Wafa, al-Nadim 
reports “A commentary on the book of al-Khwarizmi on Algebra (K. Tafsir 
kitab al-Khwarizmi f?’l-jabr wal-muqabala); a Commentary on the Book of 
Diophantus on Algebra (K. Tafsir kitab Diyufantus f?’l-jabr); a Commentary 
on the Book of Hipparchus on Algebra (K. Tafsir kitab Ibarhus f?’l-jabr); 
introduction to the Arithmetica, one section; Proofs of the Propositions 
Which Diophantus Employed in His Book and of the Things he Used in the 
Commentary;” Oaks’ translation, adjusted from Dodge 1970, 668. I believe 
that the fact that Abu’l-Wafa’ is reported as having written commentaries 
on the books of both Diophantus and Hipparchus strongly suggests that 
there was no confusion in al-Nadim’s report. 

70 It has been claimed that Regiomontanus’ failure to mention any Arabic 
text in the sources of algebra, while he identifies as such the work of 
Diophantus, has to be interpreted as reflecting a kind of humanist anti- 
Arabism together with an effort to establish an entirely classical genealogy 
of algebra (cf. Cifoletti 1996; Hgyrup 1998). However, the fact that in other 
occasions, within the same oration, Regiomontanus does mention the 
Arabic contributions in the field of mathematical sciences does not 
corroborate such a claim. This is true in particular with regard to 
astronomy, for which, as Byrne points out, “He portrays Arabic and Latin 
sources in a positive light, implying that they can supplement and even 
supersede ... the body of knowledge left behind by classical authorities” 
(Byrne 2006, 54). According to Byrne, Regiomontanus’ mentioning of 
Diophantus should rather be explained as reflecting a general pattern in the 
way he presents the history of the quadrivial sciences, namely as intended 
to establish the ‘actual disciplines’ on the basis of the corresponding texts 
that actually survive. As he writes (Byrne 2006, 55), “Diophantus’s 
Arithmetic, which was not widely read ... is an interesting case, because it 
seems to be an example of Regiomontanus trying to establish the same kind 
of pattern for algebra, which until then had been considered an Arabic art.” 


71 In recent years, the thesis I described as the ‘common view’ has been 
challenged predominantly by Roshdi Rashed. Indeed, for more than three 
decades, Rashed has devoted great effort in an attempt to show that the 
method used by Diophantus for solving arithmetical problems cannot be 
regarded as algebra at all, and that the Arithmetica is, in fact, a work on 
arithmetic (cf. footnote 4). According to him, algebra was invented by a 
single mind (al-Khwarizmi), and it was conceived from the very beginning 
as a theoretical discipline, namely as a theory of equations—thus reducing 
the problem solving to a mere ‘application of the theory’. Moreover, its 
creation was made possible because of the Islamic character of the society, 
in which al-Khwarizmi lived. I do not intend to argue here why Rashed’s 
claims about the history of algebra, and more specifically about the 
relationship between Diophantus’ mathematical activity and algebra, entail 
a highly biased view of history. Some of these claims, have been 
convincingly criticized in the past (cf. Jaouiche 1987; 1990), and more 
recently (cf. Oaks 2011b; 2014). 

72 Note on the system of referencing: The dot ‘.’ separates the page number 
from the line numbers; thus, the above reference indicates that the quoted 
passage is found on page 16 of the volume of Tannery’s edition of the 
works of Diophantus that contains the Arithmetica, that is, in the first 
volume of the Opera omnia, published in 1893, and it covers lines 9-10 of 
the printed text. Similarly, a reference like Tannery 1893-95, ii, 59.15-23 
refers to the corresponding page and lines of the second volume of the 
Opera omnia, published in 1895; the former reference will be often given 
simply as 16.9-10. 

73 Cf. for example Tannery 1893-95, ii, 287; Stamatis 1963, 21. Not only 
Diophantus’ work has been exposed to misrepresentations of this kind. 
Similar anachronisms are innumerable, for example in Rashed’s editions of 
the texts of Arabic algebra. More generally, translating problems in terms 
of algebra is very common in the history of premodern mathematics. The 
danger that is lurking in deducing historical conclusions by employing such 
an attitude is pointed out nicely by Warren Van Egmont (1996, 388): “Note 
that the problem is stated as concisely as possible, giving only the essential 
information, and the mathematical summary uses ‘X’ in place of the 
number to be found. This should not, however, be taken to imply that the 
problem is algebraic since any problem can be summarized in this way. 
Likewise, the mathematical form should not be presented in a way that is 
too closely tied to modern analysis. For example, it is not usually helpful to 
call a problem a ‘determinate equation in one unknown’ or an 
‘indeterminate equation in two unknowns’ when it is obvious the authors 
themselves did not conceive the problem in this way. If it is to be any help 
in identifying the history of the problem, the form must reflect the way in 
which the composers themselves conceptualized it.” 

74 Of course, problems in a loose sense, asking, for example, to perform an 


operation with algebraic terms or to demonstrate the equality of two 
algebraic expressions, do occur in premodern algebra sources. Already, the 
advice of Diophantus to his addressee Dionysius to “acquire practice in the 
addition, subtraction, and multiplication of the various species,” and to 
master “how to add present and lacking species, not of the same multitude, 
to other species, themselves either present or likewise present and lacking, 
and how from present and other lacking species to subtract other, either 
present or likewise present and lacking” (Tannery 1893-95, i, 14.3-10), 
may be seen as referring to such problems. 

75 The plural number is Heath’s. 

76 This is shown with regard to the first three books of the Arithmetica in 
Bernard and Christianidis 2012. See below, section II.4. In part IV, we shall 
see that the same mistake is made by some modern historians, who suggest 
the interpretation of premodern algebraic texts by means of the tools of 
modern algebraic geometry. 

77 In fact, the solution by ‘double-equation’ is a solution by algebra, for it 
entails naming the unknowns, operating on the names, and laying out the 
plan for equation. The difference with a typical algebraic solution is that in 
some problems the plan for equation is not necessary to be completed for 
one can instead take advantage of the fact that the difference of squares is 
the product of the sum and the difference of the roots in order to solve the 
problem. 

78 See Christianidis & Skoura 2013. 

79 Cf. the following excerpt from Rashed: “So Diophantus’ work is in the 
final count interpreted in terms of variables, powers, parameters and 
general solutions. [...] This interpretation may no doubt enlighten the 
historian embarking on an examination of the internal cohesion and 
organization of the Arithmetica. When attributed to the author himself, 
however, it raises at least two problems in the field of historiography; it 
may substantiate the idea that the introduction of Diophantus was a source 
of algebra. Moreover, it precludes understanding a second trend whereby 
mathematicians took Diophantus’ work for what it was in fact: a book on 
arithmetic” (Rashed 1994, 205-206). 

80 For the Greek text, see Tannery 1893-95, i, 132.23-134.11. In my 
translation, I do not make use of Diophantus’ notation, which, as I said, is 
not essential for my argument. Accordingly, all words which are 
abbreviated in the published text are here written in full, though, for the 
sake of simplicity, without respecting rigorously the rules of the Greek 
grammar, as regards the inflection. 

81 For more on this issue, see Christianidis 2015. 

82 This matter is amply discussed in Christianidis & Oaks 2013. 

83 For convenience, the terms of the ‘arithmetical theory’ have been 
replaced by the corresponding modern algebraic symbols in what follows. 
84 The term ‘simulator’ was first proposed in Bernard & Christianidis 2012. 


85 In the first three books of the Arithmetica the method is used more than 
40 times; see Bernard & Christianidis 2012, 39-40. 

86 The equation to which Diophantus arrives is, in modern notation, 25x2 
= 16x2 + 7x. It is an equation between two aggregations, with no 
operations involved. All operations have been made before the statement of 
the equation. As it has been explained before, this is a clear-cut indication 
that the solution of Diophantus is premodern. Students today would be 
instructed to solve the problem differently, by setting up the equation (4x 
+ 1)2 — (« + 1) = (x)? and then perform the operations within the 
equation. Diophantus, by contrast, works out the squares and the 
subtraction first. 

87 This is another reason, in addition to the complexity of most of the 
problems, that makes the first part of the solution, the setting up of the 
equation, the most difficult one, and therefore the part to which 
Diophantus pays closer attention. 

88 See more on this in the paper of Jeffrey Oaks in this volume. 

89 On this notation see also part IV below. 

90 For an in depth analysis of these matters, I refer the reader to the works 
of Jeffrey Oaks mentioned in the bibliography. 

91 The passage of Lagrange (1877, 219) is very illuminating and deserves 
to be quoted in full: “Diophante peut étre regardé comme |’inventeur de 
lAlgébre; en effet, par un mot de sa préface, ou plutdt de son épitre d’envoi 
(car les anciens Géométres envoyaient leurs Ouvrages a quelques-uns de 
leurs amis, comme on le voit aussi par les préfaces des Ouvrages 
d’Apollonius et d’Archiméde); par un mot, dis-je, de sa préface, on voit qu'il 
a été le premier a s’occuper de cette partie de l’Arithmétique qui a été 
nommeée depuis Algébre. Son Ouvrage contient les premiers éléments de 
cette science: il y emploie, pour exprimer la quantité inconnue, une lettre 
grecque qui répondait a l’st; et que dans la traduction on a remplacée par 
N; pour les quantités connues, il n’emploie que des nombres, car pendant 
longtemps l’Algébre n’a été destinée qu’a résoudre des questions 
numériques mais on voit qu’il traite également les quantités connues et les 
inconnues pour former l’équation d’aprés les conditions du probléme. Voila 
ce qui constitue proprement l’essence de l’Algébre: c’est d’employer des 
quantités inconnues, de les calculer comme les connues, et d’en former une 
ou plusieurs équations d’aprés lesquelles on puisse déterminer la valeur de 
ces inconnues.” 

92 See, for example, Bachmakova 1966; BaSmakova 1974; Bashmakova 
1981. 

93 See Oaks’ (2014) criticism of Rashed’s methodology, which I approve 
fully. As regards Diophantus, Rashed’s interpretational pursuit is quite 
interesting. Starting with the standard algebraic reading, in his first 
publications after the rediscovery of the Arabic books of the Arithmetica 
(Rashed 1974; 1975), he moved on to a double reading, by algebra and by 


algebraic geometry in his edition of these books (Rashed 1984), to end up 
with the interpretation via algebraic geometry alone in the recent (Rashed 
& Houzel 2013). As time goes by, it seems that Rashed manifests 
increasingly aversion for connecting the Arithmetica with the history of 
algebra. 

94 See Sesiano 1977, 90. Nevertheless, it is quite probable that ultimately 
Abt Kamil was indirectly influenced by the late antique Alexandrian milieu 
where Diophantus’ activity was placed. 

95 It must be stressed here that I do not use A and B as names in my 
transcription; they merely stand for the unnamed numbers the finding of 
which the enunciation of the problem calls for. Thus, A2 and B?2 stand for 
the expressions ‘two other squares’ in Diophantus and ‘deux autres parties 
telles que chacune ait une racine’ in Abi Kamil, all articulated with the 
unnamed terms ‘tetrag6noi’ and ‘<number> having a root’ respectively. 
These expressions are expressions of the common language and they do not 
have any technical (algebraic) meaning. 

96 For Diophantus’ solution, see Bashmakova 1981, 396-397; Rashed 
1984, III, cviii; Rashed & Houzel, 2013, 187-188. For Abi Kamil’s solution, 
see Rashed 2012, 151-152. 

97 For example, this is how Rashed interprets the solution of Abii Kamil via 
algebraic geometry: “Cette fois encore, Abii Kamil procéde par la méthode 


de la corde. Il pose x = a + tet y = b — ut et, en substituant dans 
2(bu — a), 


t= 
pa il obtient t= 2(bu-a)u2 +1; w+) ” Rashed 2012, 152. 
he difference is pointed out by sedan, although not in the context of 


‘naming’ as the present study maintains; cf. Sesiano 1977, 95. 

99 Barriers between ‘pure’ and ‘applied’ mathematics in antiquity have 
been drawn in many ways and for many purposes. Here I have in mind in 
particular allegations like those of Kline, that in mathematical practices 
outside those of classical Greece, “the arithmetic and algebraic processes 
and the geometrical rules were the end result of physical evidence, trial 
and error, and insight”, in contradistinction to the ordered rationality of 
classical Greek geometry (Kline 1972, 14, discussed with counterexamples 
in Hgyrup 2012). Here the difference between ‘classical’ geometrical 
methodologies on the one hand and algebraic, arithmetical, and quasi- 
geometrical ‘rules’ methodologies on the other is mapped uncritically onto 
a distinction between a pure mathematics capable of producing proofs and 
a devalued set of less rigorous quasi-mathematical practices. In her 
prologue to a volume containing a wealth of countervailing analyses of 
algorithmic and other varieties of proof in Greek mathematical practice as 
well as that of other cultures, Chemla (2012, 1) thoroughly discusses and 
dismantles this ‘disturbingly simple’ identification of mathematical proof 
with a method of geometrical proof assigned to a moment in classical Greek 
culture. As Chemla points out, the simplistic assertion of the 
‘incontrovertibility’ of a certain style of mathematical proof as the only 


truly rigorous form of mathematical activity (and the concomitant 
exclusion of mathematical activities that do not exhibit this style from the 
‘standard early history of mathematics’) continues to shape current 
mathematical discourse on the prerequisites and capabilities of proofs 
(ibid., 12-19). Hgyrup’s distinction between ‘scientific’ and ‘subscientific’ 
traditions in ‘mathematical cultures inspiring or inspired by ancient Greek 
mathematics’ offers a more socially and historically nuanced model that 
values both approaches. ‘Scientific knowledge’ is in this model defined as 
“knowledge that is pursued systematically and for its own sake”, whereas 
‘subscientific knowledge’ is “specialists’ knowledge... acquired and 
transmitted in view of its applicability’ (Héyrup 1994, 25; emphasis his). 
Here there is no devaluation of either side, but rather a distinction between 
the overarching aims, rhetoric, and sociohistorical roles of differing and 
possibly parallel traditions. Indeed, Hgyrup argues that ‘subscientific’ 
knowledge “may well be much more refined than ‘scientific’ knowledge” 
(ibid.). 

100 Kuhn 1982a, 669. 


101 Ibid., 676. 

102 Kuhn’s theory of incommensurability was immediately put into 
dialogue with competing ideas in the same issue of PSA: see Kitcher 1982; 
Hesse 1982; Kuhn 1982b. 

103 I intend this ‘phenomenal’ world along the lines sketched by Andersen, 
Barker, and Chen (2006, 170): “to emphasize that there is not one unique 
subdivision of the world into entities, but that the world may be perceived 
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divided world a phenomenal world”. 
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106 Fowler and Taisbak 1999, 362. 
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by Apollonius, noted at Acerbi 2010, 38. 
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essentially the same textual phenomenon. Likewise, Asper (2007, 127) 
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by authors on harmonics like Aristoxenus, who is intent on downplaying 
the role of individual perceptual experience in determining the quantitative 
relationships between harmonic intervals. Creese (2010, 68-72) correlates 
the use or avoidance of those forms to the relationships between diagrams 
and instruments, and to differing degrees of rigorous proof. They are also 
sometimes used, alongside quite different types of objects, in philosophical 
and medical texts, and they catch on strongly in Byzantine theological 
works. 

109 Fowler and Taisbak 1999, 362. 

110 Proclus, In Eucl. 77.17-78.8. 

111 Asper 2007, 198-210. For the narrative of ‘algorithmic’ mathematics 
as a second-rate practice and some welcome attempts to change it, see, for 
example, Hgyrup 1990; Hgyrup 1997; Hgyrup and Damerow 2001; Mau 
and Miiller 2009. 
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114 Varela, Thompson, and Rosch 1991, 173; Langacker 2008, 524; 
Shapiro 2011, 52-56. 
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116 Langacker 2009, 199. 

117 The text of the Dioptra is from Schone 1903. Translations are my own. 


118 For the infinitive as typical of the enunciation of the ‘problem’, see 
Acerbi 2010, 89. 

119 On these instruments, especially the dioptra, see Drachmann 1969; 
Argoud and Guillaumin 2000; Lewis 2001; Coulton 2002; Lewis 2012. 

120 Rosch 1978, 42. 

121 Varela, Thompson, and Rosch 1991, 173. 

122 Clark 1997, 5-6. 

123 Langacker 2000, 203-204. 

124 Most surviving evidence for such inscriptions comes from the world of 
Roman surveying rather than the quite different system of practice Hero 
seems to describe. Still, some particularly useful information for 
comparison is at Nicolet 1991, 149-169; Moatti 1993, chapters 2-3; 
Chouquer 2010, 246-261; Mayer and Olesti Vila 2001. 

125 On this procedure, see Lewis 2001, 89-97. 

126 Asper 2007, 198-210. 

127 Ibid., 198. 

128 For example, the motley collections of Stereometrica mostly present 
problems structured along the lines of the ‘Rezeptstil’. So, for example, 
Stereometrica 1.2 in Heiberg’s edition commences ‘Zq@aipa, f¢ 1] wEpipETpoSG 
woSG@v KBe Evpetv aUTiic TO oTEpedv. motel OUTWC? AGBE And TIS 
TEPIWETPOV TV SLAYETPOV AO TOU VmOKEWEVOU Lm0SElyHaTOS THV 
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o@aipac’. Note in particular the use of imperatives like moiet and AaBé, 
and how the problem guides the reader all the way through the numerical 
solution. On the further problems raised by Heiberg’s edition of the 
Stereometrica, and the authorship issues that plague the Heronian 
metrological corpus more generally, see Vitrac 2010, 1-5, 42. 
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Kal mAEiovac yiveocbal, Graé oTpapevtos avTOU, oTpo@ai TOD TpoxoU 
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Tupnaviov eVpntat mAELOVMV S€ 6VTWV Kal TOV OSO0VTWV KATA TO 
TAMOOG AVEOUEVWV MOAAOOTO<V> Tic 0500 Leyeb0G <EUpeO>NoeTal 
LETPOUHEVOV. (Dioptra 34.55-64) 

131 A better match in this respect than the ‘Rezeptstil’ might be the 
approach taken by Diophantus in the Greek books of the Arithmetica, where 
the emphasis is on setting up the structure of an equation exemplified by a 
certain number rather than escorting the reader through a particular 
numerical solution in detail. On these attributes of Diophantus’s approach, 
see Christianidis 2007, 296-299. 

132 On the use of papyrus, wooden boards, and wax tablets in 
mathematical reckoning and record-keeping, see Fowler 1999, 204-217. 
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139 Proclus, In Eucl. 68.13-17. My translations, here and henceforth, unless 
otherwise noted. 

140 It has correctly been noted that Proclus does not explicitly state here 
that the meeting took place between Euclid and Ptolemy the First (cf. 
Acerbi 2007, 183; Vitrac and Caveing 1990-2001, I 16; Heath 1956, I 2). It 
must, however, also be observed that Proclus invokes the anecdote only to 
use it as a premise in order to establish Euclid’s dating, not vice versa. This 
crucial remark paves the way for the hypothesis that Proclus must have 
somehow known that the story referred to Ptolemy the First—perhaps from 
the unidentified source of the anecdote; otherwise, his deduction would not 
stand to reason. One, of course, cannot completely exclude the latter 
possibility. 

141 For a representative, yet not exhaustive, list, see Morrow 1970, xlviii- 
lvi. For a more thorough analysis, see Vitrac and Caveing 1990-2001, I 38- 
44. Mueller’s 1987 comparative study identifies strong similarities between 
the first part of Proclus’ Commentary and lIamblichus’ De Communi 
Mathematica Scientia; on this issue, also see O’Meara 2014, 415. 

142 A few lines before presenting the anecdote (In Eucl. 65.7-70.18), 
Proclus cites his famous ‘catalogue of geometers’ in connection with “those 
who recorded histories” (In Eucl. 68.4). Much ink has been spilled on the 
identity of these authors. Although several questions remain open, there 
seems to be an agreement among scholars that the primary source of the 
catalogue was Eudemus’ perished History of Geometry. Nonetheless, the 
catalogue’s final form—which includes the added information on Euclid—is 
most likely a compilation, either by Proclus himself, or, most probably, by 


an earlier scholar. For a thorough literature review on this issue, see 
Zhmud 2006, 179-190. 

143 Stobaeus, Anth. 2.31.115. 

144 Heath 1956, I 252; Bulmer-Thomas 1974, 269. 

145 This claim is not made without hesitation. Menaechmus, the alleged 
discoverer of the conic sections, was probably one of the most famous 
mathematicians of his time, and the leading member of a mathematical 
community: Proclus (In EFucl. 78.9, 254.5) speaks twice about “the 
mathematicians around Menaechmus” and, in some cases (In Eucl. 67.2-12), 
he also provides some names. Cf. Bulmer-Thomas 1974; Heath 1956, I 251- 
253; Suda, s.v. 

146 Herodotus, Hist. 5.52-54, 8.98; cf. Calder 1925. 

147 I would like to thank Peter Riedlberger for pointing this out. 

148 Cf. fn. 9. For a recent study, see Graf 1994. 

149 Two additional, rather unlikely scenarios must be recorded: (a) that 
both anecdotes might represent historical events, which took place 
independent from one another. (b) that both anecdotes might represent 
historical events, but, in this case, Euclid was aware of Menaechmus’ reply 
to Alexander. 

150 Stobaeus, Anth. 2.31.114. 


151 The omitted word here is clearly ‘Records’ (Amopvnuovevpdtwv). In 
the Anthologium, Stobaeus quotes Serenus eighteen times in total. In six of 
these cases, we have the complete phrase “Ek T@v Leprvou 
Axopvnpovevudtwv’; cf. Anth. 2.1.22, 2.2.17, 3.11.23, 4.6.20, 4.19.48, 
4.24a.11. 

152 Photius, Bibl. 167.114b18. It is not clear, however, whether Photius 
deduces this description from his own interpretation of the contents of the 
Records as they appear in Stobaeus’ Anthologium, or if he has some 
(unknown to us) additional information on Serenus. 

153 The proposed list does not include those Sereni who wrote in Latin 
(e.g. Vibius Serenus, Annaeus Serenus, Septimius Serenus), or some 
completely unknown Sereni (like the two martyrs who belonged to 
Origenes’ circle of disciplines). 

154 Theon of Smyrna attributes a certain proposition to Serenus ‘the 
Philosopher’, who is probably the same person; cf. Heiberg 1896, xviii—xix. 
For the latest discussion on Serenus of Antinoupolis’ dating, see Decorps- 
Foulquier 1992. Two extant treatises of Serenus, entitled On the Section of a 
Cylinder and On the Section of a Cone, were edited by Heiberg; cf. Heiberg 
1896. 

155 Suda, s.v. For Aelius Serenus’ dating, see Theodoridis 1976, 11. 

156 Photius, Bibl. 279.536a.8-15. 

157 See Von Rohden 1893, 532; cf. Hammerstaedt 1997, 108 fn. 32. 

158 See Kaster 1988, 354-355. For the same point of view, see 
Hammerstaedt 1997. 

159 I use ‘at least’ since one cannot exclude the possibility that some of the 
numerous anecdotes that appear in the Anthologium without citation might 
also be taken from Serenus’ Records. 

160 The sole exception is the passage referring to Thales (Anth. 2.1.22), a 
version of the famous story Plato mentions in the Theaetetus 174a in which 
Thales falls into a well while observing the sky. 

161 Proclus, In Eucl. 84.8-23; my emphasis. Proclus’ commentary is 
accompanied by two sets of introductory notes, usually described as the 
‘first’ and the ‘second’ prologue, respectively; cf. Morrow 1970, 39. 

162 Symbols (also known as akousmata or ainigmata) are sayings or 
proverbs thought to represent the oldest form of transmission of 
Pythagoras’ teachings; for a bibliography on collections of symbols, see 
Thom 2013, 77. A definite description of these sayings is difficult to 
provide, given their diversity in terms of form and content. Iamblichus (VP 
82), probably based on Aristotle, provides a three-fold classifications: (a) 
symbols expressing what something is (ti €0TU; (b) symbols expressing what 
the highest form of something is (ti udALtota); and (c) symbols suggesting 
what one must do (ti mpaktéov). For a discussion on the connection 
between Iamblichus and Aristotle, see Burkert 1972, 167. Zhmud (2012, 
173-174) questions Burkert’s reading. For a study on the third kind of 


akousmata, which is most relevant to the symbol Proclus refers to, see Horky 
2013, 3-35. 

163 For a recent interest in this passage, cf. Harari 2015, 164 fn. 4. 

164 Morrow 1970, 69 fn. 81. Vitrac and Caveing (1990-2001, I 16), on the 
other hand, are more careful. 

165 Eustathius, In IL. I, 782, 13-14. 

166 E Gen, s.v..; EM 196.37; EtSym I, 432.23. 

167 TptwBorov, the third key word, is very usual and appears more than 
500 times in the extant corpus. 

168 Hesychius, s.v. Cf. Theognostus, Can. 433.6. 

169 Sappho, fr.16. 

170 Archimedes, Stom. III.70.9-15 

171 [Ps.] Archytas, 39,13 and 7,6-7; cf. Thesleff 1965, 8-11. 

172 [Ps.] Timaeus 208,7; Thesleff 1965, 23. 

173 Iamblichus, De Comm. 8.121. For the Pythagorean pseudepigrapha, see 
fn. 43. 

174 For a similar interpretation, see Lloyd 2012, 395-396; Netz 1999, 35- 
38; Karasmanis 1987, 22; cf. Aristotle, Met. 998a.25-28; APr. 46a.8-9; 
Plato, Phaedrus. 73b1; Crat. 436d2. This also appears in the Islamic 
mathematical tradition; cf., for example, Lo Bello 2003, 105. 

175 Cf. fn. 27. 

176 This statement is not meant to undermine the undisputed scholarly 
value of Morrow or Thomas. It does show, however, how the digitalization 
of the ancient Greek literature, an effort which started in the 1970s, has 
allowed us to have a more accurate overview of the whole corpus. This 
relatively new tool is especially useful for historians of Greek mathematics, 
who usually struggle with the scarcity of their sources, as it promotes the 
idea to revisit and check older historians’ statements such as the above. For 
the purposes of the paper, I relied heavily on TLG. 

177 Some of Iamblichus’ symbols also appear in other sources; cf. 
Olympiodorus, In Phaed. 1.13; Simplicius, In Epict. LXVII, 18-9; 
Philoponus, In de An. 116, 30-117, 24. We know that Iamblichus was not 
the first to prepare a collection of symbols: Anaximander the Younger (ca. 
fifth century BC) is reported to have written a treatise entitled ‘Explanation 
of Pythagorean Symbols’ (cf. Suda, s.v.). Also Diodorus of Aspendus, 
Philochorus, and Androcydes are believed to have published on the matter. 
Iamblichus himself may have written a book On the Symbols, which is, 
unfortunately, lost. In addition, there exist quotations of symbols in several 
other authors, such as Plutarch, Athenaeus, Clement of Alexandria, 
Hippolytus of Rome, Diogenes Laertius, and Porphyry; cf. Burkert 1972, 
166-191. For a more recent study, see Thom 2013. 

178 Iamblichus, Pr. 108-11-12. 

179 Iamblichus, Pr. 125.1-8. 

180 One of the most controversial issues in the history of the reception of 


Pythagoreanism relates to the so-called ‘pseudepigrapha’, a group of 
treatises that was written in an artificial Doric to match its apparent 
Pythagorean origin. For a detailed study, see Thesleff 1965; cf. Centrone 
2014 and Bonazzi 2013, 386 fn.3. Despite the fact that there is an ongoing 
debate on whether symbols belong to the so-called ‘early’ or ‘later’ 
Pythagorean tradition, there is little doubt that the P-symbol is pre- 
Euclidean. 

181 Elias, In Porph. 25.24-29.2. The evidence that Elias even existed is 
scant. It is possible that his commentary on Porphyry’s Isagoge was 
composed as a transcript of Olympiodorus’ lectures. On this issue, see. 
Wildberg 1990, 37; Blumenthal 1981; and Westerink 1967, introduction. 
182 Psellus, Oratoria minora 18. 

183 Cf. Psellus, Oratoria minora 18.63-5; 18.86-89. 

184 Eustathius, In IL. III 529.11-12. 

185 Iamblichus, VP. 5.21.1-5.25.3. For the view that Iamblichus’ VP was 
the first of nine (or even ten) logoi (discourses, texts) by Iamblichus on 
Pythagoreanism, see O’Meara 2014. 

186 Cf. Iamblichus, VP. 33.233.14; 33.234.1; 33.237.1; 35.251.9. 
According to Rohde (1871, 1872), the VP is made up of bits taken from a 
life of Pythagoras by Nicomachus of Gerasa and one by Apollonius of 
Tyana. In Rohde’s view, Nicomachus conveys earlier sources, and most 
notably Aristoxenus, whereas Apollonius is extremely unreliable. These 
claims have been contested; cf. Burkert 1972, 98-101, Staab 2002, 217- 
237. O'Meara (2014, 412-414) argues that Iamblichus probably used more 
than two sources. Iamblichus himself quotes several texts, amongst which, 
Pythagoras Sacred Discourse (VP 82.12), Aristotle’s lost books on 
Pythagorean philosophy (VP 18.12-13), and Androcydes On the Pythagorean 
Symbols (VP 81.11-2). 

187 I have tried to trace the actual value of a three-obol (half a drachma) 
from 600 BC to 200 BC, and I have also taken into consideration variations 
in terms of place. Unfortunately, there is not a change great enough to 
allow us to establish conclusions on the primacy of one of the anecdotes. 
188 Pappus, Coll. 7.678.10-12. 

189 Later sources are definite on this: Marinus, for example, hints at the 
pedagogic usefulness of Euclid’s Data and Proclus praises the educational 
value of the Elements; cf. Marinus, In Dt. 256.22-23; Proclus, In Elem. 
71.5-24, 82.3-83.6. 

190 Proclus, In Elem. 70.1-18. For more information on the Pseudaria, see 
Acerbi 2008. 

191 Cf. Netz 1999a, 40-43; esp. at 42: “That diagrams were considered 
essential for mathematics is proved by books V, VII-IX of Euclid’s Elements. 
There, all the propositions are accompanied by diagrams, as individual— 
and as far as the situations allow—as elaborate as any geometrical diagram. 
Yet, in a sense, they are redundant, for they no longer represent the 


situations discussed.” 

192 Cf. Netz 1999a, 12: “That diagrams play a crucial role in Greek 
mathematics is a fact often alluded to in the modern literature, but little 
discussed. The focus of the literature is on the verbal aspect of 
mathematics.” Cf., e.g., Heath 1921, and Mueller 1981. It is telling that in 
Heath’s 1926 edition of Euclid’s Elements, the index does not contain the 
lemma ‘diagram’. In modern mathematics, diagrams are superfluous 
indeed; see Giaquinto 2008, and cf. Hilbert 1899, and Tarski 1959. 

193 See, e.g., Manders 2008a, 65-68 and cf. section II below. 

194 Cf. the controversy with regard to ‘geometric algebra,’ in particular 
Unguru’s 1975 seminal article and, recently, Sialaros & Christianidis 2016, 
esp. at 129-133. For the broader picture, see Netz 2003. 

195 See Kuhn 1996. 

196 The ever-growing interest in the ancient mathematical diagram is 
evidenced by an ever-increasing number of studies on this topic in recent 
times from a history and / or philosophy of science perspective. Often they, 
too, abandon the perspective of modern mathematics and, thus, adhere to 
the methodological principle underlying this paper; however, no consensus 
as to what a more adequate perspective might be has been reached yet. Cf., 
e.g., Manders 2008b, Norman 2006, Miller 2007, Mumma 2006, Mumma 
2008a, Mumma 2008b, Avigad et al. 2009, Mahr & Robering 2009, 
Macbeth 2010, Mumma 2010, Coliva 2012, Mumma 2012, Mumma & 
Panza 2012. One of the starting-points of this discussion is Netz’s 1999a 
study. Cf. the following note. 

197 Such a proposal has not been put forward yet. Though Netz 1999a also 
discusses the ancient diagram from a semiotic perspective, his results are 
quite different from the ones that I propose here; mutatis mutandis this is 
also the case with regard to Mahr & Robering 2009. This being said, 
Macbeth 2010 has pointed to some of the semiotic aspects explicated here. 
Nonetheless, as will be shown, her views differ significantly from those this 
paper advocates, especially with regard to the whole diagrammatic 
structure. The semiotic model-theoretic approach used for the following 
analysis has been put forward in Kralemann & Lattmann 2013b; for an 
overview on the contemporary theory of models, see, e.g., Frigg & 
Hartmann 2017, and Bailer-Jones 2009. 

198 In this paper, Euclid is quoted from Heiberg & Stamatis’s edition, and 
the translations follow Heath 1926 (unless otherwise noted). However, in 
the example, I have added a translation of the athetized sentence and 
marked off the six parts of the proposition: cf. section IV below (also for a 
more adequate translation of the ekthesis and, by implication, the 
kataskeue). 

199 The diagram shown here is a reproduction of the one printed in 
Heiberg & Stamatis’s edition. However, this edition cannot, as modern 
editions of Euclid’s Elements in general, be regarded as a critical edition 


with regard to the diagrams: see Saito 2009, esp. at 817-825, and Saito & 
Sidoli 2012. This fact, however, will not prove problematic for the 
approach put forward here, for it operates on a more fundamental, semantic 
level. On the general editorial problems connected with ancient 
mathematical diagrams, see, e.g., Netz 2004, 8-10 with regard to 
Archimedes (cf. Netz 2012, esp. at 164-176); see also, more 
comprehensively, Saito 2006, and, specifically with regard to the variants 
of the diagrams found in the Arabic manuscript tradition of Euclid’s 
Elements, see De Young 2012. One of the main goals scholars are 
attempting to achieve with regard to ancient mathematical diagrams is to 
provide a critical edition of them. The following discussion will suggest, 
however, that such an edition should aim not simply at reproducing the 
(variation in the) outer appearance of the diagrams, but at giving an 
appropriate representation of their (unique) semantic content, which 
consists in the specific abstract mathematical relations they exhibit. 

200 On this problem, see Mueller 1981, 12-14, and Netz 1999a, 240-270. 


201 Cf. Netz 1999a, 142. 

202 See, e.g., Netz 1999a, 12-88. 

203 In a different conceptual framework, an exclusively diagrammatical 
proof could, of course, be both possible and sufficient: cf. Miller 2007 (also 
Mahr & Robering 2009, 292-294, and Coliva 2012) and the studies referred 
to in n. 6 above. 

204 Netz 1999a, 19. 

205 Netz 1999a, 19. However, see also Patterson 2007, 11-25. 

206 Cf. Netz 1999a, 56-57. On the whole issue of mathematical proof in 
antiquity, cf. Chemla 2012a, in particular her 2012b introduction. 

207 Given the complexity of the ‘Divided Line,’ this similarity cannot be 
explicated here in detail; however, cf. below with n. 28. 

208 So the general definition of a sign in Peirce CP 2.228. Cf. Kralemann & 
Lattmann 2013b, 3400-3404, and see, comprehensively, Short 2007. 

209 On this classification of signs, see Peirce CP 2.247-249; cf. Lattmann 
2012, 537-539, Kralemann & Lattmann 2013b, 3404-3410. This 
classification is only one among many, though a very important one. 

210 On both points, see Kralemann & Lattmann 2013b; cf. Kralemann & 
Lattmann 2013a. 

211 With regard to the philosophical basis of this classification (i.e., 
Peirce’s theory of categories, which is based on the notion of relation) and 
with regard to metaphors in particular, see Lattmann 2012. An example of 
a metaphor is the sentence ‘Achilles is a lion,’ which implies a novel 
semantic quality of the word ‘lion’ for what, habitually, the word ‘Achilles’ 
represents, and this on the basis of an (implied) similarity between a lion 
and Achilles. Cf. Kralemann & Lattmann 2013b. 

212 This explains Mander’s observation that nowhere in Euclid’s Elements 
are exact properties relevant, but only (as he calls them somewhat 
misleadingly) “co-exact” properties (see Manders 2008b, esp. at 91-94). 
The latter are properties “that are insensitive to the effects of a range of 
variation in diagram entries” (Manders 2008a, 69) or, in the terms of 
modern mathematics, they are properties of which one might say that “they 
express the topology of the diagram” (Manders 2008b, 93). Using the 
modern concept of topology is, however, historically problematic, not so 
much because it is a modern theoretical approach, but because it introduces 
categories that cannot be adequately mapped onto the specific features of 
the ancient mathematical situation. 

213 Of course, from a contemporary point of view, these definitions are 
clearly not sufficient for proving what propositions are meant to prove: 
Euclidean proofs “appear more full of holes than a Swiss cheese” (Patterson 
2007, 18; cf. Mumma 2010, and Neuenschwander 1973, esp. at 326). See, 
in particular, Patterson 2007, 14-18 on how it is especially diagrams that 
make accessible and use the implicit assumptions etc. left out by the 
definitions. 


214 Euclid, Elem. I. df. 15: KUxAXoc éoti oxfipa eximesov vx0 uLtic 
ypauiic meplexopuevov [i] KaAsttat mepipepeta], mpdoc Av aq’ Evoc 
onpeiov TOV evtoc TOU oYHHATOS KEWMEVOV nioal ai npooninTOVOAL 
EVOETAL [POG THV TOU KUKAOU EPLPEPELAV] foal AAANAatGC eiotv. 

215 This is one of the main differences to Netz’s 1999a analysis: “I have 
argued that letters are primarily indices, so that representations employing 
them cannot but refer to the concrete diagram” (51). This leads him to 
assuming that “the option that the diagram points towards an ideal 
mathematical object can be disposed of” (51). However, according to Peirce 
(on which Netz, too, bases his analysis), indices can, of course, have a 
generic character. One may only think of the demonstrative pronoun ‘this,’ 
which Peirce often adduces as an example of indices. In general, the 
definition of indices only implies that there is an existential relation 
between sign and object; however, this existential relation can have a 
particular or a generic (or a potential) nature (which fact implies, in 
accordance with Peirce’s three fundamental categories, yet another 
exhaustive threefold classification of all signs). 

216 See Kralemann & Lattmann 2013b. 

217 The ‘printed diagram’ may be regarded as an ‘example’ of this more 
abstract diagram. On this epistemic function of diagrams in general, see 
Patterson 2007, 11-13. 

218 Cf. the (difficult) passage Plato, Resp. 510d5-511al1. These sweeping 
remarks must suffice for the present purpose; I will propose an in-depth 
interpretation of this model elsewhere. 

219 On the potential problems resulting from using Euclid, Elem. I.1 as an 
example to discuss the parts of a proposition, see Netz 1999b, 289. 
However, cf. the following note and the remarks on the symperasma below. 

220 Cf. the extensive discussion in Proclus, In Eucl. 203.1-205.12, esp. at 
203.5-15; cf. also 205.13-210.16 for the application of this schema to 
Euclid, Elem. 1.1; I render the terms in accordance with (or, in the case of 
dihorismos and kataskeue, on the basis of) Netz 1999b, 294-302. The 
schema can also be found (inter alia) in Hero, Def. 137.1. On some of the 
problems that scholars have seen with regard to the division of the 
proposition as per Proclus’s analysis, see Netz 1999a, 253, and, more 
comprehensively, Netz 1999b. One of the main points of criticism is that 
“the structure of Greek propositions is not as rigid as Proclus seems to 
imply. There is much variability, which shows that this conventionalisation 
[...] could not have been the result of an explicit codification” (Netz 1999a, 
253). This problem, however, can be solved by understanding Proclus’s 
division primarily in a functional way. This means that we should expect to 
find (more or less) all of what Proclus describes in any proposition (though 
with certain exceptions and / or modifications, depending on the specific 
case), but not necessarily in the same order and as strictly separated as in 
Euclid’s Elements. Put differently, the evident variability we encounter 


should not be understood as revealing (at least, per se) the inadequacy of 
Proclus’s analysis, but rather the possibility of different modes of 
presentation in different mathematical authors and / or works and / or 
situations, while in any case the specific mathematical functions of the 
different parts as enumerated by Proclus are being preserved. If so, the 
variability would, in principle, not be problematic at all. This, in particular, 
would, for obvious reasons, hold true for those propositions in which 
mathematical objects are also constructed within the proof proper 
(apodeixis) (cf. Netz 1999b, 290-294). Similarly, the validity of Proclus’s 
description does not depend on the terminology he uses: on this problem, 
cf. Netz 1999b, 294-302. On the ancient (especially mathematical) stoicheia 
literature in general, see Asper 2007, 94-212. 

221 Cf. Federspiel 1992, 15-17. For a more in-depth analysis, see Netz 
1999a, 43-56, esp. at 44: “First, what such clauses do not assert: they do 
not assert a relation between a symbol and an object. Rather, they assert an 
action—in the case above, the taking for granted of a certain line—and 
they proceed to localise that action in the diagram, on the basis of an 
independently established reference of the letters.” It has to be noted that 
the syntactical situation in the given example is obscured by the 
articulation of both S00etoa evOeia menepaouevn and AB; this articulation, 
however, represents only a relative determination. Accordingly, we do not 
find an articulation in comparable contexts in, e.g., Euclid’s Elements when 
the proposition does not deal with ‘given’ objects. Cf., in general, Kiihner & 
Gerth § 461 n. 4 and, with regard to the (specifying) articulation of only 
the second element of such a phrase (such as in “Eotw 8U0 Tpiywva Ta 
ABI, AEZ in Euclid, Elem. 1.4), Kiihner & Gerth § 463, 3 A. 

222 Cf. Mueller 1974 on the lack of logical deduction in Greek 
mathematics, though from a different viewpoint; cf. section V below. 
Macbeth 2010 introduces the notion of icon into the scholarly debate, but 
she identifies these icons (only) with the subordinate sub-models, i.e., the 
‘diagrammatical atoms’ (as they are called here), such as the circle ACE in 
Euclid, Elem. I.1. This, however, does not allow one to recognize and 
adequately deal with the fact that the whole diagrammatical structure, too, 
possesses mathematical attributes and relations of its own (cf. 255-258). 
Obviously, this insight has far-reaching consequences, in particular with 
regard to an adequate understanding of the nature of the (as she calls 
them) ‘pop up objects,’ such as the triangle ABC in our example 
proposition. 

223 Cf. Patterson 2007, 9, though from a different perspective: “The reader 
of Euclid will in fact often have just this sort of experience: the drawing of 
the diagram prior to the portion of the proof labeled ‘Demonstration’ 
(apodeixis) can make it immediately obvious that a theorem must be true 
and even suggest a proof strategy; the apodeixis then presents the worked- 
out proof.” Evidently, the proof proper has a textual nature, for only in the 


text the relevant attributes and relations can be explicitly addressed and 
dealt with. Therefore, it is misleading to say that “it is the diagram that is 
the site of reasoning in Euclid, not the text. The text, on this account, is 
merely a script to guide one’s words, and thereby one’s thoughts, as one 
walks oneself through the demonstration” (Macbeth 2010, 260). However, 
such a view on the ancient mathematical proof could be the result of an 
(ahistorical) implicit transformation of the single Euclidean diagram into a 
sequence of diagrams that each separately represent one single step of the 
proof (for which sequence such a description might be adequate indeed, 
i.e., depending on the concrete circumstances): cf. Macbeth 2010, 259-265 
(she adduces Euclid, Elem. I.31 and III.1 as examples). 

224 There are two important differences that are of interest for the given 
purpose (cf., e.g., the theorema Euclid, Elem. 1.4): (1) In the dihorismos, the 
problema states the goal of the construction by using a generic identifier, 
whereas in the theorema all mathematical objects that are being constructed 
are explicitly identified. The reason is obvious: in the problema, the 
construction of the sought-for object is the end-point of the proposition, 
and, therefore, it cannot be (shown as) constructed at an earlier point. (2) 
In the symperasma, the problema refers to the concrete mathematical 
objects, whereas the theorema refers to the abstract mathematical entities, 
resulting in the symperasma’s being almost identical with the protasis 
(except for the transparent addition of the concluding particle dpa). The 
reason is, more or less, the same as in the case of the dihorismos: the goal of 
a problema is the construction of a specific generic mathematical object, 
and this object has to be constructed within and / or as an extension to the 
concrete diagrammatical structure that has been constructed for this very 
purpose—and, in the concluding symperasma, it subsequently has also to be 
identified as such. This, however, makes it necessary that there be an 
explicit reference to concrete diagrammatical atoms. 

225 Cf. Netz 1999a, 35-43. In this regard, there are several similarities to 
Mahr & Robering’s 2009 approach, which describes Euclid’s mathematical 
‘diagrams as images that represent models’ (the article’s title is 
“Diagramme als Bilder, die Modelle reprasentieren”). However, there are 
significant differences, most of which result from the use of another model- 
theoretic framework (Mahr 2009) that limits the insights into the nature of 
diagrams as semiotic entities. For example, the most specific result of Mahr 
& Robering’s analysis is the assertion that ‘all diagrams illustrate the proof 
of a proposition’ (“alle Diagramme veranschaulichen den Beweisgang einer 
Proposition”). However, this general assertion does not explain sufficiently 
enough what ancient mathematical diagrams are and what they do. 

226 Mueller 1981, 13 and 14, respectively. See also Klein 1968, 117-125, 
Mueller 1981, 12-14, Netz 1999a, 240-270, and Manders 2008a, 72-75. 
227 Mueller 1981, 13, and Netz 1999a, 270, respectively. 

228 For a more adequate translation of this sentence see above with n. 31. 


Though, in particular, Netz rightly rejects Heath’s translation and gives a 
more adequate translation, he interprets the sentence in a rather different 
way: see Netz 1999a, 43-56. 

229 At some places, Euclid speaks about arbitrary points etc.; cf., e.g., 
Elem. 1.5 and see the overview given by Netz 1999, 246-252. While it is 
evident that such mathematical objects do have a particular nature, it is 
equally evident that there is a significant difference to the fundamental 
methodological phenomenon that is discussed here. It is transparent that in 
such cases, Euclid does not investigate the essential invariant properties of 
the universal mathematical objects per se, but explicitly singles out and 
focuses on only one arbitrary instantiation of an indefinite set of similar 
objects, and this is reflected in the invariable addition of modifiers such as 
tlic oder TUXWV (which are nota bene never used in the default case). This, 
however, leads indeed to the epistemological problems sketched above. 

230 On the question of mathematical induction in antiquity, cf. Unguru 
1991, Fowler 1994, and Netz 1999a, 269. 

231 Cf. Unguru’s paper in this volume and, as a telling example, Waschkies 
1989 for the relation between oriental and Greek arithmetic; see also 
Hgyrup 2002, Waschkies 2004, and Asper 2007, 94-96 and 377-381. For 
diagrams especially in Egyptian mathematics, see De Young’s 2009 
comprehensive survey; cf. also, e.g., the Rhind Papyrus, which clearly 
demonstrates the primarily particular and practical nature of Egyptian 
mathematics (see Robins & Shute 1987). 

232 The controversial details cannot be discussed here. For the broader 
picture, however, see Asper 2007, 197-212, Asper 2009, Cuomo 2001, 4—- 
61, Waschkies 2004. See also Hahn 2017, especially the introduction. 

233 See Kappel 1999. Cf. the similar case of geometrical drawings found on 
tiles used for building the temple of Artemis in Ephesos dating back even to 
the seventh century BCE; see Schadler 2001. 

234 Cf., e.g., Knorr 1975, esp. at 62-108, and Burnyeat 1978 for an in- 
depth discussion. 

235 This holds irrespective of when exactly incommensurability was 
‘found’; see Cuomo 2001, 30 for a brief overview and cf. Lehman & 
Weinman’s paper in this volume. As I will show elsewhere, the recognition 
that such a phenomenon as incommensurability exists (in contrast to 
simply finding certain pairs of magnitudes for which it was practically 
difficult to determine the common measure, but which only later were to be 
described as being in principle incommensurable, that is, after a scientific 
revolution) historically presupposes both the invention of the universal 
mathematical diagram and Eudoxus’s theory of proportion. 

236 The Meno passage will be discussed elsewhere, too. For a reading of 
the passage in the context of ‘Euclidean’ mathematics see also Patterson 
2007, who first discussed the similarity of this passage to (some sort of) 
Euclidean methodology; cf. Patterson 2007, 7: “Note that, although 


Socrates’ version is idiosyncratic, it bears significant resemblance to a 
Euclidian production proof [...].” 

237 This is one of the significant differences of the approach explicated 
here from topological approaches to explaining the ancient mathematical 
diagram; cf., e.g., Manders 2008b, Miller 2007, and Mumma 2006. Though 
these analyses can explain many aspects of the use of diagrams from a 
modern theoretical perspective, they are not sufficiently grounded in the 
historical practice and theory of classical Greek mathematics. 

2381 am grateful to the Alexander von Humboldt Foundation for awarding 
me a Feodor Lynen Research Fellowship, which has given me the wonderful 
opportunity to work on this project at the Department of Classics at Emory 
University. My academic host Peter Bing and his colleagues have made this 
research stay a most enriching experience. Special thanks go to Richard 
Patterson for stimulating and enlightening discussions about Plato and 
ancient mathematics as well as for his generous help in improving both the 
argument and the English of this paper. I also feel obliged to express my 
gratitude to the American Friends of the Alexander von Humboldt 
Foundation for awarding me the Calder Fellowships 2013, 2014, and 2015, 
not only for the reason that they have allowed me to present my thoughts 
on the ancient diagram at this wonderful conference, for the organization 
of which I thank Michalis Sialaros. Finally, heartfelt thanks to Lutz Kappel 
for his never-ending support, and to the late Hans-Joachim Waschkies for 
his friendship and for all that I had the honor of learning from him. 

239 As it will be shown below, ‘composition’ was never regarded as an 
operation—with a couple of noteworthy exceptions. I employ the term here 
for the sake of being concise. 

240 According to Eutocius, dividing the unit does not pertain to arithmetic 
but to logistic (AOO III, 120.28-30: Wot’ én’ Exeivoov [scil. superparticular 
and superpartient ratios] Statpetéov THV povdda, 6 ei Kal ph Kata TO 
MpOOhHKOV Ti AplOuNTiKi, GAAA TH AOyloTLKA, TUyxdvev. An earlier 
definition of logistic—which almost certainly can be ascribed to Geminus (a 
first-century BC mathematically-minded philosopher and polymath, maybe 
a pupil of Posidonius)—does not allow dividing the unit. This definition 
can be found in pseudo-Hero, Def. 135.5-6 (HOO IV, 98.12-100.3), and is 
also preserved, by a different line of tradition, as a scholium to Plato’s 
Chrm. 165e6 (Scholium 27 in Cufalo 2007, 173). It is possible that the 
domain of logistic was expanded to include fractional parts as a 
consequence of the adoption of the sexagesimal system in Greek 
mathematical astronomy. This happened some time around Hipparchus’ life 
span, which certainly included the interval [147-127] BC. The best 
introduction to Greek logistic is still Vogel 1936. 

241 Critical edition, with an introduction and a commentary, of the 
relevant Almagest scholia in Acerbi 2017. I am also preparing a critical 
edition of the Isagoge of George of Trebizond, which is attested in two, 


quite different, versions in Latin and in Greek. 

242 Adyos &k Adywv ovyKElobal A€yEeTal, S6Tav ai TOV AdywV 
TNALKOTHTEG EP’ EQUTAG NMOAAATAQOLADBEloal OLMot TIva; EOO II, 
72.13-15. My translation of Elem. VI.df.5 includes a final integration based 
on Theon, in Alm. I.13, iA, 533.1-2, who is the only independent source 
from the Late Antiquity that completes the final tiva of Elem. VI.df.5 with 
TINALKOTHTA AOYOU. 

243 See EOO II, 72.7 and 73.13-15 app.; see also 73 n. 2. 

244 See Saito 1986 and Sylla 1984, 18-19 and 22-23, for earlier 
discussions. 

245 As we shall see, Greek arithmetic theory employs an ‘additive’ lexicon 
to conceptualize and formulate these operations on ratios. 

246 I shall write a ratio in the form a:b and the corresponding mnAtkoTns 
in the form a/b. 

247 EOO II, 146.9-10 and 286.2-3, respectively. 

248 Elem. V1.23, EOO II, 146.24—25. 

249 Similarly, in the enunciations of Elem. VI.23 and VIII.5 we read Adyov 
éyel TOV ovykeivevov Ek THV AAEUPHV and not AdyOV EYEL TOV 
OVYKEILEVOV EK TOV TOV KAEUPHV; my emphasis. 

250 Elem. VIIL5 also implicitly uses commutativity of multiplication, 
namely, Elem. VII.16. This has no counterpart in VI.23, since the 
proposition holds for ‘parallelograms’ (+ two-letter designation) and not 
simply for ‘rectangles contained by’ (+ three-letter designation). In fact, 
the geometric ‘counterpart’ of commutativity of multiplication simply 
amounts to a permutation of the letters denoting the parallelogram. 


251 The definition is a disjunction of conditions and only involves the 
relational operators ‘to be equal to’ and ‘to be identical to’. 

252 See EOO II, 146.14 app. Theon’s supplement is unnecessary, since the 
names of the sides are univocally determined by the names of the 
parallelograms and by the names of their equal angles, and these names are 
provided in the setting-out. Moreover, Theon’s supplement shows that he 
misunderstood the logic of the proof, since there are two perfectly 
equivalent possibilities as to which sides are to be coupled in the 
compounding ratios, and this symmetry is spontaneously broken only in the 
construction. Note that the same overspecification is forced by my, mildly 
symbolic, formulation of the proof. 

253 The deduction at issue in VI.23 is at EOO II, 146.21-148.1, to be 
compared with EOO II, 286.13 app. 

254 Reasons for introducing the lines K, A, M are adduced in Mueller 
1981, 154-155 (where the above alternative proof is also proposed), and 
Saito 1986, 32. The solution of this interpretive problem can only be a 
matter of guesswork. 

255 Actually, in VIII.5, no canonical formula is present at all. 

256 As for the verbal forms employed in the canonical formula, the 
Archimedean corpus offers 12 occurrences of forms of ovyketo8at (they all 
are participial forms); 6 of forms of ovuvdsteobat—of these, 5 are of the 
form ovvijxtat (in Sph. cyl. 1.4 (quater) and in II.8 aliter), and 1 of the 
participle ovvnupevos (in Sph. cyl. I1.8 aliter). 

257 See AOO II, 388.12-14 and 390.1-4, respectively. 

258 See AOO I, 304.13-18; 364.10-18; 364.22-26 (rightly bracketed by 
Heiberg) and 366.6-9; 368.25-370.3 and 370.4-8; 430.25-432.4 and 
432.10-14, respectively. The property states that cones and their segments 
have to one another the ratio compounded of that of their bases and of that 
of their heights; it combines Elem. XII.11 and 14. As Pappus also does, and 
very much in line with a ‘solid’ counterpart of Elem. VI.23, in Con. sph. 10, 
23, 24, and 31, compounded ratios are thus used by Archimedes to express 
ratios of solids as compounded of ratios of suitable surfaces and linear 
elements of the solids themselves. 

259 See AOO I, 190.4-6, 8-10, 14-18. 

260 See AOO I, 216.14-20 and 216.24—26 (application of what we read as 
Elem. V1.23). To justify the insertion of several middle terms, Eutocius 
(AOO III, 203.2-16) refers back to his own general treatment of 
compounded ratios, which we shall discuss in sect. III.1.2. 

261 On this thorny issue, see Netz 2004 and Acerbi 2005. Eutocius 
provides a very long commentary on Sph. cyl. IL8 aliter, in which he 
completes the attested proof at several points, adding, in particular, the 
synthesis (AOO II, 202.1-216.12). Before this, he proves an interesting 
lemma, linking the formulation in terms of compounded ratios with that in 
terms of ‘multiplication’ of magnitudes; see the first footnote in section 


I11.1.2. 

262 In AOO II, 389 n. 4. 

263 There are 21 occurrences of this formula in the Elements. 

264 We read Eutocius’ argument in AOO III, 128.20-130.2. 

265 As for the verbal forms employed in the canonical formula, the Conica 
offers 79 occurrences of ovyKeto8at (59 of participial forms, 20 of 
oUyKELTAY; 4 of ouvdateobat (1 of the form ovvijxtat (in 1.38), 3 of the 
participle ovvnupévov (in II.14 and 15 (bis)). 

266 This happens in Alm 1.14, 16, II.2, 3 (ter), 7 (bis), 10, 11, 12 (bis), 
VIII.5 (ter), 6 (bis); see iA, 555 n. 1. 

267 For a clear exposition of the mathematics involved, see Neugebauer 
1975, 26-30. 

268 The plane case is proved in POO I.1, 68.23-70.16, and the Sector 
Theorem at 74.9-76.9. 

269 As for the verbal forms employed in the canonical formula, the 
Almagest has 6 occurrences of ovykeio8at (1 of the form ovyKeipEevos, 1 of 
ovykeiobal, 4 of oUyKEltal); 24 occurrences of ovvdsteoOat (6 of 
OUVNHHEVOG, 16 of ovvijxTal, 1 each of ovvij@bat and ovvapOnoetal). 
270 As for the verbal forms employed in the canonical formula, the 
Collectio has 20 occurrences of ovykeio8at (10 of participial forms, 10 of 
oUyKELTAU; 67 of ovvdxTEeobalt (20 of the form ovvfjxtat, 47 of forms of 
the participle ovvnupevos). 

271 See also the enunciation of what is known as ‘Gouldin’s theorem’, in 
Coll. VII.42. 

272 Here and henceforth, I follow Jones’ 1986 translation. 

273 The language deemed inadequate by Pappus resorted to 
‘multiplication’ in Heronian style of squares and rectangles; this is the 
approach of Sph. cyl. II.8 aliter, as we have seen. 

274 In iA, 543.6, é&wOev, in the expression €&w0ev AauBavouEevNG, is 
replaced by péonc. 

275 As for verbal forms employed in the canonical formula, books I-IV of 
Theon’s commentary on the Almagest have 62 occurrences of ovyKetodat (8 
of forms of ovykgivevoc, 1 of ovyKetobat and of ovyKEio8w, 52 of 
oUyKElTav); 18 occurrences of ouvdnteo8at (17 of ovuvijxtat, 1 of 
ovvf@eat). I have excluded the occurrences in quotations from the 
Almagest. In iA, 542.6—-7 and 545.2-3, we read citations of Elem. VI.23. 

276 Still, ‘homonymous’ (OuWpUupOS) is the adjective we read, with 
identical meaning, in Elem. VII.37—9 and in some of the sources we shall 
meet in the following pages. 

277 In some sources, this division into cases is also motivated by the fact— 
a priori irrelevant if one only sets out to remove ratios from compounded 
ratios—that no applications of the Sector Theorem simply require to 
remove a ratio from another, but also to calculate one of the terms of the 
remainder, the other term being given. 


278 Heath (1921 II, 538), and Bulmer-Thomas (1971, 160) following him, 
translate the verb as ‘to take out’; Knorr (1989, 202-204) has ‘to subtract’; 
Ruelle (1883) is more inconsistent by using ‘retrancher’ in the introduction, 
and ‘6ter’ or ‘enlever’ in the translation; Tannery (1885, 221 of the reprint) 
‘supprimer’; Riedlberger (2013) ‘to remove’. The problem of this translation 
is discussed by O. Riemann in note 1 of Ruelle 1883, 85; cf. Riedlberger, 
2013, 201-202; Acerbi & Riedlberger 2014, 406; and Acerbi & Pérez 
Martin 2015, 123 (the last two articles use ‘rimuovere’). 

279 The former verb as a prevalent arithmetical connotation, while the 
latter as a prevalent geometrical connotation, even if register-crossing may 
occur. As we have seen, only ovvti0évat—and most frequently its passive 
ovyKeto8at—occurs in the sectorial lexicon of compounded ratios. 

280 Cf. iA, 532 n. 1, for a discussion on the authenticity of the first passage 
and of its location in the manuscripts. 

281 Cf. iA, 534.9. 

282 The text is probably corrupt; see Rome’s discussion at iA, 762 n. 2. In 
the enunciation of this theorem, one must athetize dvdnaAw at 761.1, 
contra Rome. 

283 Cf. In Sph. cyl. I.4, AOO III, 120.3-126.20 and in Con., AGE II, 218.6— 
220.25. The texts that triggered Eutocius’ digressions are Archimedes, Sph. 
cyl. 11.4, AOO I, 190.4-6, and Apollonius, Con. I.11, AGE I, 40.8-10, 
respectively. Add to these the proof that, if there are four terms A, I, A, B, 
“the ratio compounded of that of the <rectangle contained> by A, B to 
the <square described > on I with the ratio of B to A is identical to that of 
the <rectangle contained> by A, B times B to the <square described > on 
T times A” (in Sph. cyl. IL8, AOO IH, 198.19-200.31). The proof, that 
applies the 8v ioovu proposition, is translated as Document 6 in the 
Appendix. 

284 The text reads as follows (in Con., AGE II, 218.6-15): “since this was 
treated by the commentators in a most inductive way, and not according to 
cogent methods, I had some thoughts on that and I have written them 
down in my own published <notes> to the fourth theorem of the second 
book of Archimedes’ On the sphere and the cylinder, and in the annotations 
to the first book of Ptolemy’s Syntaxis. It will do no harm that this be also 
written here, because it is by no means obvious that the present readers 
will also read those expositions, and since almost the entire treatise of the 
Conics makes use of it” (Emel 5& EmaKTIKWTEpOV LGAAOV Kal OU KATA TOV 
avayKatov Tpdx0v Uxd THV VOLVNHATLOTOV EXEYETO, ECNTHOALEV AUTO 
Kal yéypantat év TOIg EkSESouEvOLS Huiv Eig TO TETAPTOV BDEWoNLA TOU 
SEuTEpOV BiBAiou THV Apxtundous wEpl o*aipac Kai KUAIVSpouU kai év 
TOIg oyoOAiolG TOU mpwtov PiPAiov Tic MtoAEuaiovu ovvtTdgews: ov 
xyelpov S& Kai eévtavOa TOUTO ypagijvat Sta TO EN ndvTwG TOUG 
avaytvwokovtas KdKeivoig évtTuyydvety, kai OTL oyEed0v TO OAOV 
OUVTayHa TOV KOVLKOV KExYpNTal avT). Thus, quite clearly Eutocius 


asserts that what we are going to read is more or less identical to two 
previous expositions of his. One must infer that the now lost ‘annotations to 
the first book of Ptolemy’s Syntaxis’ contained the same material as we find 
in the two surviving commentaries. Moreover, Arcadius cannot be the 
author of the part of the Prolegomena we shall deal with in section II.1.4: 
on the one hand, he is mentioned by Eutocius because he adhered to the 
‘inductive’ mode of presentation; on the other hand, the Prolegomena does 
not resort to this mode but expressly refers to Pappus for a general 
exposition and otherwise only provides specific examples (which do not 
amount to an ‘inductive’ proof). These remarks disprove both Mogenet’s 
contention (1956, 13-44) that Eutocius was the author of the Prolegomena 
and Knorr’s (wrong) inference from his own (correct) rebuttal of Mogenet’s 
thesis that Arcadius himself, a character we simply know nothing about, 
authored the Prolegomena (1989, 155-177). 

285 Contrary to what is suggested by the qualifier ‘fourth’, the position in 
the proportion of the number to be determined is immaterial, if we allow 
for a rearrangement of the given terms. 

286 And, in fact, passing to mnAtKOTNTES iuxta Elem. VI.df.5 and inserting 
number 9, we get 12 6 =(129)( 96), = No) where we are entitled 
to write the mnAkotnTEs of the ratios as fractions. 

287 The standard edition of Domninus’ works is now Riedlberger 2013, 
which also contains the best available discussion of his life and works. The 
scholium is edited and thoroughly discussed in Acerbi & Riedlberger 2014. 
288 I use the critical text of the Prolegomena that I have established in 
collaboration with N. Vinel and B. Vitrac. A debased edition (and a bad 
translation of the section of the Prolegomena on compounded ratios and 
removal) appears in Knorr 1989, 185-201. 

289 The scholium is edited in EOO V, 714.17-718.22, as a part of sch. 1 of 
the Appendix Scholiorum III. 

290 On the basis of a misinterpretation of the alphabetic letters employed 
there as ordinals, the scholium was also absurdly held to contain germs of 
algebraic notation; cf. Vogel 1960, 661. To employ ordinals as dummy 
letters was a common and widespread practice in Greek mathematics; it is 
enough to get a look at Elem. V. These alphabetic signs are treated in the 
scholium as real denotative letters, since they are marked by a 
superimposed bar and not by an apex, as ordinal numbers usually are. 

291 A superparticular ratio has the form (n + 1):n; a superpartient ratio 
has the form (n + k):n, with n > k. 

292 The second word is given in an abbreviated form. Heiberg, tentatively 
—and unnecessarily in my opinion—proposed the reading oy OALKOV. 

293 For a first assessment, see Acerbi & Pérez Martin 2015. A complete 
edition of Cydones’ scholia—which have never been studied—will follow. 
294 EOO V, 720.1-721.2, as sch. 2 of the Appendix scholiorum III. 

295 Its relatum in Ptolemy’s treatise is Alm. 1.14, POO 1.1, 78.3-7: 


“therefore, if from the ratio of 120 to 48;31,55 we remove that of 60 to 
120, the ratio is left out of the <chord> under the double of <arc> ZO to 
that under the double of OH, the one of 120 to 24;15,57” (€av dpa and 
TOU THV pK mpOS TA UN Aa’ ve” AOyOU APEAWHEV TOV THV & mpOG TA pk, 
KatanrEineTat O AGYOS THG LTO THV SiMAMV THs ZO mpos TV UxO THV 
SutAfy Tic OH 0 THV pk mpoc TA KS LE’ VG"). 

296 Its relatum in Ptolemy’s treatise is Alm. II.7, POO 1.1, 121.21-122.21. 
297 For George of Trebizond’s translation of the Almagest, see http:// 
www.wilbourhall.org/index.html#ptolemy; Regiomontanus’ —_ Defensio 
Theonis is transcribed and studied in http://regio.dartmouth.edu/about/ 
about-project-html. On George of Trebizond, see Monfasani 1976 and 1984. 
298 An ‘irrational’ ratio is such that its terms contain fractional parts; a 
‘rational’ ratio has only integer numbers as its terms. This was standard 
terminology in Byzantine authors. 

299 Translated from EOO VIII, 160.5-13 and 14-16; 164.1-3 and 15-17; 
166.1-3; 168.1-26. Proposition 3 is excluded since it does not deal with 
compounded ratios. 

300 Translated from Jones 1986, 301.30-303.12. 


301 Translated from in Alm. 1.13, edited in iA, 533.3-535.7; also, in Alm. 
IL.11, edited in iA, 761.1-762.2. 

302 Translated from Acerbi 2017, 228-229. 

303 Translated from Acerbi 2017, 233. 

304 Translated from in Sph. cyl. IL8 aliter, edited in AOO II, 198.20- 
200.17. 

305 Translated from in Sph. cyl. II.4, edited in AOO III, 122.11-124.7. The 
clauses omitted in in Con., AGE II, 218.27-220.16, are bracketed. For the 
underlined deduction also see the main text; slight variations in wording 
are not considered. 

306 Translated from EOO V, 716.24—717.18 and 718.9-22. 

307 Translated from Tannery 1940, 352.25-31 and 353.31-354.14. 

308 Translated from EOO V, 327.12-329.17. 

309 Translated from Acerbi & Pérez Martin 2015, 136. 

310 The extremes of ‘the sign of the letter chi’ are meant. 

311 Here, as elsewhere, Bryennios inverts the terms of the ratio. The 
mistake will not be corrected until the end of this first taking of a fourth 
proportional. The numerical operations are correct, their correlatives in 
terms of designators are not. 

312 The verb ‘to apply’ (mapaBdAAetv) denotes the geometric construction 
corresponding to a numerical division: a plane region is ‘applied’ to a 
straight line when it is transformed into a rectangle having the straight line 
as a side. The ‘result’ of the application is the other side of the rectangle. 
313 Again, the extremes of ‘the sign of the letter chi’ are meant. 

314 Note that the second and third identification of the numerical values 
with the compounding ratios are false, as it must be since KA = ET. 

315 If we consider the compounded ratio ‘17;37,45 to 24;15,57’, the 
procedure of removal simply amounts to eliminating its consequent. 

316 Translated from Carelos 1996, 69.15-24, 75.4-76.15, 80.10-18 and 
81.7-20, 82.22-83.7. 

317 Translated from my own critical text of Cydones’ scholia. 

318 Translated from Acerbi et al. 2016, 443. 

319 Translated from my own critical text of the Isagoge to the Almagest. 

320 Namely, a compounded ratio written in standard form. 

321 In what follows, all translations, unless stated otherwise, are mine. 
Inscriptions cited may be found at the Packard Humanities Institute: http:// 
inscriptions.packhum.org. 

322 Cf. Scholz 1928. 

323 Cf. Knorr 2001. 

324 Cf. Fowler 1999. 

325 Cf. Szabé 1978, 99-184. 

326 Cf. Knorr 1975; Netz 2002. 

327 Cf. Turner 1951; Lang 1957; Lang 1968; Keyser 1986; Scharlig 2001a 
and 2001c. 


328 Cf. Turner 1951, 65-69; Williams and Williams 1995. Despite the 
many texts they furnish to show that Greeks and Romans used fingers for 
calculating, neither can provide any clear example to show how this was 
done. For any complicated calculation, either some numbers are presented 
in some other format, or a good memory is required, in which case ancient 
calculators are in the same position as modern ones. Those with good 
memories and skills can do it; those without cannot. I also wonder what 
happened to those students who could not independently bend the pinky 
and ring finger. 

329 Cf. Lang 1956 and 1976; Lawall 2000; Johnston 1979, 30-31. 

330 See Tod 1911/12 and 1913 for seminal papers, but also Chrisomalis 
2010, Threatte 1980, Johnston 1979 and 2006. 

331 Cf. Threatte 1980, 117-119; Tod 1954. 

332 Cf. Chrisomalis 2010, 54-56, 70-76, 247-249. 

333 Chrisomalis (2010, 93-104, esp. 103) calls the system ‘Italic’ on the 
assumption that it first appears in Italy and particularly among the 
Etruscans, and in following the suggestion of Keyser 1988 that the Etruscan 
version is based on a tally system where the symbols for 5x10" are the 
bottom half of the symbols for 10"+1, and finally an a priori argument that 
the tally system should precede any acrophonic system. However, given 
that these and other variants all appear about the same time in the middle 
to end of the sixth century in many places, the argument is at best one of 
plausibility. I do not see why someone could not adapt an acrophonic 
system to a tally system, just as the other way around. Someone might have 
taken a practice of tallying lllllll\(9 strokes with the last crossed), which 


perhaps could evolve more reliably (or randomly) into Illllwith the 
merchant then selecting A and X to correspond to the acrophonic numerals 


or as a invention of their own. Or they might have taken a tens tally and 
made the decision to adapt the acrophonic system by taking the lower half 
of X for 5. It is even still possible, if less likely, that, with Graham 1969, the 
values for 5, 10, 100, 1000 were originally taken from the end of the 
Etruscan alphabet, as A, X, ¥.8, with the last three symbols occurring in 
fourth-century real estate sales records in Olynthus, which then evolved 
into A, X, *@, but with the modification, with Keyser and Chrisomalis, that 
the 5’s are regarded as part of the next higher decimal digit, but here on 
the basis of an analogy with A and X (numerals for 5 x 10” are not found 
at Olynthus, but that is just an accident of the sales records—it is just 
unknown whether Olynthian numerals in the fourth century included a 5 
sub-base). Cf. also Johnston 1975 for a related system. My point is that we 
just do not have enough evidence to do more than guess and too many 
plausible stories available. All that is essential to my argument is that the 
Greco-Italic systems were common in Italy, Sicily, and Greece by about 500 
BC, before Greek number theory developed. It takes but one person to 
invent a system of numerals, and it is just not possible, without evidence, to 


know either his psychology or that of those accepting the system. 

334 Cf. examples in Ifrah 2000, 189-190. The Etruscan is to be read right 
to left. 

335 Chrisomalis 2010, 9-14 and Chrisomalis 2004. 

336 Even here there are exceptions. Tod (1911-12, 127) alludes to two 
Boeotian systems where there are signs for 30 and 300. 

337 With exceptions, most prominently IG IV 523-5 (Argive Heraeum), cf. 
Tod (1911-12, 103) and Mitsos (1947, 85 and Plate XIV n. 8); also, cf. Tod 
1936-1937, 238-242, 255-257. 

338 Keil (1894, 253, n. 1) introduced the term. For early essays, cf. Tod 
1911-1912; 1913; 1926/27. 

339 So long as we do not limit the term to alphabets, the Assyro- 
Babylonian common system is acrophonic given the representations of 100, 
1000, and occasionally 60. Cf. Ifrah 2000, 137-139. 

340 After stating that Attic numerals are derived from the first letter of the 
word for the number, with I implausibly derived from the occasional 
feminine form ta (it is not just that I is the standard symbol for 1 almost 
everywhere, but the form itself), Priscian, De figuris numerorum..., 1.4-6 (p. 
406) goes on to create a story that Latin numerals work somewhat the same 
(easy for C, M), in refutation of which, cf. Keyser 1988. 

341 Tod (1936-7, 254-255) discusses a late possible exception in a day of 
the month from Aphroditopolis, 57 or 56 BC, which could well be a scribal 
error, ‘for I (third) or I (tenth) in the Ionic system. 

342 I do not understand the discussion of Chrisomalis (2010, 116-118) for 
the claim that Greco-Italic sub-base 5 numerals are not calculative, that is 
that “people used abaci or finger computation to actually manipulate 
numbers with the numerals being used only to express the result.” First, the 
move from the numerals to the calculating table is direct and requires no 
translation (as, for example, is required when one moves from binary 
calculation to the decimal input/output of a computer). So the numerals 
are actually represented on the board. Secondly, one could, of course 
dispense with the table and use the numerals directly: |||+HI||| = 
HI|||||| = HI C |] {||| |= HIT|= HA, ........... each |, -H, replacing a stone 
on a table in its special place, that is doing exactly what one does on the 
table, even more clearly if they are appropriately aligned (cf. Turner 1951, 
64-65). Even our position-decimal system is more complex, since one needs 
to memorize an addition table. As to multiplication and division, one can 
readily construct rules that mimic practice on an abacus. If one did not do 
this in one’s head, one would do it on an ephemeral medium, such as a wax 
tablet, and it would be strange indeed if no one in the ancient world ever 
learned to calculate reasonably messy numbers in their head. It would be a 
great limitation on ancient calculators and businessmen if they always 
needed to use an abacus or fingers. For a contrast with an Ionic abacus, cf. 
Scharlig 2001b, but of the Hellenistic Age; cf. also West 1992. Here, the 


symbols base 10, sub-base 5, need to be translated back into the Ionic 
system. 

343 There are many accounts of how Greek abaci worked. Cf., for example, 
fn. 7. 

344 Cf., for example, Knorr 1975, 135-169. 

345 Archimedes gives his system in the Arenarius; the suggestion that 
Apollonius is responsible for the other method is based on the relics of 
Pappus Collectio Il, a series of theorems of Apollonius that employ system. 
They are also semi-symbolic number systems, for which see how the 
components get combined in Pappus, Collectio II 18.23.-28.28. At least, 
when Proclus, In Rem Publicam II 23, reports a number from Sosigenes in 
Apollonian form, he writes out which myriad each set of Ionic numerals 
represents, starting from the fourth, ie, a multiple’ of 
1,0000,0000,0000,0000, to the first myriad, i.e. a multiple of 1,0000, to 
units. 

346 As Fowler observes (1999, 258-262), P. Cair. 89127-30, 37-43 from 
the third century BC also uses a symbol for 5/6, which he describes as a 
ligatured 2’ 6’. The question is how one conceives a ligature. Cf. 
Chrisomalis 2003. Chrisomalis also derives the Ionic system from Demotic; 
however, assuming that he is right, there is still no necessity that both 
systems, the whole number system and the fractional system, derived from 
Demotic at the same time, as I shall argue. 

347 Note that I not suggesting that our conception of fractions is non- 
iterative, e.g., where m/n is the number that results when m is divided by 
n. The Greeks never conceived of fractions in this way. 

348 Cf. Fowler 1999, 224-229. Fowler uses 2’ for 1/2 and 3” for 2/3, 
where I use Z and 2’, which are closer to the original, if less clear to the 
modern reader. 

349 P. Hibeh i.27 has at least two clear exceptions to this, where 45’ is 
written 5’40’ (Ins. 89, 123), cf. also In. 153 for 3’10’40’5’5’, clearly an error 
that was poorly corrected—it should be 3’10’5’40’5’, i.e. 3’ 15’ 45’). 

350 Cf. Fowler 1999, 224-229. 


351 Here, Fowler (1999, 227) calls fractions of the form p/q, which can be 
manipulated, ‘common’ and argues against these being genuine common 
fractions. This question is outside my present concern. For a different view, 
cf. Knorr 1982 

352 Cf. Fowler 1999, 255-257 and Vitrac 1992, 162-164. Certainly, by the 
third century AD, such fractions are common, as in Diophantus. Metrodorus 
(ca. 300 AD) writes out in his poems even unreduced fractions, cf. 
Anthologia Graeca XIV 117 (éxta ... S0ld or 2/6), 119 (8Ko TETpAaTa or 
2/4), 140 (8U’ éxta or 2/6), 143 (80’ 6yS0a or 2/8). Although he normally 
will use written out common fractions, I note that Metrodorus once (xiv 
121) writes out a unit fraction for 2/15 as “eighth and twelfth of one tenth 
(GyS00v SE LLG SwWSEKaTOV SEKATNS)”, but this way of writing 120’ may 
be due to metrical constraints. 

353 Cf. Aristotle, Ath. Const. 63-64. In this regard, it is significant that the 
ranking comes from the order of the alphabet, not necessarily starting from 
A, given that the law courts are numbered from A, while the jury pool from 
each tribe is divided into 10 groups lettered A, ..., K, so that the boxes 
involved in a jury selection will still be A, ..., K, A, ..., depending on how 
many juries are needed. Obviously, this system presupposes the Ionic 
alphabet, officially adopted in 403/2. 

354 Cf. Threatte 1980, 117-119, as well as Tod 1954. 

355 Most notably for Homer, Herodotus and Demosthenes. Cf. Graux 1878; 
Burger 1892; and Wendel 1949 chapter 3 83. 

356 For Sappho, cf. Yatromanolakis 1999. The issue of the number of 
Sappho’s books, 8 or 9, can readily be explained by a confusion of reading 
© as a numeral instead of as a letter. The earliest suggested arrangement of 
Homer’s epics into 24 alphabetically ordered books would seem to be that 
of Nagy 1996, the period of rule in Athens by Demetrius of Phalerum (317- 
307 BC). Cf. Haslam 1997, 58 n. 6. Aristotle is more controversial. 

357 On the prevalence of written out numbers in Attic inscriptions, cf. 
Threatte 1996, 412-449. 

358 So Keil 1901. 

359 As Koehler (1896, 153-154), though we need not infer, with him, that 
the text is astronomical. 

360 As IG31387 col. W3 and X11. The occurrences of O are only in the left 
fragment. This may be worrisome—the two fragments might be two related 
stele. 

361 As Koehler 1896, 153-154. Note that he only considers the part of the 
inscription where AA and O do not occur. 

362 Keil (1901, 154 n. 1) rightly notes that all the other right digits are 
10’s, I, ..., N, with K absent, and so infers wrongly, as I suspect, that AA 
must be a mason’s error for AA. If one takes the numerals as Ionic, A 
cannot have its standard meaning in an Ionic numeral, so that the 
emendation is accepted in the notes of IG I3. 


363 Cf. Johnston (2006, 17, 126-7, and fig. 80E), item 11E18a (Princeton 
170 and Beazley Database 351077), an Attic Black-Figure hydria in the 
manner of the Madrid Painter (525-475 BC, from Nola, Italy), with ZA 
(37). Two of the three cases of multiple lettered numerals from the fifth 
and fourth century BC in Lang 1976 are also in reverse. Cf. fn. 47. 

364 There is another odd piece of evidence in Plato for sexagesimal 
numbers that one would only put forward with the greatest hesitation. In 
the description of the council at Laws VI 756BE, the Stranger divides the 
council into twelve sections (the tribes corresponding to a division of the 
year) of thirty each, as 360 is appropriate for divisions (mpémovtes Taic 
dtavouatc). He then divides these into four sections of 90 and two of 180. 
Of course, this could all be a felicitous accident arising for the virtues of 
360 for division and a longish 30 day month, but it could easily be an 
homage to the Babylonian division of the zodiac. 

365 Cf., inter alia, Johnston 1973. 

366 Bliimel 1993, 3; cf. Keil 1894, 259. 

367 Cf. Tod 1950 and Johnston 1979, 27 with the items in the catalogue 
referred to; and Johnston 2006, 17. Besides those here discussed, Johnston 
mentions one possible Cretan use. For Athens, Lang (1956, 5) lists 5 
instances of Ionic numerals (10-14: P2371, P2364, P11386, P11387, and 
P9340) in a list of 103 instances of numerals. These are all summations of 
tallies, iterations of |. Only two of these could not be letters instead of 
numerals (P2364 with «wand P2371 with ||||||||#), although it is more likely 
that the others are numerals as well. Lang 1976 expands this list. With the 
numbering in her catalogue in parentheses, these are: P25983 (E15, fourth 
century BC in third century BC context, so that the graffito, AIO OAK M 
(40), could be later), L3042 (F163, the letters are METQNOZ AI, but what 
is 11, if it is a numeral?), P7670 (F170, the graffito is LYPOX A, for which 
the letter could be anything), P26070 (Ha7, with ]||||||| Z E KK, the Z 
having a vertical line), P24760 (Hal0, possibly from Mende, with letters 
TIO on the neck and XXHK[ on the opposite shoulder), P11021 (Hd1, the 
dipinto is OXXOX A, where A may indicate the quality of the vinegar and 
not be a numeral), P20373 (K9, the letters are A K Y or AK F, but the 
dating is IV-III BC). Lang’s list might be taken as an upper bound of Attic 
graffiti, since, as Johnston (1978, 218 and 1979, 27) points out, it is 
possible that a single letter or pair might be a trademark or just a letter, 
and, indeed, Lang treats some isolated letters as abbreviations, e.g., P24698 
(F87), P12510 (F98). So, the total of certain cases in the second list is 
merely 1, i.e., P26070. In any case, all of these, given the total is between 3 
and 11, i.e., probably 7 or 8, of which 6 are tallies and some of which could 
also represent metic or Ionic trading practice as well, it would be odd to 
claim anything more than that a few people used Ionic numerals in trade 
and personal accounts for marking measures. Threatte (1980, 23) suggests 
that it is also possible that some of five known abcdaria with digamma are 


actually lists of numerals, for which cf. Lang (1976, 7), Al, A2, A3 (all 
before the mid-fifth century BC) and Young (1940, 6-8) nr. 9, and 
especially Pervanoglu (1867, 75) for a lead plaque with qoppa and sampi 
from the Acropolis, which Pervanoglu places after Olymp. 94, though 
probably, as Threatte suggests, merely on the basis of its having Ionic 
letters. The sampi rightly suggested to Pervanoglu that these are numerals. 
However, it would be odd if all of these abcdaria were lists of numerals. 
Lang (1976, 22) E15 (OAK M, 40 drachmas in weight), a grafitto on a 
sherd from a vase of the late fourth century BC, but found in a third 
century BC context, is likely to be outside our period. The Ionic abacus 
from Laurion that Scharlig 2001b identifies is dated by West 1992 as being 
from late fourth to first century BC merely on the basis of its affinity to 
Greek papyri from Egypt, starting with P. Eleph 1 (311/10), in which case 
it has no relevance to this discussion. 

368 Cf. the tally of 9 drachmas (and possibly an obol) in Lang 1976, 
P19389 (K8): me [Peers NT a 

369 Andronikos 1977, 72 image 31; see Andronikos 1977, 39-40, 70, for a 
brief description. 

370 Gill 2008, 341-344. 

371 Andronikos 1977 initially put Philip II (d. 338 BC) as the kingly 
inhabitant. 

372 Philip Il, the half-brother of Alexander the Great, was murdered in 
December 317 BC and could only get a proper burial with the defeat of 
Alexander’s mother, Olympias, by Cassander. For the forensic evidence, cf. 
Bartsiokas 2000, for a reply ruling out Philip III, cf. Musgrave et al. 2010. 
Gill (2008, 341-344) argues for a terminus post quem after 338 BC on the 
basis of the weights, which range 4.05 (a hydria in Tomb III (probably that 
of Alexander IV, 310/9 BC) to 4.26 grams to the drachma, in conformity 
with the Athenian standard. Prior to a reform of Alexander III, the expected 
drachma weight should be about 3.4 grams to the drachma. On the 
assumption that Alexander would not have changed the standard until after 
the funeral of his father, Tomb II could not be that of Philip II. Of course, 
this argument makes several assumptions, that no one ever entered the 
tomb after the funeral to add to its pelf and that no silver smith would ever 
use an Athenian measure until after the reform. I leave such questions to 
my betters. 

373 Fowler 1999, 222-223. 

374 The published papyrus is from Saqqara, labeled Sak GP.9 No. 5676, 
and was found during in an expedition of 1971/2. Cf. Turner 1975. Turner 
also implies that other papyri found in the expedition had acrophonic 
numerals. However, the bulk of the collection has never been published 
and may never be published since the negatives are lost and some of the 
papyri stolen (communications of John Tait and Harry Smith). Prof. Smith 
and the Egypt Exploration Society kindly supplied me with photographs of 


S.H5-GP.1 n. 1909 and S.H5-GP.2 n. 1910, found in 1966/7. GP.1 on the 
recto has writing in a language other than Greek. On the verso, it has =» 
probably 4+4+3 = 11 drachmas (Cyrene). GP.2 has, inter alia, 
acrophonic representations of 13 drachmas and 2 drachmas, and probably 
3 drachmas (KEI: It JI) or 2 drachmas 1 obol (KET: -t I). It should be 
noted that there is a great difference between the informality of these texts 
and the formality of the marriage contract, P. Eleph. 1, where each of three 
occurrences of the numeral, F (1000 drachmas) on two copies (one was 
sealed for prevent forgery), is separated off and written differently from the 
other alphas. 

375 Graux 1878; Burger 1892; Wendel 1949, chapter 3; or McNamee 1981, 
xv, 122. 

376 Fowler 1999, 223 n. 5. 

377 Threatte 1980, 117. 

378 Ala Ti mavTEG Avepwsol, Kal BapBapot Kai “EAAnvEs, cic TA SEKa 
KataplouovaL, Kai OK eic GAAOV AplOpdv, oiov B, y, 5, &, Elta ndALWw 
éEravadinAovoly, Ev névte, 800 nEVTE, WomEp EvdeKa, SWSEKa; (Why do 
all people, barbarians and Greeks, count up to ten, and not to another 
number, as 2, 3, 4, 5, then again reduplicating them one five, two five, just 
as eleven, twelve). It also possible, however, that the Problemata reflects 
late fourth/early third century BC practice. 

379 For example, the eleventh-century Coislin 330 (242v) has Topics Z as © 
(6), where the late ninth century Vat. Urb.gr. 35 (352r) has Z. The 
thirteenth century Vat. gr. 1027 (Naturalia) identifies the names of books in 
four different ways: as written out ordinals, ‘second (SeUtTEpov)’ (137v); as 
Ionic ordinal, ‘8th (H°v)’ (97r); as written out letter, ‘Zed (Cfita)’ (75v), and 
once ambiguously as a letter ‘e’ (f. 67r, with a second ¢€ written to the 
right of it). 

380 As Fowler observes (1999, 258-262), P. Cair. 89127-30, 37-43 from 
the third century BC uses a symbol for 5/6, which he describes as a 
ligatured 2’ 6’. The question is how one conceives a ligature. 

381 Cf. Chrisomalis 2003. Chrisomalis also derives the Ionic system from 
Demotic; however, even if he is right, there is still no necessity that both 
systems, the whole number system and the fractional system, derived from 
Demotic at the same time. 

382 Reading 50€f (as Grenfell & Hunt suggest in P. Hibeh). The impossible 
first person 60&w would seem to arise because the previous result clause is 
first person (Suvaunv) and the subject occurs 6 words after the verb. Note 
that this is an error a copyist might make, but not an author. 

383 That is the days the reader needs to know because they are important 
in the calendar. 

384 Communication of Prof. Alan Johnston. 

385 One might misread a preliminary report by Threatte (1996, 448) as 
indicating a non-iterative fraction on a then unpublished inscription on 


grain taxation from 374/3 BC, but the text is, in fact, a description of two 
separate taxes, a twelfth tax and a fiftieth tax. Cf. Stroud 1998, 4, 6, 9, 26— 
39, lines 6-8 of the inscription. 

386 Cf. Keil 1894. 

387 For a difficulty with this interpretation, cf. Johnston 1978, 218. 

388 Johnston (1979, 30-31) identifies dots as fractions in two vases by the 
Swing painter (Attic, late sixth century) of his style 8D, London (BM) B186 
and Paris (Louvre) F50 (8D68 in Johnston’s list). See the transcription for 
Figure 7, 8D 68. This latter is a X followed by 6 vertical strokes and 3 dots 
arranged vertically, much as in Keil’s Halicarnassus example, Halikarnassos 
31, although it is unlikely that there is any relation between the two. 
Perhaps, to make a wild guess, this too is 3/4. 

389 Cf. Diogenes Laertius, Vitae VIII 8.87 and Strabo, Geog. XVIII 1.30. 

390 Cf. Lang 1957 for a suggestion that Herodotus calculates with large 
numbers by treating myriads (10000) as units. Although it employs Ionic 
numerals and might well be later than 300 BC, the Euclid, Sectio Canonis 9, 
could very well be the surface of a calculation that originally was done 
with acrophonic numerals. In any case, it exhibits the feature of creating a 
larger unit. To get six eighth-again intervals, the author starts with 8° or 26 
myriads 2144, and ends with 96 or 53 myriads 1441. Myriads (uvptou) 
function as units in the text. 

391 In Mendell 2009, I argue that this is the basis of Plato’s conception of 
number in Rep. VII 525DE. 

392 I suspect that the primary reason we do not find .is a matter of 
standard form and not conceptual. Lang (1956, 8), discusses an amphora 
with ITHH, which she interprets as 2 halves half and argues that the owner 
was measuring out choes and marking them down on the way. One does 
find unreduced fractions in late antiquity. However, the Hippocratic corpus 
can speak of “cooked flower of copper half-portion, of myrrh two half- 
portions, of saffron three portions, a little honey cooked with wine (Gv6o0c 
YAAKOV ONTOV HUMOIpLOV, OLUpVNSG SU0 HuWOipLa, KpOKOU TpETC LOTpaL, 
HEAL OALyOV, ovV Olvw OnTWHEVa)” at De ulceribus 12.27-30 for swellings 
and inflamations around an ulcer. The use of ‘two half-portions’ is 
appropriate because one is doubling a half-portion. Cf. notes 32 and 81 for 
other examples of unreduced fractions. Netz (2002, 11) regards the use of 
half, third, drachmas, etc. as evidence for unit-fractions. However, it is not 
uncommon to find three-halves and five-halves in late fifth-third century 
BC inscriptions. Cf. Threatte 1996, 447; as well as inscriptions Didyma 84, 
85, 86, 87 (all 217/6 BC), Delos ID 500 (297 BC), and IMT Kyz Kapu Dag 
1486 (Mysia, fourth century BC). Since I am distinguishing iterative and 
non-iterative parts, one can say that Greeks used parts as their basic 
fractional units. 

393 This is most notable in Met. I 1 and N 1, but we see it elsewhere, e.g. 
De sensu 6.445a33-6a6, and De caelo B 4.287a23-30, Physics A 


14.223b18-31. 

394 Thucydides, Hist. I 10.2.5, on the portion of the Peloponnesus that 
Sparta rules. The argument here is in response to Fowler 1999, 227ff. His 
argument against iterative fractions is basically an argument from silence 
for before 300 BC and all the evidence for after 300 BC. But if 300 BC 
represents a shift, this should not be surprising. Vitrac (1992, 1) mentions 
this first example to make a similar point. 

395 Aristotle, Politics II 9.1270a24, on the portion of Spartan land owned 
by Spartan women. 

396 Two more examples occur in the grain law of 374/3 BC (Stroud 1998) 
54: Ins. 21-23 have “the buyer (of a tax) weigh out wheat drawing (a 
balance) five sixth of a talent of wheat (tobc¢ mupovs q[0]-/othoet O 
mplauevoc €AKOVTAC mEVTE € [K]-/TE<a>C TO TOAQaVTOV),” and 58, 60 
Ins. 57-60 have “two-tenths (€k Totv Svoiv SeKxat[]-/tv and TW Svo 
deKaT[).” Here, the language is without a word for ‘parts’. Of course, we 
should distinguish such examples from cases like Aristoxenus, Harmonica 
32.10-11, “a fourth is composed of three twelfh-parts TO 5& TETAapTHLOPLOV 
EK ToLAV SwSEkKaTNHLOpiwyV oVyKELTaL”, where the three twelfth parts may 
merely be the operation 12’ + 12’ + 12’. 

397 The inscription uses yaAKdc to mean both bronze and copper (as 
clearly in the second occurrence here). The first occurrence here specifies 
that the yaAKoc should be from Marion (a city in Cyprus), whose copper 
was valued for its purity. Given that the contractor would be expected to 
smelt the bronze and that the auditor would have little means of 
determining whether imported bronze was 1/11 tin or 1/14 tin (say that 
less than 2% change in the mixture is not observable), it would be odd to 
say that the bronze should be from Marion. However, it is possible that 
“Marion bronze” was a name for bronze made with copper from Marion. So 
the first occurrence is probably, but not necessarily, ‘copper’. For these and 
other details on the chemical and economic issues, cf. Varoufakis 1975. 
‘The twelfth’, an internal accusative, is feminine without a modified noun. 
It is difficult to know what noun should be supplied, whether potpav (cf. 
Thucydides above) or pépic (e.g. Stroud 1998, 4-5 Ins. 8, 28, 30, 32; IG II2 
334), perhaps the word understood in the feminine of a tax amount, 1 
S5wSeKaTy (the twelfth). Clearly, the author assumes we know what is to be 
supplied, which suggests that the phrase is formulaic. 

398 The text in DK is: ) 5& yOWv Exinpos Ev EVOTEpVOlc yoavoLoL / TH 
S00 TOV OKTW LEpEWV AGE NioTLSoOc aiyANs, / TEooapa 8’ ‘HeaioToto- 
Ta 8’ OOTEA AEVKA yEvOVTO / Appoving KOAANLOLY ApnpoTa SEomEoinbEV 
(Grateful earth in her broad-chested melting-pots gets possession of the two 
of the eight parts from the gleam of Nestis and four from Hephaestus. They 
became white bones, divinely fit together by the gluings of Harmony.). In 
De anima I 5 4104-6, Aristotle quotes the first three lines, while Simplicius, 
In Physica 300.21-24 adds the fourth line. We can presume that the other 


seven commentators on Aristotle (except perhaps Alexander) who cite the 
second line are using De anima, namely Themistius (Paraph. De an. 33.13), 
Philoponus (In De an. 176.26-27 (lemma), 178.1), Sophonias (Paraph. De 
an. 32.16), Alexander (Jn Met. 135.16), Asclepius (In Met. 112.2), Syrianus 
Cn Met. N 188.17), and ps.-Alexander (In Met. 828.8). There are two issues 
to focus on, the gender of the article before ‘two’, where TW, a very 
plausible emendation of Steinhart from tTG)v, and whether the text has the 
neuter ‘parts (ugpfwv)’ or the feminine ‘portions (uolpdwv)’ (there are 
three other manuscript variations that are likely errors, polp@v éXayxE (two 
mss. of Alexander), polpéwv (most mss. of ps.-Alexander), and pfjpa 
(thighs) (Vat. 1339 (P) for Aristotle), though polpéwv (an emendation of 
LOlpdwv?) at least scans). Although it probably echoes Iliad X 253 (TOV 
S5V0 LOlpdwv), HOlpdwv does not scan when TMV OKTW are inserted (one 
long syllable too many). Similarly, of the three variations of the article 
before 5Uo that appear in manuscripts, Ta (Laur. 87.20 (F>), Simplicius 
(one ms. F and the Aldine), Themistius (one ms. Z)) won’t scan, so that 
only tac (Vat. 1026 (W) and P, Simplicius (two mss. DE), Alexander, 
Syrianus, ps.-Alex.) and Tv (the other mss. of Aristotle used by Ross and 
Jannone in their respective editions of De anima and the remaining mss. of 
the other commentators) are possible. The variations especially in 
Aristotelian commentators between feminines (TGc, WOipa) and neuters (Td, 
uépoc), even when not possible metrically, show that there is no basic 
conception among the earliest copies of what the supplied words are to be 
for ‘the two of the eight parts’, even though only pepéwv scans and we 
expect ‘two (SU0)’ to be neuter (uépn), given that the parts in the next line 
are also neuter (whence Steinhart’s emendation). For the meaning of the 
text, cf., for example, Wright 1981, 208-210. For the manuscripts in the 
commentators, see the relevant preface in the edition. 

399 Many recipes in the Hippocratic corpus do not specify amounts at all, 
and some others specific measures; however, there are recipes that are 
given purely in terms of portions. Cf. De Ulceribus 12.27-8, 28-33, 33-37, 
15.4-6, 9-10, 21.18-21, as one would expect where dosage is irrelevant. I 
have not made a careful survey of Egyptian medical texts, but a perusal of 
the Papyrus Ebers, ca. 1500 BC, yields the following: either measures are 
equal and listed as 1 for each or the measures are in parts, where the parts 
do not need to add up to one, the only parts not n’ths being 2/3 (2 times) 
and 5/6 (3 times); otherwise, all measures are 3’, z, 4’, 8’, 16’, 32’, or 64’ 
(recall that z teaspoon = 96’ cup, and that a pinch is less than 8’ 
teaspoon). Note that it would also be lunatic to take 64’ as the common 
part and then to measure out 16 units. Contrast this Egyptian measure with 
the Hippocratic De morbis ii 55.21-2: a drachma-ish (handful) of oregano, 
about what you can hold with three fingers (dptyavov Spaypisda donv 
Tplol SAKTUAOLOL TEPLAGABETV). 

400 It is tempting to think that Aristophanes, Equites 1187 (with the 


explanation of Suda, Lexicon kK 1262), “you have to drink it [wine] mixed 
three and two ("Exe kai Kekpayévov Tpia Kai 6U0),” in other words three 
parts water and two wine, reflects the same language of parts. Of course, 
we can read it as a ratio, 3 : 2, but that is not the idiom, or rather we may 
ask how the language of ratios and of parts are distinguished. 


401 Cf. a tax collection of two tenths, Agora I 7557, Ins. 58-9 (Athens, 
374/3 BC), also Stroud 1998, 80-81, cf. 27-28, for the difficulties in 
interpreting ‘two tithes’. 

402 That a late writer, such as Iamblichus (cf. In Nic. Arith. Intro. 64.1-14), 
might call a ‘triple ratio’ the triple of a number may be dismissed as coming 
from a period when the distinction between multiple and ratio was already 
eroding. So, my arguments will not depend on these sorts of texts. 

403 év dS€nac éunAroac BSaTtoc Ava eikoot pETpa ved’ (Maron would 
pour filling one goblet [of his private reserve wine] for twenty measures of 
water). 

404 For example, Thucydides, I 104.2.4-5, “taking control also of two parts 
of Memphis they campaigned against the third, which is called White Wall 
(kpatotvtes Kal Tic Méu~tdoc THV SU0 LEpGV mpdc TO TpiTOV LEpOG O 
KaAeitat AeuKov Tetyoo émoAEpouv),” but also Thucydides, ii 10.2.2, 
47.2.2 (implicit), iii 15.1.5 (implicit); Isocrates, In Euthynum 16.3-4; ps.- 
Demosthenes, Contra Boeotum 2 2.5, 48.5. But one should not always so 
read the expression, e.g. Thucydides, ii 62.2.3 (there are only two parts in 
consideration: the land and the sea), vi 62.1.2 (the Athenians make two 
parts of their army). Fowler (1999, 228) treats all instances as written out 
Egyptian style. 

405 Plato, Rep. VII 525DE. Cf. Mendell 2009. 

406 So Mueller 1981, 58, 59. 

407 My analysis differs from Mueller 1981, 62-63, in that I think that there 
are four distinct and primitive notions, which are not merely notationally 
different: a measures b, a is the same part of b as c of d; a measures b as 
many times as c does d; and there is a number m such that a measures b 
according to the units in m (or m-times). Of course, it turns out that a 
measures b iff Jm a measures b m-times, and a cannot measure b as many 
times as c does d, or be the same part, unless there is some m such that a 
and c measure b and d m-times. However, Euclid is very careful in 
introducing measuring in VIL1, same part or parts’ in VII.5-14, ‘measures as 
many times’ in VII.15, and the last notion with the commutivity of 
multiplication in VII.16. So, a full account of the logical structure of Elem. 
VII would have to trace where these notions appear and, in particular, as I 
shall point out, the difference between equinumerosity and there being a 
number of two equal collections. They are obviously equivalent, but that is 
irrelevant. On this view, it is very clear why Euclid uses at each stage the 
minimal possible concept for his argument, as the four notions constitute a 
progression. It goes without saying that this interpretation is yet more 
distant from views such as Zeuthen (1910, 410-411), which treats the 
numerical values, m, n, such that a = m/n Db as the conception underlying 
Elem. VII.4. 

408 If we follow the definition of ‘multiple’, then ‘a measures b equal- 
times’ should mean ‘b is equal-times a multiple of a’. However, this must be 


equivalent to ‘a is the same part of b’, or Elem. VII.11-13 will be invalid. 
409 See Mueller (1981, 74) for speculation about why Euclid proves the 
theorem in this way. It would be very odd, as Mueller suggests 
uncomfortably, for Euclid to want to avoid alternando with one term as a 
unit, since that is the theorem anyway, while there is nothing special about 
a unit as part in any of theorems Elem. VII.4-10. However, this is not to say 
that Mueller’s speculation is wrong. Nonetheless, the theorem is set up as a 
lemma for Elem. VII.16 and is positioned there for that reason, after four 
basic theorems on ratios (Elem. VII.11-14). So, it is plausible that Euclid 
merely wants to illustrate that you can use the theorems on proportions 
now that they are available. 

410 I do not think Mueller (1981, 74, 80) correct in thinking of Elem. 
VII.37-8 as ‘verbal lemmas’ for Elem. VII.39, nor of Elem. VII.39 as ‘a 
terminological variant of Elem. VII.34-36. It is correct that if a is a part of 
b, then a must measure b so-number of times, i.e. according to the units in 
some c. However, this is never proved. They introduce a different concept, 
the fraction, and so address, as I shall argue, a different set of arithmetic 
puzzles. 

411 Given that Elem. VII.37-9 play no further role in the Elements and that 
this use of ‘homonym’ does not appear anywhere before Euclid (the word 
first appears in Homer, Iliad 17.720, for ‘someone with the same name’, 
here the two Ajaxes), one might well suspect that Euclid added these to the 
earlier material for his treatise or even that they are later additions to the 
text. If so, then we can expect even more so that the language of part and 
parts, with the language of ratios based on part and parts, constitutes the 
notion of fraction presented in the Elements. 

412 Although Vitrac (1994, esp. 283) does not regard the Elem. VII-IX as a 
treatise of logistic, he sees the relevance of VII.37-39 for it. I have avoided 
in this essay discussing what logistic is the fifth-fourth century BC, but cf. 
Mendell 2009, as well as Vitrac 1992. 

413 Mueller (1981, 105-106) points out that only IX.32 depends on a 
proposition outside, namely IX.13, but cites Becker (presumably, 1936, 
535-6) for the point that it could have been derived from IX.31 or from 
IX.30. 

414 Mueller (1981, 106) is inclined, with qualms, towards Becker’s view 
(1936) that IX.21-36 constitute a self-contained treatise on Odd/Even, 
where originally IX.35-36 depended only on propositions from within 
IX.21-34. It is a good question why Euclid would have rewritten IX.35-36 
to be independent of IX.21-34. For my purposes, it is only important to 
focus on VII-IX.20, and in fact to IX.19, since IX.20, the unlimited prime 
numbers theorem is also a capstone theorem. I mean by a ‘capstone 
theorem’ one that comes at the end of a treatise and rewards the reader for 
their effort. If the arrangement has the perfect number theorem at the end, 
IX.20 serves as a capstone to the treatise on primes and relative primes. 


415 Cf. Mueller 1981, chapter 2. 

416 Again, I am not here denying other roles for the techniques involved. 
For example, there are many ways looking at Elem. VII.1-3, which involve 
anthyphairesis, particularly in their variant in determining when 
magnitudes are commensurable (Elem. X.3-4) or in their role in twentieth- 
century interpretations of fourth-century BC proportion theory based on 
this and an illustration of Aristotle, Topics © 3.158b24-159b2. The 
literature is enormous, but cf. inter alia Knorr 1975 and Fowler 1999, 

417 The manuscript was divided at the end of the Napoleonic Wars, with 
the initial part in Heidelberg, Codex Palatinus 23: http://digi.ub.uni- 
heidelberg.de/diglit/cpgraec23. The second part, which begins with Anth. 
Gr. XIV, is Paris Supplément grec 384 and is available on-line (see 
bibliography). 

418 Most recently, Buffiére 2002, but cf. page 37. Although Buffiére cites 
in the apparatus non-mathematical aspects of the scholia, he ignores them 
in the body of his text. Writing ‘of the same [poet] (tod avtob)’, when this 
does not occur in the manuscript is the most common example. 

419 It is normal in the Anthologia Graeca to name authors to each poem, 
including where they are anonymous (GSnAov or dSeonOTOU), and where 
there is repetition of a known author to say, ‘Of the same (toU avtov)’ or 
‘another (GAAO)’ but ‘another’ where the next author is also unknown. 
Anthologia Graeca xiv seems to violate this, where there are long stretches 
of unattributed poems or where the scholia state what the poem is about 
but omit the author. This leaves us with many questions. In any case, since 
Achilles Tatius quotes XIV 34 (cf. Patton 1916-1918, V 42 n. 1), either 
Socrates is interspersed (as is probable, see Tannery 1894) or gives out 
earlier, in which case we do not know who wrote XIV 48-51, or his dates 
are before the third century, even if he should turn out not to be the 
epigrammatist referred to by Diogenes Laertius, Vit. II 47.9-10. 

420 It is not clear when their collection of poems end. Only four poets are 
mentioned (Mesomedes, starting at 63, and Cleombrotus, starting at 101, 
are the others), although we don’t expect oracles to have a named poet. But 
the last arithmetic poem is 147, with the last three poems, 148-150 being 
oracles to named recipients. Since the collection of Metrodorus is 
‘Metrodorus’ Arithmetical Epigrams (Mntpodwpovu/éntypdpupyata 
apiountika)’ (fol. 9r), it would be odd if it also included oracles. So, 
Metrodorus probably wrote 116-146 or 147. 147 may be too trivial and the 
scholion introducing it (fol. 14v) resembles those to 148-150, in its giving 
background for the poem. Most, but not all poems in the group after the 
first are introduced as ‘another (GA.A0)’ and a number in the poem (and not 
148). But some numbers are missing, which suggests missing poems. If, as 
Tannery 1894 conjectures (see also Buffiére 2002, 35-36), the missing 
poems appear elsewhere in the book, i.e. those ascribed to Socrates, the 
book of Metrodorus contained poems of two authors, with those of Socrates 


separated out. However, if the only poems of Socrates are the arithmetical 
ones, then Book XIV is lackadaisical about attributing authorship (see 
previous note). An aid might be the common use of GA.A0 for another poem 
or GAAo¢ for another oracle of the same poet, but the manuscript is hardly 
finicky about this as well. As for who Metrodorus is, it is reasonable that he 
lived somewhere between the third and the mid-sixth century. Metrodorus, 
in 121, mentions a trip from Cadiz to Rome. In 123, he requests 30 talents 
for his tomb and a sacrifice to Infernal Zeus (OVSaiw Zavi), difficult in 
more Christian or Islamic times. Tannery is likely right that Metrodorus is 
at least the poet, and very probably author of all the explanatory scholia, 
but even that is open to question. 

421 Tannery’s edition of the scholia is inadequate (Anth. Pal. 1885). He 
only prints mathematical scholia and poems so that one does not get a 
sense of the context, does not accurately place marginal scholia (e.g., 
50.26-51.6 is in a margin a page earlier in the text), expands mathematical 
ligatures (e.g., 53.16 Agitac), and does not always distinguish between 
what is in the margin and what is part of the main text, although several of 
the marginal comments are also integral, e.g., as when the main text leaves 
a space for the marginal comment. 

422 Cf. Tannery 1894 and An. Pal. 1895, II 44 n. 1. 

423 For this scholion, cf. An. Pal. 1895, II 53-4. 

424 Elem. VII.39 is also used in Anth. Graeca XIV 1, except that the false 
position turns out to be the same as the final value, ive. 
X/2+x/4+x/7+3=x. Here, the false position will be 28, so that 
144+7+4=25, while 28-25=3, so that x=28, and there is no need to 
adjust the value. 

425 There are simple Greek, pre-Diophantine problems, that constitute 
forms of logistic in P.Mich. 144 (three algebraic problems), and P.Mich. 145 
(a distribution problem among conversion problems), but these do not 
employ any of the problems of Elem. VII-IX, so far as I can tell. Also, cf. 
Vitrac 1994, 260 n. 73. 

426 Cf. Dijksterhuis 1987, 398-401. 

427 The odd way of writing 6’ as ‘half of third’ is probably just metrical. 
428 If you think that you need to ensure that the added amounts, 7/12 - 
1602, 9/20 - 1580, 11/30 - 891, 13/42 - 2226, need to be multiplied to be 
whole numbers, you will wind up with an amount 10 times the minimum. 
429 Or, 8 times if we take all the parts separately. For example, 1/3 + 1/4 
the black bulls and cows gives a whole number, but taken separately 
requires half a bull and half a cow. However, the poem seems to require 
taking a herd of black cattle together for this part of the calculation and is 
using normal non-iterative fractions, and the scholion’s description of the 
problem does not differ from the poem on this point. It is unclear where the 
error in the scholion comes from, that is, if it is an error, given that the 
scholiast does not tell us that it is a minimal solution. 


430 Cf. Adam 1902, 263-86, with reservations, in particular with regard to 
Adam’s derivation of a first number 216 as 33 + 43 + 53 = 216. I also 
omit various standard points such as the relation of the passage to the 
general rule for approximating the square root of two: p2 +1 = 2q2>(p 
+ 2q)?*+1 = 2(p + q)?. 

431 Cf. Proclus, In rem pub., ad loc. 

432 So, Heiberg 1882, 50; Barker 1989, 190-191. For a survey of the 
evidence and litererature with very sceptical conclusions, see Barbera 1991, 
3-36. 

433 In particular, as Heiberg observes (1882, 53 n. 2) (cf. also Menge 
1916, 162), Sectio Canonis 2 refers to a proposition: if there are however 
many numbers in proportion, and the first measures the last, then it will 
measure all those between (kal TovG pETagsv pETpHoEL. Elem. VIII.7 is 
weaker: it will measure the second (kai TOv SeUTEpov LETpY\oEU. However, 
the proposition cited in Sectio Canonis trivially follows from the Elements’ 
proposition. It is less significant that the word order of the two propositions 
is different. Would a treatise of late antiquity have hewn closer to the 
received text of Euclid’s Elements (in some version)? On the other hand, the 
expression, ‘we learned (€ud@opev)’, is very rare in Euclid outside the 
Sectio Canonis, namely El. X 10, where it is suspect (see Vitrac 1998, 131). 
Indeed, it is rare in Greek mathematics before Heron. Does its occurrence in 
the Sectio Canonis suggest that at least this passage is of later vintage? 

434 This is a basic assumption of Elem. VII-IX, but is not proved. Cf. 
Mueller 1981, 64 and Elem. VII.2 Cor., 33, 34. 

435 The differences between the three versions, the manuscripts of the 
Sectio Canonis, the version of Porphyry, In Ptol. Harm. I 5, and the version 
of Boethius, De Institutione Musica 4.1-2 (see Barbera 1991) is not crucial to 
my argument. Boethius completes the proofs with numerical summaries, 
Porphyry is slightly more concise but inserts an extra theorem after Thm. 5, 
and both use only the alternative proof of Thm. 6. I shall mostly use the 
Sectio Canonis based on its mss. 

436 Porphyry, In Ptol. Harm. 92.29-93.4, observes that Euclid uses ‘interval’ 
instead of ‘ratio’. Cf. also Barker 1989, 197 n. 19, who uses this fact to 
argue that in Porphyry’s version (In Ptol. Harm. 100.26-101.8), the theorem 
that comes after proposition 6 is not original to the text. All doubles, 
epimorics, etc. are intervals. 

437 6 (alternative). 3 B’s equal 4 G’s and 3 B’s equal 2 A’s > Ais2G.7.A 
equals 2 B’s and 2B’s = 3 G’s > A equals 3 G’s. 

438 It would have been awkward not to have written them out, as there 
would have been ambiguities. On the other hand, there is nothing to 
prevent a scribe from using notation instead of writing out numbers. So the 
apparatus of Barbera (1991, 134-135, Porphyry’s version 202-212) has 
several instances of numerals. The first proposition to use numerals is 
proposition 9, where the numbers would be very messy to write out. 


439 We could imagine a variant, where the middle term is a — b: 2(b — c) 
= 2/3c = 1/2b =a-—b=1/3a. 

440 Euclid states, “Since we learned how to find seven numbers successibly 
eighth-again from one another, ... (Emel EudOopev evpetv ExTA ApLopOvG 
EM0ySOOUG GAANAV, ...).” Obviously, Elements VIII 2 will do the job, and I 
take it that Boethius’s version (Barbera 1991, 254-255 and note 26) “in 
arithemtica modum,” is just a way of referring to the arithmetical books of 
the Elements. Odder, we expect what follows to be specifically what we 
have learned (as props. 4 In. 7, 13 In. 3, as well as concerns above (note 
113) about prop. 2), and not a particular case of it. It is possible, that the 
problem alluded to was more particular than El. VIII 2. 

441 Cf. also Barker 1989, 43-45. 

442 Without having examined the manuscripts (except for Vat. 192 (V), 
which incorrectly fills in the empty slots for the enharmonic), I find the 
modern transmission of the table for I 13 in the edition of Diiring (1930), 
the two translations of Barker (1989, 45 and 303), and the transmission of 
Solomon (2000, 45), not a little perplexing in their disharmony. None of 
the three translations quite translates Diiring’s text, although the first 
version of Barker comes closest. This might be important to my argument, 
since I am assuming that Ptolemy deliberately does not provide the non- 
epimoric intervals. 

443 Cf. Szab6 1978, 118-119, who however, also uses the passage to make 
a stronger point about the history of the interval, about which I have very 
little to say. My view is that twelve as the canon for the trivial division falls 
naturally out of the method of taking units and subunits. 

444 We find language of part in the nearly identical descriptions of the 
harmonic mean in Plato, Timaeus 36A and ps.-Plato, Epinomis 991A: a mean 
that “exceeds and is exceeded by the same part (ugpe) of the extemes 
themselves.” 

445 This paper is an expansion of some material in Mendell 2007. I thank 
Michalis Sialaros for giving me the opportunity to expand on these 
thoughts and for his helpful comments. I thank Leslie Threatte, Alan 
Johnston, John Tait, and Harry Smith for their notes, and Harry Smith and 
the Egypt Exploration Society for kindly making available photographs of 
Saqqara papyri. Much of my ideas developed out of discussions with many 
people, particularly David Fowler, Reviel Netz and Bernard Vitrac, when I 
presented aspects of this work at various conferences. They are not 
responsible for my errors. 

446 For an exhaustive discussion on Oenopides, about whom quite little is 
known definitively, see Bodnar 2007. 

447 For more on the debate on Plato and the Academy, and also on the 
claim about the stability of the dating of the rise of theoretical 
mathematics, see Zhmud 2006 and his bibliography. Particularly relevant 
are Dillon (2003, 16-25), who addresses the role of mathematics in 


cementing an intellectual legacy in the early Academy, and Horky (2013, 
3-35, 201-260), who offers a discussion on how appropriate the moniker 
‘mathematical Pythagorean(ism)’ is with reference to Plato, colleagues of 
Plato and members of the early Academy after Plato. 

448 See Netz 1999, and the discussion of same below. 

449 Hahn 2017 argues that already Thales was presenting such a 
theoretical understanding of incommensurability, complete with proofs that 
transcend the ostensive character of a diagram. If that’s right, then the 
chronology debate at issue here becomes moot with respect to establishing 
plausibility for the notion that such a theoretical awareness can plausibly 
be attributed to mathematicians working on the Parthenon in 447-432 BC. 
450 Waschkies 2004, 16. This article provides an in-depth analysis of the 
Szabo-Knorr debate. The juxtaposition of both the latter authors’ view with 
Mittelstrass 2004 is highly relevant for the consideration of the continuity 
or discontinuity between Greek and earlier near Eastern mathematical 
practice. 


451 Ibid, 14, 48-9; in the latter argument, Szabo points out (in 
conversation with Heiberg) that II.14 seems to be a later elaboration that 
expressly excludes the mean proportional from consideration, in the way 
done in VI.13: “Indeed the proof of Proposition II.14 gives the impression 
that knowledge of the mean proportional is perhaps unnecessary for 
carrying out tetragonismos”. 

452 Ibid., 25. 

453 Ibid., 26-27. 

454 Ibid., 27-28. 
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456 Ibid., 29. 

457 Ibid., 29. 

458 We have Berggren 1984 and Bowen 1984 in mind. 

459 Szabo 1978, 33-84. 

460 Ibid., 48. 

461 Ibid., 50-54. 

462 Bowen 1984 is particularly unconvinced by the dynamis argument and, 
hence, by the view that incommensurability was understood theoretically 
by the period of 450-430 BC. To the best of our knowledge, however, this 
matter has not received much scholarly attention. 

463 Szabo 1978, 68-71. 

464 See Szabo 1978, 76, nn. 57-59, for full bibliographical detail on this 
matter. For the Greek of the Scholium in question, see ibid., 76n59. 

465 Ibid., 79. 
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467 See, especially, Barbera 1991 and Barker 2007. 

468 Knorr 1975, 7-9. 

469 Knorr 1975, 49. 

470 It is notable here that even though this debate proceeded and was 
received as a debate in the history of mathematics, a careful consideration 
of Knorr’s argument—see Knorr 1975, nn. 71, 74—shows that, again, the 
decision comes down to how one interprets Plato’s work, and not historical 
knowledge of independent sources. Thus, if one finds Szabo’s reading of 
Plato more convincing than Knorr’s, then there is no reason yet given not to 
adopt Szabo’s historical hypothesis. 

471 Knorr 1975, 116-117. 

472 Ibid., 82-86. 

473 Ibid., 117. 

474 Fowler 1999, 4. 

475 Ibid., 4. 

476 See especially Fowler 1999, 289-302. Fowler 1999, 356-401 is also 
telling for how he hopes his work to serve as a corrective to the standard 
story. More recently, Netz 2014 has reviewed the serious difficulties 
involved in the historiography of ‘Pythagorean’ mathematics. 


477 Fowler 1999, 15-20, but also Chapter 10.1. 

478 Ibid., 204-217, but also Chapter 10.4. 

479 As pointed out to me by Jeanette Fricke and Lis Brack-Bernsen, one 
possible point of direct influence that has not yet been thoroughly checked 
would be an analysis of the ‘Works and Days’ section of Works and Days 
with Column 6 of the ‘Astronomical Diary Text’ known as BM47762/ 
BM49107. In general, direct influence by at least the sixth and fifth 
centuries, perhaps as early as the eighth century, is attested by Hgyrup 
2010 and Rowe 2013. 

480 We thank Alexander Jones for the reference. 

481 Thanks to Michalis Sialaros and Dmitri Nikulin for independently 
calling our attention to this piece of ‘possible corroboration’. 

482 Robson 2008, 275, 281. 

483 For what little information there is on Philolaus’ life, including his 
dates, see Huffman 1993, 5-6. See also Graham 2014, who builds on and 
updates this account. 

484 Huffman 1993, 276-279. 

485 Huffman 1993, 277. 

486 This appeal was clear to Plato, who chooses to make the number 
crucial for the central problem of Republic—showing that the life of the just 
is better than the life of the unjust—by having Socrates claim that the life 
of the just man is 729 times more pleasant than that of an unjust man, and 
expressly citing Philolaus’ great year in the process (Resp. IX, 587b-588a). 
487 Huffman 1993, 276. 

488 Britton, Brack-Bernsen, Huber, and Steele have published on these 
sources. Especially relevant for the consideration of a possible near Eastern 
influence on Philolaus’ great year are: Brack-Bernsen 2014, Britton 2002, 
Huber & Britton 2007, and Huber & Steele 2007. For a more complete 
bibliography of works in this field, see Brack-Bernsen 2014. 

489 Our account here would not have been possible without the assistance 
of Lis Brack-Bernsen. We are solely responsible for what errors remain 
despite her patient guidance and assistance. 

490 For a discussion of the ontological and epistemological focus of 
Philolaus’ work in cosmology and observational astronomy, see Graham 
2014, 64-68. 

491 Brack-Bernsen 2014, 37. 
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Barbera 1981, Benson 2012, and Burnyeat 1987, 2000. For a more detailed 
discussion, see Cornford 1932, Cherniss 1951, Lloyd 1978, 1992, Mueller 
1992, Taylor 1967, Zhmud 1998. 

493 See Waddell 2002, 2-3 and Mertens 2006, 270-271, 389. 
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the building’s design during the course of construction, based on the 
variations of metope widths on the west and east facades. 
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496 See Korres 1994, 115, Yeroulanou 1998, 423, and Goodyear 1912, 
191-192. For an alternative chronology, see Wesenberg 1983, 60-62. 

497 On corner column contraction in the Parthenon, see Coulton 1974, 66, 
76, Bundgaard 1976, 63-64, and Wesenberg 1982. 

498 Cf. Bundgaard 1976, 69-70. 

499 Coulton 1974, 76. 
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fashion, and from there the dimensions of the module (the triglyph) were 
derived, while Wilson Jones 2001 proposes a somewhat different, but 
related, procedure for the determination of the proportions in Doric 
temples, emphasizing a modular design that begins not with the overall 
krepis dimensions but with the physical module, i.e., the triglyph. For his 
more recent work on mathematical problems relating to Doric design, see 
Wilson Jones 2006. In the broader context of Doric temple design, 
however, 1/5 is only one of a number of different small fractions that could 
be added to the number of intercolumniations to determine stylobate 
dimensions, as Coulton 1974, 76, 83-84 points out. 


501 Consider, in this context, the analysis that Korres 1999 and 
Haselberger 2005, 127-133, 142-146 provide of the concept of 
‘refinements of refinements’. 

502 See Haselberger 2005, 105, Gruben 2001, 187-188, Pollitt 1972, 74- 
78, Goodyear 1912, 81-103, and Hoffer 1838, esp. 370. 

503 Pollitt 1964, 14-23, 256-258. 

504 On the integration of column inclinations with the other refinements, 
as an emerging canonical part of Doric design, in one of the Parthenon’s 
most important predecessors, the Temple of Aphaia at Aegina, see 
Haselberger in Neils, ed. 2005, 119, 122, 124 and Haselberger in 
Haselberger, ed. 1999, 16, 32. 

505 I thank Jean Christianidis for his comments on a draft of this paper, 
and especially for adjusting my translations from Diophantus. 

506 Such is the case with Roshdi Rashed’s accounts of Arabic algebra. See 
Oaks 2014b. 

507 See Christianidis, this volume, for more on premodern algebra and for 
references to relevant studies. 

508 See Oaks 2014; King 1988, for evidence of this oral tradition. 

509 The plural of mdl is amwal, but I write it with the English suffix: mals 
510 Diophantus, 11.12. 

511 From problem (2). Abi Kamil, Alg.(a) 50.16; Abii Kamil Alg.(b) 339.9. 
Rashed numbers this as problem <8>. I will translate into English all 
powers but mal. 

512 Diophantus, 14.11-20. 

513 ‘Ali al-Sulami f. 50b.3. I numbered this as problem 1.31 in Oaks 2015. 
The nine indeterminate problems in this book, and also the 38 in Abi 
Kamil’s Book on Algebra, do not derive from Diophantus. Cf. Sesiano 1977b; 
Oaks 2015. Diophantus’s problem II.11 is nearly the same. Instead of 
adding and subtracting 1, he adds 2 and 3. His approach in his second 
solution matches al-Sulami’s solution. 

514 The word behind ‘quantity’ is mal, used here in a non-algebraic sense 
as a common noun. Throughout the solution I translate this arithmetical 
mal as ‘quantity’ and I leave the algebraic mal (x2) untranslated. See Oaks & 
Alkhateeb 2005, for the different meanings of mal in Arabic arithmetic and 
algebra. 

515 Le., the square root of the square x2 + 2. 

516 Diophantus, 11. For a schematic rendering of this problem, see 
Christianidis, this volume. 

517 See Oaks forthcoming, for translations of such passages from early 
Arabic books. 

518 Christianidis & Oaks 2013. 

519 Al-Karaji only mentions Diophantus by name in the two places where 
he explains the ‘method of Diophantus’. He never cites Abii Kamil by name. 
520 Tannery 1893-1895 contains an edition of the Greek text, and the 


Arabic translation has been edited and translated twice, in Sesiano 1982 
and Rashed 1984. 

521 Christianidis 2007. 

522 Edited in Rashed 2009. 

523 See Oaks 2015, for the structure of these treatises and on how this 
‘algebra proper’ is characterized. 

524 Edited in Saidan 1986, 95-308. 

525 al-Karaji, Kafi 145.9. See Oaks forthcoming, for an English translation. 

526 Woepcke 1853, 18-21 gives a correspondence of the problems from 
Arithmetica Books I-III. Sesiano notes that almost all of Book IV is 
reproduced in al-Fakhri: Sesiano 1982, 10. 

527 Add 6 to the problem numbers for Abii Kamil to get Rashed’s 
numbering in Rashed 2012. 

528 Diophantus, 14.21-24. 

529 Heath lists them: ‘IV’.22, 31, ‘VI’.6, 7, 8, 9 in Heath 1910, 60. 

530 The ‘side’ is the square root. Diophantus is looking for an integral 
solution to the inequality, so making this root at least 7 will work. 

531 In this case there is not even a real solution, since the discriminant is 
negative. 

532 I follow Sesiano (1982, 77) on this point. 

533 Sesiano implicitly supports the idea that Diophantus classified the 
three composite equations in this ‘classical’ manner: Sesiano 1982, 76-7. 
This is not the only way to classify three-term quadratic equations. Francois 
Viéte regarded x2 + bx = c, x2 — bc = c and bx — x2 = c to be the three 
simplified composite quadratic equations. Viéte wrote them in his notation 
as “A quadratum plus B in A, equetur Z quadrato”, “A quadratum minus B 
in A, equetur Z quadrato”, and “B in A minus A quadrato, equetur Z 
quadrato” in Viéte 1615, 3-4. 

534 al-Khwarizmi, 155.8. Solving this by Diophantus’s method is easier, 
since the discriminant is just 2 14, ie making its root l 12. i And 
again, I translate the arithmetical mal as ‘quantity’. 

535 That is, in the algebra books of al-Khwarizmi, Abi Kamil, ‘Ali al- 
Sulami, and Sinan ibn al-Fath. Other books, like those of al-Khwarizmi’s 
contemporary Ibn Turk and the late ninth century mathematician Thabit 
ibn Qurra, show proofs to the rules for already normalized equations. 

536 Hifni shows both completion and returning, which he calls by their 
arithmetical terms al-jabr and al-hatt: Hifni, fol. 9b. 

537 Abi Kamil, Alg.(a) 20.11; Abi Kamil, Alg.(b) 273.18. 

538 Problems (T4), (T5), and (T6), numbered by Rashed as <4>, <5>, 
and <6>. 

539 Problems (13), (45), and (50) in the algebra proper (Rashed’s <19>, 
<51>, and <56>) and three more problems later in the treatise: 
<44.8>, <45.5>, and <45.6>. Abu Kamil, Alg.(a) 69.12, 96.10, 107.1, 
204.9, 206.17, 207.7; Abii Kamil, Alg.(b) 381, 439, 443, 689, 695. 


540 For Nu‘aim, cf. Hogendijk 2003. 

541 As I will note below, this part is missing for the third type. 

542 al-Karaji, Alg. 149.4. 

543 Le. composite equations. 

544 Fractions were often expressed in ‘parts’ (ajz@), like ‘three parts of 
eleven parts of a unit’ for 311. : 

545 It may be that he gave a one-line diagram because he needed the 
second dimension for the number of mdls in (2). The other algebraists 
before al-Karaji also draw the square: al-Khwarizmi, Ibn Turk, Thabit ibn 
Qurra, and Nu‘aim ibn Muhammad ibn Misa. 

546 This is an implicit criticism of Abi Kamil, who included fifty proofs in 
his book, including fifteen proofs for the rules for solving equations. See 
Oaks 2011. 

547 I.e., the composite equations. 

548 The “what is associated with it” is the rest of the rule, after taking half 
the roots. 

549 Elements II.6. 

550 Elements II.6. 


551 Elements II1.6. 

552 Saidan’s edition says DB. 

553 Elements II.6. 

554 For the same equation x2 + 10x = 39. 

555 al-Karaji, Alg. 154.13. 

556 I use the ‘—’ to denote the result of an operation, and ‘=’ for 
equations. The two were distinguished in premodern algebra. 

557 The metaphorical use of geometric language to describe numerical 
operations was common in Arabic arithmetic. There was no underlying 
geometric conception of numbers. 

558 al-Karaji, Alg. 159.17. 

559 Saidan consulted six of the nine known manuscripts for his edition of 
the text. He did not check Hyderabad Osm. 510, Bursa Genel 1169/2, or 
Tunis Ahmad 5464. Saidan 1986, 92; Rosenfeld & Ihsanoglu 2003, 119. 

560 Thabit ibn Qurra, 161.7. The translation is a mild adjustment of 
Rashed 2009, 34. 

561 al-Karaji, al-Fakhri: problems II.11, 19, 38, 41, 43; III.8,10 (twice), 11, 
16, 17, 18, 19, 50; IV.16, 19, 20, 21, 22, 25; al-Karaji, al-Kafi 179.12, 
205.10. 

562 al-Karaji, al-Badi 69.6, 69.13. In these problems it is not possible to set 
up an equation that simplifies to two terms. Al-Karaji does not bother to 
divide each term by a ‘thing’ to make them quadratic equations. 

563 Arabic algebraists often set up equations by ‘confronting’ (from qabila) 
the two sides. The word also sometimes includes the solving of the 
equation. 

564 This kind of problem, with cubes and numbers, is not found among the 
indeterminate problems in Arabic algebra before al-Karaji. 

565 al-Karaji, al-Fakhri 359.22. 

566 The roots are appended to the mal rather than on the opposite side of 
the equation. 

567 L.e., if the discriminant is not a square. 

568 The text has “not quite” or “not without” ( illa khuluw). I write 
“removing” to fit the mathematical meaning. 

569 The “number which is with the mal equated to the roots” is c, and the 
“roots equal to the roots in the equation” is bx. The conditions state that ( x 
- 12 b ) 2 and ( 1 2 bD-x ) 2 ~+~ x 2 +ce-bx, 
(x- 1p) and (1b-x) — x7 +¢- bx, 
=C (5b i; =o: 

570 Sometimes al-Karaji uses the word gqabila (‘confront’) in solving 
problems by algebra to mean the solving of the simplified equation by the 
designated rule, so the ‘confrontation’ here likewise means the completion 
of the assigned procedure. 


or to put it more simply, that (1 2b) 2 


571 Ie. usex— 12b x-5b and not 1 2 b-x. 3b x. 
572 Oaks forthcoming2. 


573 Woepcke 1853, 66-68. 

574 Heath 1910, 5; Ver Eecke 1959, xviii note 3. 

575 Abu Kamil, Alg. 58. I explain his error in Oaks 2014b, 36-38. 

576 Sesiano 1982, 11. 

577 Anbouba 1964, 44, by way of Sesiano 1977, 317-318. 

578 For two excellent discussions of this point, see Annas 1987 and 
Mendell 2008. 

579 Partial exceptions are: Gaukroger 1982; Bostock 1994, 267-270. 

580 Aristotle, Met., Z 4, 1030a5-7; 1030b4-7; 5, 1031a1-11. See also Z 13, 
1039a19-20. 

581 See Bostock 1994, 269-270, for an analysis of this difficulty. 

582 Aristotle, Phys., IV, 12, 220b8-12. 

583 Aristotle, Met., M 9, 1085b22. 

584 Aristotle, Met., I 1, 1053a30. For other, equivalent definitions see: 
Met., A 13, 1020a13; Z 13, 1039a12; I 6, 1057a3-4; N 1, 1088a5-6. 

585 Aristotle, Met., N 1, 1088a6-8; I 1, 1052b23-24. For more detail on 
these ideas see Mendell 2008, § 10. 

586 Aristotle, Met., M 6, 1080a21-22; 1080a30; 1080a36; 1080b13; 
1080b14-17; 1080b22-23; 7, 1081a6; 1081a18-19; 8, 1083a28; 1083b2-5; 
1083b12-13; 9, 1086a5; 1086a7-8; 1086a10; 1086a30. 

587 For this important point see Burnyeat 1987, 213-259 and Mendell 
2008, 8§ 2 and 6. 

588 Aristotle, Met., M 7, 1081a18-20. 

589 See for instance: Aristotle, Met., I 1, 1053a24-30. 

590 Aristotle, Met., M 8, 1083a1-17. 

591 Aristotle, Met., M 8, 1083a4-8. 

592 Aristotle, Met., M 8, 1083a8-17. 

593 Aristotle, Met., A 9, 992a1-2. 

594 In Met., M 8, 1083a1-2, Aristotle starts his argument in favour of F3), 
by remarking that it is important to establish what is the differentia of 
numbers and that of units. F3) implies that units have no differentia, while 
the passage on quality from Met. A 14 suggests that numbers have one. 

595 Besides the papers which have already been mentioned, I take the 
liberty of making the following selection: Heath 1949; Mueller 1970; 
Annas, 1975; Lear 1982; Hussey 1983; Barnes 1985; Annas 1987; Mignucci 
1987; Hussey 1991. See also Mendell 2008 for an accurate survey of the 
debate. 

596 Aristotle, Met., M 3, 1077b17-22. 

597 Aristotle, Met., M 3, 1078a23-25. 

598 Aristotle, Phys., IV, 12, 220b8-12. 

599 See Aristotle, Phys., IV, 7, 207b8-10 and Mignucci 1987 for discussion. 

600 Admittedly, the analogy is only partial because lines are continuous 


quantities, while numbers are discrete quantities (cf. Cat., 6, 4b20-5a4). 
The point here, however, is not that all real unities are unities in the same 
way, but that in the case of all real unities the actual existence of the parts 
is incompatible with their unity. This leaves room for the idea that what it 
means to be a unity for a line is something quite different from what it 
means to be a unity for a number. 


601 Aristotle, Z 13, 1039a3-14. 

602 On this passage, see the reconstruction in Annas 1976, 181-184. 

603 See Met., M 8, 1084b2-20. 

604 See, for this suggestion, Annas 1976, 182 (cf. Aristotle’s remarks at 
1084b1-6). 

605 Aristotle, Met., M 8, 1084b20-23. The claim that units exist in a 
number only potentially is presented as an unavoidable consequence of the 
fact that numbers have a formal unity. Thus, the claim is both something 
Platonists should accept as true and a consequence that Aristotle himself is 
prepared to endorse. 

606 Aristotle, Met., M 8, 1084b12-13. 

607 Aristotle, Met., M 8, 1083a1-17. 

608 The question as to whether Aristotelian forms are universal or 
particular is one of the most debated issues in recent Aristotelian 
scholarship. For a review of the debate I take the liberty of referring to 
Galluzzo & Mariani 2006, 167-211 and Galluzzo 2013. 

609 Aristotle, Met., H 2, 1043a7-28; 3, 1043b23-32. Actually, Aristotle 
seems to present in Met. Z-H conflicting lines of thought concerning the 
question of whether matter should figure in the definition of material 
substances. For two opposed interpretations, see, for instance: Frede 1990 
(matter falls outside the definition of substances) and Morrison 1990 
(matter cannot be left out of the definition of substances). I side with 
Frede’s reading, even though nothing of what I shall be saying in the 
following rests upon taking one view or the other. 

610 Aristotle, Met., H 6, 1045a23-25; 1045b17-22. 

611 See Lewis 1995, Charles 1994 and Loux 1995 for further discussion of 
this claim. 

612 Aristotle, Met., Z 12, 1038a18-20; a25-26. 

613 Admittedly, a rather oblique and obscure reference to the genus-as- 
matter (and differentia-as-form) doctrine appears in Met., H 3, 1043b28-32. 
But it is hard to see what to make of this passage, as it is part of Aristotle’s 
(partly sympathetic) assessment of Antisthenes’ views on definition 
(1043b23-32) and does not clearly point to genuine Aristotelian doctrine. 
See Morel 2015, 150-154 for discussion. 

614 See Morel 2015, 41-59. 

615 It is not clear whether Aristotle intends to defend in H 6 the same 
solution to the problem of the unity of definition as he considers in Z 12. 
See, for discussion: Frede 1990; Halper 1984 and 1989; Steinfat 1996. 
What is common, however, to Z 12 and H 6 strategies is that in neither 
place does Aristotle treat the differentia as a material part of the definition, 
which he clearly does, instead, in H 3. 

616 Aristotle, Met., Z 17, 1041b11-33. 

617 Aristotle, Met., H 2, 1043a4-7. 

618 Aristotle, Met., Z 7, 1032b1-2; 10, 1035b15-17; 11, 1037a29-30; 17, 


1041b8-9. 

619 See Aristotle, Met., Z 3, 1029a23-24 (see also © 7, 1049a27-36). For 
the form-matter predication see: Chappell 1973; Dancy 1978; Brunschwig 
1979; Page 1985; Lewis 1991; Loux 1991, 147-196. For a recent 
assessment of the various interpretations of this doctrine, see Galluzzo & 
Mariani 2006, 89-134. 

620 Aristotle, Met., H 3, 1043b4-6. 

621 See, in particular, Met., H 6, 1045b7-16. 

622 Cf. Met., Z 12, 1037b24-27. 

623 The claim that a material object’s identity changes with any addition 
or subtraction of parts is plainly false if by “parts” we mean material parts. 
For Aristotle would certainly allow for a substance to remain one and the 
same in spite of the replacement of at least some of its material parts. The 
claim may be true if by “parts” we mean formal parts. But in that case, this 
claim may be taken to be equivalent to the view that the definition of a 
substance does not admit of any subtraction or addition. For a case can be 
made for the view that the definition of a material substance is the 
definition of its form (see footnote 32 above). 

624 A first, compact version of the views set out in this paper appeared in 
my unpublished doctoral thesis (cf. Karasmanis 1987, 294-301). Since 
then, I have presented preliminary versions of this paper on various 
occasions. I am grateful to many people who asked me then fruitful 
questions and especially to David Charles and Pantazis Tselemanis for their 
useful comments. 

625 For this topic, see Karasmanis 1990, 122-123. 

626 See Karasmanis 1987, 5-7. 

627 For some recent discussions of the paradox, see Scott 2006, chapter 7; 
Fine 2009; McCabe 2009; Franklin 2009. According to Fine, the theory of 
recollection explains how, relying on true beliefs, we can start and conduct 
inquiry. According to Scott, the main issue is discovery not inquiry. 

628 Many scholars believe that the theory of recollection does not give an 
explicit answer to the paradox; see, e.g., Weiss 2001, 64; Scott 2006, 79- 
80. 

629 Vlastos (1965, 143-167) has persuasively argued that even the use of 
sensible diagrams in the mathematical proof with the slave-boy does not 
involve empirical knowledge. The evidence from the dialogue shows that 
the knowledge that Plato had in mind was related to mathematical and 
ethical notions. 

630 See also, Scott 2006, 96. 

631 Cf. Ackrill 1973, 177; Franklin 2009, 350. Moravcsic (1971, 60ff) 
thinks that Plato’s theory of recollection in the Meno deals primarily with 
innate concepts in the human mind, rather than with propositions. Hare’s 
(1965) interpretation relies on the distinction between the ability to use a 
term and the ability to offer a satisfactory definition of it, and restricts 


recollection to the domain of meaning. 

632 See Vlastos 1965, 157. 

633 See Fine 1979, 366-367. 

634 Bluck (1961, 288) seems to suggest such an interpretation. 

635 See Tinger 1970, 3; Sharples 1985, 149. 

636 Cf. Crombie 1963, 140; Cornford 1971, 121; Moravcsic 1971, 60; 
Gulley 1962, 9; Tinger 1970, 4; Tarrant 2005, 44-46. 

637 See Crombie 1963, 140: “The way our minds work corresponds to the 
way things are, and this is the kinship of the soul to the ‘universal’ nature.” 
638 Similarly, cf. Tarrant 2005, 44. 

639 I do not speak of ‘latent knowledge’ because the knowledge that the 
soul had was forgotten at the time of birth. This means that the soul forgets 
both that proposition A is true and also why it is true (aitiac AOyLtoudc). 
Therefore, if something remains in the soul in a latent or unconscious 
condition, this should be true beliefs (85e5-86a7). Scott (2006, 108-112; 
also Tarrant 2005, 42) thinks that the soul possesses ‘latent knowledge’ 
from which we elicit actual or conscious knowledge. Against this view, see 
Fine 1992, 213 with n.40 and Fine 2009, 348-357. 

640 There are also latent beliefs in our souls for which we do not actually 
entertain either true or false beliefs. 

641 Nehamas (1999, 14) has noted that when we begin inquiry our true 
beliefs are mixed with a number of false beliefs and there is no guarantee 
that we shall choose at the beginning a true belief. 

642 See Vlastos 1994, 27; Nehamas 1999, 15. Such beliefs are usually very 
simple and obvious propositions which Socrates uses as agreed propositions 
(homologémata) in the course of the elenchus. Such an example is the 
proposition “virtue is good” that Socrates inserts as a premiss in 87d. 

643 The slave-boy understands also what a square is (82b). After that, 
Socrates explains to him two basic properties of the square (equal sides and 
equal mid-parallels) needed for the proof. Some scholars argue that 
Socrates does not speak about mid-parallels but about diagonals (cf. Weiss 
2001, 84-94; Ebert 1973, 178-81), because otherwise Socrates defines 
rhombus. But in either case we do not have the proper definition of a 
square (equal sides and right angles). 

644 Franklin (2001, 145 and 2009, 353-355) insists that one must be 
linguistically competent in order to participate in dialectic. 

645 “Oio8’ StL TEAEUTMV OVSEVdC HTTOV AKpLBAc ExtotHoEetat meEpl 
TOUTWV”. The word akptBH>c qualifies Emtothoetat. Cf. Plato Euthyphro 
4e5-6, 14b1; Lysis 205b 4; Sophist 243b9. 

646 See Sharples 1985, 155; similarly, Gulley 1962, 14-5; Bedu-Addo 
1983, 236; McCabe 1994, 53ff; Nehamas 1999, 15 and perhaps Vlastos 
1965, 156-157. 

647 See 85e1-3: “For he will do the same with all geometrical knowledge, 
and all other subjects too.” 


648 Scholars do not pay attention to the word ‘exact’ (AxptB@c) and fail to 
distinguish between a) the ‘knowledge’ that the soul has forever, b) the 
‘knowledge’ that the boy has after the proof and c) the knowledge that the 
boy will have in the future after more questioning. So, Fine (1992, 223-224 
with n. 40; 2007, 358-361) thinks that the ‘knowledge’ at 85d9 is the 
future knowledge that the boy will obtain, although the text says clearly 
that the boy has this knowledge ‘now’. Scott (2006, 111-112) supports the 
view that this ‘knowledge’ is the latent knowledge that the soul had 
forever. But again, from the text it is clear that Socrates speaks here of the 
actual or conscious knowledge that the boy has after the proof, and not of 
‘latent knowledge’. 

649 For a similar modern conception of knowledge, see Quine 1961, 42ff. 
650 Many scholars, who, explicitly or implicitly, interpret the Meno in the 
light of the Republic (or of axiomatized Euclidean geometry), speak of a 
hierarchically and deductively organized system of knowledge with first 
principles at its top. See Vlastos 1965, 155-156; Gulley 1962, 14-15; 
Cornford 1971, 125; Bedu-Addo 1983, 236; Nehamas 1999, 15. Moravcsic 
(1971, 60-61) objects to this model claiming that the objects of recollection 
are concepts that “form a ‘field’ of some sort, so that if one has brought one 
element to consciousness, then this will bring with it the ability to bring to 
consciousness other members of the field as well”. However, he does not 
explain what he means by this ‘field’, how we ‘grasp’ the first thing, and 
how the ‘grasping’ of it will facilitate the finding of others 


651 Plato claims in the Philebus (18c) that one cannot know one letter until 
one knows them all. 

652 The word ‘always’ rules out the possibility of colour without figure, 
but not the possibility of figure without colour; however, in this last case, 
the definition of figure would not really be a definition because it would 
not include all things that fall under the name ‘figure’. Others who support 
the co-extensiveness of the two terms are: Klein 1965, 59; Irwin 1977, 136; 
Sharples 1985, 131; Thomas 1980, 98-99. 

653 In the three definitions offered by Socrates (two of ‘figure’ and one of 
‘colour’), we have three different patterns. Socrates dismisses openly only 
the third definition (that of ‘colour’, 76d-e). Many scholars claim that Plato 
finds the type of the first definition unsatisfactory, or at least less 
satisfactory than the second definition of ‘figure’ as the “limit of solid”, 
although Plato says nothing about this. For a different view, see 
Nakhnikian 1971, 127. Hoerber (1960, 96-97) goes further and claims that 
the first definition is superior to the second, the “deepest philosophically” 
and the only one that reveals an insight into the cause. 

654 At 87d-89a, Socrates ‘proves’ that virtue is knowledge. The argument, 
roughly speaking, is the following: Virtue is good; every good is profitable; 
profitable involves right use; and this last phronésis, which is taken to be 
synonymous with knowledge - epistéme. But, at 73b-c and 74b, he says that 
phronésis or sophia is a part of virtue. The argument, besides its other 
defects, seems to be circular. However, I am not convinced that Plato 
deliberately used or even noticed the circularity of the argument. 

655 See Cherniss 1944, 67-68 and 1951, 417 n.50. However, it is quite 
probable that it was Xenocrates himself who attempted circular proofs. 
Aristotle (An. Post., 91a35-b11) speaks of some people who tried to prove 
definitions of the ‘soul’, ‘man’ etc, by conversion. Their view that the soul is 
a self -moving number (cf also On the Soul, 404b29, 408b32) is ascribed by 
Plutarch (De Animae Procr. Tim. 1012 D) to Xenocrates. 

656 Barnes, 1976. 

657 Proclus In Eucl. 66.20. 

658 Karasmanis 2009, 153-159. 

659 According to Eudemus (Jn Eucl. 65) the first who wrote Elements was 
Hippocrates of Chios, who worked in Athens at the end of the fifth century. 
I believe that Hippocrates’ Elements did not involve axiomatization, for two 
reasons. First, because of Plato’s silence in his dialogues before the Republic 
about first principles in geometry, but mainly because of the way in which 
Hippocrates used the word ‘principle’ (arché). In the text of Eudemus 
(reported by Simplicius, In Physics, ed. Diels, 60-8) where he speaks about 
Hippoctates’ quadratures of lunes, the word arché is used to describe nor 
first principles but theorems useful to solve his problems. Moreover, there 
is no evidence that Hippocrates worked on definitions or any other kind of 
principles (see, Karasmanis, 2009, 151-152). Therefore, I think that when 


Plato wrote the Meno geometry had not yet been organized into an 
axiomatic system. According to Eudemus (Jn Eucl. 67), after Leon, another 
member of the Academy, Theudius wrote another, better book of Elements. 
It seems that the book of Theudius was the book that Aristotle had in mind 
(Karasmanis 2009, 160). 

660 ‘(G)oddess [Athena] dispersed the mist, and the land was recognized’; 
Homer, Od. XIII. 352. 

661 This definition is implicitly described in the proofs of Elem.VII.1-2 and 
X.2. The term can be rendered as ‘mutual subtraction’ and appears in 
Aristotle’s Topics as ‘antanairesis’. Anthyphairesis of natural numbers, on 
the one hand, is always finite (cf. VII.1,2), while of magnitudes it may also 
be infinite (cf. X.2). 

662 In the same way, one can prove the more general proposition: if Ma2 
= Nb2, and M/N is not as square number to square number, then a,b 
incommensurable, using Elem. X. 9 and VII.27. A special case is 
Proposition: if Na2 = (N + 1)b2, then a,b are incommensurable. A proof 
can be given employing the Archytas musical-arithmetical proposition , 
reported by Boethius and appearing as Elem.VIII.7, whose proof relies again 
on VII.27. 

663 Case 2 mimics the traditional arithmetic proof for N = 2. 

664 Not in accord with the existing ancient sources; cf. Anonymi 
Commentarius in Platonis Theaetetum (ACIPT) 34, 15-32 against omitting the 
case N = 17; ACIPT 34,32-35 and 35,13-21, Iamblichus, Theology of 
Arithmetic, 11,13-16 against not simply stopping but finding a difficulty at 
N = 17; and, the fact that ‘mechri x’ has normally the meaning ‘till x, 
including x’. 

665 The streamlining has revealed that Knorr’s suggestion is not really a 
proof of incommensurability case by case. 

666 To give an example, the phrase ‘the policemen wear uniform’ is a 
distributive plural, whereas ‘the policemen have surrounded the block’ is a 
collective plural. 

667 As attested by the accounts by Plutarch, Iamblichus, Pappus, and 
Proclus of the discovery of incommensurability by the Pythagoreans, and 
by the accounts by Theon of Smyrna, Iamblichus, and Proclus of the 
Pythagorean origin of the side and diameter numbers. 

668 Cf. Tarrant 1985. 

669 éxel TO GnElpov AnEpiAnnTOv EéoTLV, kal QA[dpt-Jot[oc] év THL 
TOLOUTWL  Stavo[Ua, Set kad’ Gooy Eevd[E]yEeTat KAGOALKG[L] TLL 
TEPLA.QURAVELV. 

670 éxei ai ypoumai extdEyovTal TO AdploToV, Et TIG AUTAS H avsol F 
SLALpOt. 

671 Van der Waerden 1954, 178; Knorr 1975, 261, 273. 

672 TO SeWpnua TOUTO [i.e. Elem. X.9] OeattHTELOv éoTLv evpnua, Kal 
veUVTal avTOD O TTAATwV Ev OEaltyTW; Scholia in Euclidis elementa X.62. 


673 n:1 = p2: q?2. 

674 opifovtat & Und THV AplOLGV, pETEB[N-loav én’ avtovs ([and 
because the lines] are limited by numbers, Theaetetus and his companion 
passed over to numbers). Also, see ACIPT 42, 30-33. 

675 The term ‘collection’ renders meptAquBdavetv (as in Theaet. 148d6, 
where it is clearly synonymous to ovAAaBetv, 147d8, occurring also in 
ACIPT 26,11; 37,5; 37,10; 37,29; 37,43; 37,46; 45,48; 46,39), where the 
terms ‘meplopiCetv” (42,32) and ‘opietv’ (37,1; 37,11) are also used. 

676 ‘O dplOydc Aelpdc goTLV KaTd TO aVEEobaL OL SYVaTat OV TLC TO 
én’ Gnelpov mpotov meptuaBeiv (number is infinite by increase; therefore 
one cannot collect that which increases ad infinitum); ACIPT 37, 39-44. 

677 HAleLov] obv Eni TOLv dplOulov Sta TO [.]KL.....Jov THt zavtalc] 
TOUS ApL[GuJo[V]¢ oypLLET]pous [et] valu] xp [0c] GAAN[AoUG] (thus they 
came to number as a consequence of the fact that all the numbers are 
commensurable to each other). 

678 My rendering. [we T]oivuv THv TeTp[ayW]vov oynudt@y & wev hv 
oUmET[pla Tit woSdteiat Suvduet Kal wAket Kal [nA]aTEL Kal Tadta wh 
[xn] @vouaocav, & S& mAGTtEL Lev ovKETL $& Kai [T]f] mAEUpmL, Kal 
Tav[ta] Suvduetc [€]KdAEoav THL KOLWG@L mpooxYpNnodpEVol OvduaTL 
o’Tws Kai éxi THV OTEpEOv HAPOV Exl TA KUBIKA OYHUATA Kal EtiBEcav 
KUBov, ob ai tpeic mAEUpai ExdoTN wOddc, Kai yevouEvat én’ GAANHAAC 
WOLODOL Eva oTEPEOV NOSa. Kal mpoOatlpotvTEs KUBOV SVO rOdsHv Kal 
G@AAOV TpLOV Elta TEecodpwv etploKOV aVTO LEV TO OTEPEdV MpOC TO 
OTEPEOV OULETPOV: EXEL yp AGyOV, OV AplOuUdG mpOG AplOudv: TAG SE 
TAEUPAG AOULLETPO[UG,]. 

679 My rendering. Gx0 TMV GoapEgTepwy El TA OapeoTEpa Sel 
wETaBaively WC And THV pEyEOOv pETEBNoav Eni TOVG AptOLOUS (from 
the less clear one must pass to the more clear as when passing from 
magnitudes to numbers). Also, cf. ACIPT 32,1-4. The same point is made in 
the Scholion X.39 to the Elements. 

680 It will be clarified in section 9.1.4 below. 

681 Theaet.148d4-7 contradicts Burnyeat’s (1978, 505) claim that “Plato 
has no motive to indicate to the reader whether he has in mind any definite 
method of proof.” It would be most unlikely to be indifferent to a method 
he is about to imitate for his own method of Division and Collection, by 
which the full knowledge of Platonic Ideas may be obtained. 

682 Thus, meptéX.aBec, circularly embracing, has clearly the same force as 
ovAAapetv collecting. 

683 Translation by Fowler, modified by the author. 

684 Even though he cannot give the precise same answer for the 
‘Extothun’ of Platonic Beings that he gave ‘collecting’ a power; cf. Plato, 
Theaet. 148b5-8. 

685 The reader may find in 9.1.1 below a list of the terms used by Plato to 
describe his method of division and collection. 


686 With the notation of Section 1.1, Anth (a,b) = [lo, Ih, Is,..., In,...]. 

687 Translated by Fowler, with modifications by the author. 

688 Wo TO S0EaoTOV apdC TO yvwMoTOV, OUTW TO OLOLWOEV mpdCG TO D 
WLOWON; Rep. 509a9-10. 

689 The correlation of the Republic ratio in the divided line with the 
Division and Collection of the Sophist in the Sophist is hinted at by Proclus, 
In Resp. Com. I, 290, 7-10. 

690 The reason given by Plato for the change from the Kronos era to the 
Zeus era is the exhaustion of all possibilities in the Kronos era, essentially a 
pigeonhole argument. This is in interesting accord with the proof in Section 
10. 

691 The reason given by Plato for the change from the Zeus era to the 
Kronos era is the need to secure periodicity and avoid bad infinity. This is 
in interesting accord with the proof in Section 10. 

692 Wj, the last species of Zeus era [recall that the Zeus column is read 
from down upwards], is divided into Ky’,Li1’, forming the ‘logos’ criterion 
for periodicity, 305e2-e7, K,’(strategic arts, 304e3-305a10): L;’ (the real 
statesman) = K, (practical arts):Li(theoretic arts). We indicate the last 
division step, with which the full circle of an anthyphairetic period is 
achieved, with Arial Black. 

693 Z, art of rhetoric, a practical art, 304a6-e2, is palindromic to K, 
practical arts, 258b-259d. 

694 Zp» art of judging, 305b1-c8, is palindromic to Kz art of appraising, 
259d-260c. 

695 Zs art of priests and diviners, 290c3-291la2 is palindromic to K3 
commanding else’s commands, 260c-261b. 

696 Z, art of government with laws, 291c8-303b7, is palindromic to K4 
lifeless ‘herds’, 261b-d. 

697 Zs democracy without laws, 291c8-303b7, is palindromic to Ks herds 
of one animal, 261d-e. 

698 Ze, art of merchants, at sea, 289e4-290a3, is palindromic to Kg, herds of 
aquatic animals, 264b-d. 

699 Z, art of heralds, 290a8-c2, protected by flying Hermes, is palindromic 
to K7 herds of flying animals, 264e-265b. 

700 Zs satyrs of politics-oligarchy, 291c8-303b7, is palindromic to Kg herds 
of horned animals, 265b-d. 


701 Zo centaurs of politics-tyranny, 291a2-b6, 303c8- d3, 291c8-303b7, is 
palindromic to Kg mixed breeding herds, 265d-e. 

702 Zio sophists’ sophists 291b7-c7, 303b8-c8 is palindromic to Kio 
diameter’s diameter, pigs, 265e-266d. 

703 See Bassiakou 2004. 

704 Anthyphairetic finite; cf. Negrepontis 2005. 

705 Cf. TO toivuv ovxv@ TH TG yEVEOEWCG OVOHATL YpoO8at sEpl TiS 
mpoodsovu TOU vonto rmANGous dvasisdoKovta the frequent use of words 
related to generation, such as ‘yiyveoOal’ (142d5), ‘yiyvetav (142e4), 
‘vEvnTau (142e6), ‘ylyvouevov’ (143a1), refers to ‘the progress of the 
intelligible multitude’ Proclus, Platonic Theology 3,91,9-24. 

706 It is precisely the lack of realisation, by Cherniss and others, that there 
is intelligible ‘genesis’ as well, that has led them to mistakenly conclude 
that the mixtures of Infinite and Finite in the Philebus are not true Beings 
and Ideas. 

707 Anthyphairetic infinite, according to Negrepontis 2005. 

708 The term ‘dveiAtétc’ occurs in the Statesman twice. The first 
occurrence (270d3) explains what is meant by ‘daveiAétc’; the LSJ defines it 
as ‘reversal of motion’, in fact palindromic periodicity. The second 
occurrence (286b9) tells us that the phenomenon of ‘dveiAtétc’, namely of 
palindromic periodicity, is in all arts caused by the fundamental condition 
of the double measurement. 

709 ‘SE. OvKobdv Tac Téxyvac Te avTdc Kal Tdpya avTHV ovuRTAVTA 
SLOAODPEV TOUTW TH AOYW, Kal 51 Kal THY CnTOUVLEVHY VOV mOALTUKHY 
kai Tv pndetoav V~avtikihv AapaviovpEv’ (284a4-7) 

710 ‘ov ydp 8 Suvatov ye OUTE MOALTUKOV OUT’ GAXAOV TVG THV mEpL TAC 
MpPAsElG ETLOTHMOVA Avay*PloBHTHTws yeyovévat TOUTOV [the double 
measurement] p11) OUVOLOAOYNOEVTOG’ (284c1-3) 

711 ‘hyntéov Opoiwc tac Téyvac mdoac eival, pEtlOv te Gua Kai 
EXATTOV HETPELOBAL EN) mpOG GAANAG HOVOV GAAA Kal apdc THVv TOU 
LETpLOU YEVEOLV. TOUTOU TE ydp GvTOS Eketva EoTL KAKEivVaV OVO EoTL 
Kal TOUTO, uN) SE OVTOG MOTEPOV TOUVUTWV OVSETEPOV AUTHV EOTAL WOTE’ 
(284d4-8) 

712 ‘un mpdg GAANAG TA UAKN KpivovTES GAAG KATA TO THIS METONTLKAS 
uepos 6 TOTE E~ayuey SEetv LELVAOVAL mpOG TO mpETOV’ (286c8-d2). 

713 cf. Philebus 16a7-b7 

714 Cf. evi eidet mepleAaBec; Theaet. 148d6. 

715 Cf. ovAAaBetv eic Ev; Theaet. 147d8. 

716 At this point our translation diverges from that by Fowler that runs as 
follows ‘cutting off the left-hand part, continued to divide this until it found 
among its parts a sort of left-handed love’, not realizing a recurring and 
periodical meaning in the phrase ‘oUk éavijkev xpiv év avtotc’. 

717 Cf. evi eidet mepleAaBec; Theaet. 148d6. 

718 In particular, the Platonic Division and Collection, having a periodic 


form, is an infinite division, and is thus unlike the Aristotelian Division into 
a genus and differentia, clearly a strictly finite division; cf. Lamprinidis 
2015. 

719 The same equalization works for all successive parts, generated in the 
anthyphairesis of a to b. 

720 Cf. Hardy & Wright 1938; Weil 1984; Kahane 1985; Fowler 1999. 

721 Euler 1765. 

722 Lagrange 1769, 1771. 

723 Galois 1829. 

724 Reported by Boethius, De Institutione Musica III.11 and IV, 2. 

725 Archytas date of birth is set at about 427 BC and Theaetetus’ at about 
417 BC, but Theaetetus was uncommonly precocious. 

726 A. Weil (1984, 202) beautifully describes these connections: “The first 
concept, motivated by the work of the Italian algebraists of the sixteenth 
century on equations of degree 3 and 4, had been introduced by Bombelli 
in Book I of his Algebra of 1572, in close imitation of Euclid’s theory of 
irrationals of the form a + vb in his Book X (‘binomial’ in the terminology 
of Campanus’ Latin translation of Euclid; accordingly, binomio is Bombelli’s 
word for a complex number a + V—b). Further developments belong to the 
history of algebra and analysis rather than to number theory; suffice it to 
say that Euler played a decisive role in extending to complex numbers the 
main operations of analysis.” 

727 But Weil (1984, 15), evidently not suspecting Theaetetus’ deep 
knowledge of palindromically periodic anthyphairesis, as revealed by 
Plato’s method of Division and Collection in the Sophist and Statesman, 
dismisses the importance of X.112-114: “Not only is Euclid himself well 
aware of the relation (Vr + Vs) (Vr — Vs) = r — s but even the identity 1/ 
(Vs + vr) = vr/(r — s) — vs/(r — s) may be regarded as the essential 
content of prop. 112 of that book. Unfortunately, Euclid’s motivation in 
Book X seems to have been the wish to construct a general framework for 
the theory of regular polygons and polyhedra, and not, as modern 
mathematicians would have it, an algebraic theory of quadratic fields. So 
we are left to speculate idly whether, in antiquity or later, identities 
involving square roots may not have been used, at least heuristically, in 
arithmetical work.” Knorr (1983, 60) provides further information on 
Weil’s view. Knorr, after himself dismissing the role of Propositions 
X.112-114, “Certain potentials of the subject matter are entirely missed, for 
instance, insight into how products of the form (a + bVN)(c + dvVN) bear 
on the finding of solutions to integral relations of the form x2 - Ny2 = 
+m”; he then confirms Weil’s view at footnote (68, fn. 53): ‘At the time of 
his course of lectures on the history of the Pell equation (Institute for 
Advanced Study, 1978-79), Professor A. Weil expressed to me _ his 
disappointment over Euclid’s utter failure to perceive this potentially 
fruitful development of the theory of Book X.’ 


728 Recall that in Section 7.2 we pointed out that Plato, in his description 
of the myth of palindromic periodicity, is mindful that the passage from the 
Kronos era to the Zeus era relies on a pigeon-hole argument, while the 
passage from the Zeus era to the Kronos era on a Logos Criterion of 
periodicity. 

729 Revolution, a circular movement (Cambridge dictionary). 

730 Negrepontis, forthcoming a; cf, also, Negrepontis, forthcoming b. 

731 Revolution, a very important change in the way that people do things 
(Cambridge dictionary). 


